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TARGET PROBLEM

Do magnetic monopoles exist?

ELECTRIC FIELD MAGNETIC FIELD




TARGET PROBLEM

Let’s consider some ELECTRIC CHARGES and two closed surfaces, S;and S,

S, does not contain any charge.
It has no sources and no sinks:
no field lines destroyed and
no field lines created inside S1

S, do contain a charge.
It has a sink. Field lines are destroyed inside S2

If HE-dE +0 then magnetic monopoles exist!!
S

To calculate this integral we need:

« to introduce the divergence of a vector field 4, divA4

- the Gauss’ theorem Hla@ = m.dindV
S V

- one of the Maxwell equations: divB =0



THE DIVERGENCE

In cartesian coordinates, the divergence of a vector field A is:

DEFINITION divA = 04, + o4, + 04, (1)
ox 0oy Oz

It is @ measure of how much the field diverges (or converges) from (to) a point.

Let’s suppose that A is the velocity field of the water in a pool |

Let’s make a hole in the pool...
L4

Far from the hole, the velocity is almost constant.” /| S -
The divergence is almost zero.

Close to the hole the velocity is changing a lot.
The divergence is high.

If there is no hole = djiv A =0
(and no source...) ﬂ

The divergence is also a measure of sources or sinks (this concept will be more clear
at the end of the lesson)



THE GAUSS’ THEOREM
ij-dizmdindV
S V

where S is a closed surface that forms the boundary of the volume V
and A4 is a continuously differentiable vector field defined on V.

z=f1(x.y)

dxdy = dS,h,-é, =dS, -é,
iy !
&Y Sy dxdy = —dS i -é. = —dS -¢.

v



THE GAUSS’ THEOREM

PROOF
(faviiar | 2o 22 2 jdxa’ydz _
e Z

j J j . yaz +m % iy + j | j —= dudydz

Let’s calculate the last term:

m & duvz=[[ vy 7 —dz—ﬂ (A6 3, £y ) = A (% 3, (3, )y =

H(x.y)

dxdy is the projection on S, of the small element surfaces on dS, and ds..

Therefore: dxdy =—é I’lldS1 eZ nzdSz

z

_HA (x, v, f,(x,¥))e. - i,dS, +HA (x, ¥, f,(x, Y))é. - idsS, .UAe - hdS

Which means: J‘.” =dV = _U A €, -ndS (3)



THE GAUSS’ THEOREM

PROOF
In the same way we get:

m xqV = HAe AdS
m Lqy = HAeyﬁdS

(4)

Adding together equations (3), (4) and (5) we finally obtain:

j || divady = j | j —dxdydz +

j |42, -hds+||
5 5

H dxdydz+m—dxdydz_

Ayey ndS+_U Ae. -ndS —”;4-62’5
S S



THE GAUSS’ THEOREM

PROOF
What if we consider a more complicated volume?

\4 We divide the volume V
in smaller and “simpler” volumes




PHYSICAL INTERPRETATION

Suppose that v(7) is the velocity field of a fluid (homogeneous and incompressible)

Let’s apply the Gauss’ theorem to a volume V of the fluid :i'

Q j l j div(v)dV

It is the fluid volume per second [m?/s]
that moves out (in) from the closed surface S

If there are no sinks and no sources,

then the amount of fluid that enters in S

is equal to the amount of fluid that exits from S.
This implies that the flow ”V-dS is zero.
Therefore, div(v)=0 s

div(v) =0 = No sink and no source
div(v) <0 = flux is destroyed

and there is a sink
div(v) > 0= flux is created

and there is a source



TARGET PROBLEM

Do magnetic monopoles exist?

If HE-dE £ 0 then magnetic monopoles exist!!
S

We can use the Gauss’ theorem and the Maxwell equation to calculate ”E-a@
S

Gauss o> J‘J‘l_i-dgz_“”divﬁdV\
S V

Maxwell ——> leE = O S

J

Magnetic monopoles do NOT exist



WHICH STATEMENT IS WRONG?

1- The divergence of a vector field is a scalar (yellow)
2- The divergence is related to a measurement of the flux (red)
3- The Gauss’ theorem translates a surface integral

into a volume integral (green)

4- The Gauss’ theorem can be applied also to a non closed surface (blue)
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TARGET PROBLEM

» A current I flows in a conductor

« How can we calculate the magnetic field?

We need:
* Definition of the “curl” (or rotor) of a vector field
rot A
* The Stokes’ theorem
fﬂ-dr :Hmtz-dE
L S

A law that relates the current with the magnetic field:

the fourth Maxwell's equation (with static electric field):

rotB = 1, j
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THE CURL rot A

DEFINITION (in cartesian coordinate)

6. &, ¢

B LA :(GAZ_aAy, od, oA, aAy_anj
ox oy Oz oy 0Oz Oz Ox ox Oy
A A A

rot stands for “rotation”
In fact, the curl is a measure of how much the direction of a vector field
changes in space, i.e. how much the field “rotates”.

In every point of the space, rot4 is a vector whose length and direction
characterize the rotation of the field A.

The direction is the axis of rotation of A B

The magnitude is the magnitude of rotation of A

12



THE CURL rotd

i T

EXAMPLE 1.55/,5,{,;’;,“;_“:::31@:\\;
.
A(x,y,2) =(y,—x,0) I NN
9y9 _ya ” 1 ”{“”""””":r‘“‘-\\x\\\\\\‘
05| rff;ff/#rl_ﬁh\\\\\h\l\ul'i‘ll_

: frffrr,f,:hhxx,h\n,.ak%

b

Evident rotation = oy L T ;;:;HH'
DE_\‘;H&\&\\HJ-;:;JIIJ:{;}-

L KF‘Q‘\\‘\‘\\ ,,,,, /'/-‘;r"rff'lf‘lf

L N N R A f‘/f/a"fff

_']Q\\\!\"\N‘x hhhhh f‘,f/’/f},x_

— NN LS
rot4A =(0,0,-2) NN NS~ O

i \f\‘x‘ah‘mﬁﬂn—.‘_:_;_f_._.. - ’.//j’/,

15405 005 1 15 2

the direction is the axis of rotation, i.e. perpendicular to

the plane of the figure
The sign (negative, in this case) is determined by the right-hand rule

Direction:

Magnitude: the amount of rotation
In this example, it is constant and independent of the position, i.e.

the amount of rotation is the same at any point.
13



THE CURL rotd

PHYSICAL INTERPRETATION

Consider the rotation of a rigid body
around the z-axis

The coordinates of a point P on the body
located at the distance a from the z-axis
and at z=z, changes in time:

x(t) = acos wt
y(t) = asin wt
zZ = Z0
The velocity of the point P is:
v .(t)=—awsin ot = -wy(t)
v, (t) = awcos ot = wx(1) =V =(-wy,wx,0)

v, =0
Therefore rotv =(0,0,2w)

a_)zlrotv
2
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THE STOKES’ THEOREM

§A7-d-=ﬁmm7-d§
L S

where A4 is a vector field, L is a closed curve and

S is a surface whose boundary is defined by L.
A must be continuously differentiable on S

SR
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THE STOKES’ THEOREM
PROOF 4

Five steps:

LE N1

1. We divide S in “many” “smaller”

(infinitesimal) SU rfaces:
S=>5
i

2. We project S on:

the xy-plane §
the yz-plane $",
the xz-plane §',

SR/

3. We prove the Stokes’ theorem on § .
(the only difficult part)

4. We add the results for the projections together
and we obtain the Stokes’ theorem on $'

5. We add the results for S together
and we obtain the Stokes’ theorem on S

16



THE STOKES’ THEOREM z

y %
PROOF :
Let’s consider the plane surface '
located in the xy-plane (i.e. z=constant=z,) ,
LlZ

with boundary defined by the curve Li,

»

X

Let’s calculate f A-dr

LlZ
i{f A-dr = } A (x,y,z0)dx+ A, (x,y,2,)dy + A (x, y,2,)dz
’ N \ AN - AN -\ Y
Term 1 Term 2 Term 3

Term 3 =0 (z=constant! = dz=0)

Term 1 y

§Liz A, (%, 3,2 )dx = j;l,l A (x,y,2y)dx =

+L,

) A (x,y,z,)dx+ Lz A (x,y,z,)dx =

[7 A f )20+ [ 4, (6, g (x), 2 el =



THE STOKES’ THEOREM
PROOF

_ j” A (x, f(x),z,)dx — jb A (x,g(x),z,)dx = jj[Ax (%, (%), 2,) — 4, (x, g(x), )] dx =

J-J'f(i:)(?A (x 1:20) gy <[ [ 04, vy =— ﬂ "a’xdy

Therefore we get:

Term 1 43 A (x,y,z,)dx = _H . dxdy

In a similar way:
8Ay
Term 2 <§LI_ A, (x, y,z,)dx = H pn dxdy

; /, It is the z-component of rot4 !
Adding Term 1, Term 2 and Term 3

§l r—”( jdxdy
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THE STOKES’ THEOREM

So can rewrite it as:

§>Li A-dr = ” (rotA).dxdy = ” (rotd).é.-dS

TSZ-

A

dxdy =6 -hdS =é.-dS

In a similar way we hav

5‘; A dr—”(rotA)e .dS

f*; A- d——H(rotA) e, .dS

Now let's add everything together:

§Ad7+§Ad—+§Ad— { 4-ar

N

T

H(mtA) e, .dS +H(r0tA) .dS +”(r0tA) é.-dS = ”rotA .dS

19



THE STOKES’ THEOREM

PROOF
L,Z-d?:_”rotz-dg
o

But we are interested in the whole S.
So we add these small contributions
altogether:

Z”mtz-a@:”mtz-dg
\i s’ g P

fdeF:_UrotZ-dg
L S
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TARGET PROBLEM

Now we can easily calculate the magnetic field B at a
distance a from the conductor!

Ampere’s law rotB = ﬂ07

Where j is the current density:

[B-dr = [ rorB-d5 = [[ -5 = [[ 7-d5 = g
L S S S

I

Stokes \ Ampere

Izjsjj'.dE

21



THE GREEN FORMULA IN THE PLANE

] Ea—Q —a—PJ dxdy = f(de +0dy)

THEOREM (7.1 in sre extboon &y

PROOF
We can start from Stokes’ theorem ifg -dr = J.J‘ th . dE

:ﬁ4m+4@f

T

But we are in a plane, > ”(aAy A, jdxdy § A dx+ 4 dJ’)
D

§A-dr =§(Adx+A,dy+ A.dz)

SO we can assume A=(AX,Ay,0) ox 5),
— - OA 04 \. .
J.j rotA-dS = -” A L le -e dxdy which is the Green formula
l 3 ox oy ;(_Z; / for P=4,and 0=4,
=1

AN §)|Q) Q
ﬁ;,\%)|g)\:®)
SIS RSN

~
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CURL FREE FIELD AND SCALAR POTENTIAL

rotg=0, Sometimes called “irrotational”

DEFINITION: A vector field 4 is “curl free” if

rotA=0 < has a scalar potential ¢, A=gradg.

THEOREM (75 the eboon

PROOF
(1) rot A=0
§Z-d7=jjmz2-d§=o
L S

If the circulation is zero, then the field is conservative
and has a scalar potential. See theorem 4.5 in the textbook.

(2) A=grad¢
rot A =rot gradg = rot 8¢’8¢’8¢ :ai ai aﬁ = 004 _0 a¢,...,... =(0,0,0)
ox 0Oy 0Oz r Oy 0z 0z Oy
9% 09 09
ox oy Oz

(or see a proof on next week)



SOLENOIDAL FIELD AND VECTOR POTENTIAL

DEFINITION: A vector field B is called solenoidal if divB =0

DEFINITION: The vector field B has a vector potential 4 if , B = rotA

THEOREM e | B has a vector potential 4, B = rotd <> divB =0

PROOF
(1)B has a vector potential = B=rotd = divB= div(rotZ) =0

(2) divB =0 B ~ ~
Let’s try to find a solution 4 to the equation B = rot4

We start looking for a particular solution 4* of this kind:

A = (A; (x,v,2), A; (x,v,2), 0)

24



CURL FREE FIELD AND SCALAR POTENTIAL

PROOF
Assuming B=rotA we obtain:
0A \ :
= 6y _ = A (x%y.2)=—| B(x,y,2)dz+F(x,)
Y4 Zo
OA. \ :
—=5, = A(x y,z)zj B, (x,y,2)dz +G(x,)
Z
OA; " OB
o —j —dz —j ydz—anBZ
ox Oy o Oy oy |
= 0B, OB, 0B :0B. ,  OF 0G oF _0G _
But divB=0 = x Yz > LO 5 dz + 5 5 =B = 3 P BZ(X,y,ZO)
ox Oy 0z ez L, ox oy X 0oy

=B.(x,y,2)=B.(x,y,2,)
F(x,y)=0

A solution to this equation is: { v
G(x,y)=- fyo B.(x,y,z,)dy

— :(J:)By(x,y,Z)dZ—j;BZ(Xay,ZO)dy, —IZZBx(x,y,Z)dZ’ O)

The general solution can be found using B=rotA

rot(Z—Z*):E—B:O = A—A = grady = A=A +grady

25



WHICH STATEMENT IS WRONG?

1- The curl of a vector field is a scalar (yellow)

2- The curl is related to the line integral of a field
along a closed surface (red)

3- Stokes’ theorem translates a line integral into a surface integral
(green)

4- The Stokes’ theorem can be applied only to a closed curve
(blue)

26
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