
1. Repetition – probability theory and transforms

Ex. 1.1.

S̄ − time to get out of the prison

E(S̄) =?

E(S̄) =
3∑

i=1

E(S̄|door i)P (door i)

P (door i) =
1

3

E(S̄|door 1) = 0

E(S̄|door 2) = 1 + E(S̄)

E(S̄|door 3) = 3 + E(S̄)

E(S̄) =
1

3
(1+E(S̄))+

1

3
(3+E(S̄)) =

4

3
+
2

3
E(S̄)

E(S̄) = 4

freedom

1 day

3 days

Ex. 1.2.

λ1 = 0.1, λ2 = 0.02, a = 0.2 b = 0.8

a
1

λ1
+ b

1

λ2
= 42

a
2

λ2
1

+ b
2

λ2
2

= 4040

a · d1 + b · d2 = 42

a · d21 + b · d22 = 4040

0.2 · d1 + 0.8 · d2 = 42

0.2 · d21 + 0.8 · d22 = 4040

0.2

(
42− 0.8 · d2

0.2

)2

+ 0.8 · d22 = 4040

d22 − 84 · d2 + 1195 = 0 ⇒ d2/1 = 65.85, d2/2 = 18.15

d1 =
42− 0.8 · d2

0.2
=

42− 0.8 · 18.15
0.2

= 137.41

Ex. 1.3.
a)

∞∑
k=0

Pk =

∞∑
k=0

ak

k!
e−a = e−a

∞∑
k=0

ak

k!
= e−aea = 1

b)

P (z) =
∞∑
k=0

zk
ak

k!
e−a = e−a

∞∑
k=0

(za)k

k!
= e−aeaz = e−a(1−z)

c)

E{X(X − 1) · . . . · (X − r + 1)} =

∞∑
k=0

k(k − 1) · . . . · (k − r + 1)Pk =

1



=
∞∑
k=0

k(k − 1) · . . . · (k − r + 1)
ak

k!
e−a = are−a

∞∑
k=0

a(k−r)

(k − r)!
= are−aea = ar (r = 1, 2, . . .)

E(X) = a

Var(X) = E(X2)− E(X)
2
= E{X(X − 1)}+ E(X)− E(X)

2
= a2 + a− a2 = a

drP (z)

dzr
=

∞∑
k=0

k(k − 1) · . . . · (k − r + 1)Pkz
(k−r)

E{X(X − 1) · . . . · (X − r + 1)} = lim
z→1

drP (z)

dzr
(r = 1, 2, . . .)

drP (z)

dzr
=

dr

dzr

{
e−a(1−z)

}
= are−a(1−z) (r = 0, 1, . . .)

lim
z→1

drP (z)

dzr
= ar (r = 0, 1, . . .)

E(X) = a

E{X(X − 1)} = a2; Var(X) = a; E{X(X − 1) · . . . · (X − r + 1)} = ar (r = 1, 2, . . .)

Ex. 1.4.

P (z) = E
{
zX
}
=

∞∑
k=0

zkP (X = k) = E
{
zX1+X2+···+Xn

}
= E
{
zX1 · zX2 · . . . · zXn

}
=

E
{
zX1
}
· E
{
zX2
}
· . . . · E

{
zXn
}

E
{
zXi
}
=

∞∑
k=0

zkP (Xi = k) =

∞∑
k=0

zk
ai

k

k!
e−ai = e−ai(1−z) (r = 1, 2, . . .)

P (z) = e−a1(1−z) · e−a2(1−z) · . . . · e−an(1−z) = e−a(1−z)

If a =
n∑

i=1

ai, X is Poisson distributed with parameter a.

Ex. 1.5.
a)

f(x) =
d

dx

{
1− e−ax

}
=

{
ae−ax x > 0
0 x ≤ 0

b)

F (x) = P (X > x) = 1− P (X ≤ x) = 1− F (x)

F (x) =

{
1 x < 0
ae−ax x ≥ 0

c)

F ∗(s) = E(e−sX) =

∫ ∞

0

e−sxae−axdx =
a

s+ a
(Re(s) > −a)

d)

E{X0} =

∫ ∞

0

f(x)dx =

∫ ∞

0

ae−axdx = −e−ax
∣∣∞
0

= 0 + 1 = 1

2



E{Xk} =

∫ ∞

0

xkae−axdx = (xk)− e−ax
∣∣∞
0

+ k

∫ ∞

0

xk−1e−axdx =

= 0 + 0 +
k

a
EXk−1 (k = 1, 2, . . .)

E{Xk} =
k

a
· k − 1

a
· . . . · 1

a
=

k!

ak
(k = 0, 1, . . .)

E{X} =
1

a
; σ2 = Var(X) = E(X2)− E(X)2 =

2

a2
− 1

a2
=

1

a2

σ =
√

Var(X) =
1

a
; C =

σ

m
= 1

F ∗(s) = E(e−sX) =

∫ ∞

0

e−sxf(x)dx ⇒ dkF ∗(s)

dsk
= (−1)k

∫ ∞

0

xke−sxf(x)dx

E{Xk} = (−1)k lim
s→0

dkF ∗(s)

dsk
(k = 0, 1, . . .)

dkF ∗(s)

dsk
=

dk

dsk

{
a

s+ a

}
=

(−1)kak!

(s+ a)k+1
(k = 0, 1, . . .)

E{Xk} = (−1)k · (−1)k · k!
ak

=
k!

ak
(k = 0, 1, . . .)

E{X} =
1

a
; σ2 = Var(X) = E(X2)− E(X)2 =

1

a2

σ =
√

Var(X) =
1

a
; C =

σ

m
= 1

Ex. 1.6.
a)

FX(x) = P (X > x) = P{X1, X2, . . . , Xn > x} = P{X1 > x,X2 > x, . . . ,Xn > x} =

= {because Xi are independent} = P{X1 > x} · P{X2 > x} · . . . · P{Xn > x} =

=
n∏

i=1

FXi
(x) =

n∏
i=1

e−ax = e−nax ⇒ X is exponentially distributed with mean
1

na

FX(x) = P (X ≤ x) = 1− e−nax (x ≥ 0)

b)

FX(x) = P (X ≤ x) = P{max(X1, X2, . . . , Xn) ≤ x} = P{X1 ≤ x,X2 ≤ x, . . . , Xn ≤ x} =

= {because Xi are independent} = P{X1 ≤ x} · P{X2 ≤ x} · . . . · P{Xn ≤ x} =

=
n∏

i=1

FXi
(x) = (1− e−ax)

n

FX(x) = P (X > x) = 1− (1− e−ax)
n

(x ≥ 0)

Ex. 1.7.
a)

F ∗(s) = E(e−sX) =

∫ ∞

0

e−sxf(x)dx = E{e−s(X1+X2+···+Xr)} =

= {because Xi are independent} = E{e−sX1} · E{e−sX2} · . . . · E{e−sXr} =

=
a

s+ a
· a

s+ a
· . . . · a

s+ a
=

(
s

s+ a

)r

(r = 1, 2, . . . ; Re(s) > −a)

We recognize that the above expression is the Laplace transform of the Erlang-r distribution:

f(x) = a · (ax)
r−1

(r − 1)!
· e−ax (x > 0; r = 1, 2, . . .)

3



F (x) =

∫ ∞

x

f(u)du =

∫ ∞

x

a
(an)r−1

(r − 1)!
e−andu =

=
∣∣∣ ( (an)r−1

(r − 1)!

)(
−e−an

) ∣∣∣∞
x

+

∫ ∞

x

a
(an)r−2

(r − 2)!
e−andu =

=
(ax)r−1

(r − 1)!
e−ax +

∣∣∣ ( (an)r−2

(r − 2)!

)(
−e−an

) ∣∣∣∞
x

+

∫ ∞

x

a
(an)r−3

(r − 3)!
e−andu =

=
(ax)r−1

(r − 1)!
e−ax +

(ax)r−2

(r − 2)!
e−ax + · · ·+ (ax)1

1!
e−ax +

∫ ∞

x

ae−andu =

=

r−1∑
j=0

(ax)j

j!
e−ax (x ≤ 0)

F (x) = 1− F (x) = 1−
r−1∑
j=0

(ax)j

j!
e−ax =

∞∑
j=r

(ax)j

j!
e−ax (x ≤ 0)

m = E{X} = − lim
s→0

dF ∗(s)

ds
= − lim

s→0

{
r

(
a

s+ a

)r−1

· −a

(s+ a)2

}
=

r

a

E{X2} = lim
s→0

d2F ∗(s)

ds2
= lim

s→0

{
d

ds

[
− r

a

(
a

s+ a

)r+1
]}

=

= lim
s→0

{
r(r + 1)

a2

(
a

s+ a

)r}
=

r(r + 1)

a2

σ2 = Var(X) =
r(r + 1)

a2
− r2

a2
=

r

a2
⇒ σ =

√
r

a

C =
σ

m
=

1√
r

(r = 1, 2, . . .)

Alternative method:

m = E(X) =

∫ ∞

0

xf(x)dx =
r

a

∫ ∞

0

a
(ax)r

r!
e−axdx =

r

a
· 1 =

r

a

E(X2) =

∫ ∞

0

x2f(x)dx =
(r + 1)r

a2

∫ ∞

0

a
(ax)r+1

(r + 1)!
e−axdx =

(r + 1)r

a2
· 1 =

(r + 1)r

a2

σ2 =
r

a2
; σ =

√
r

a
; C =

1√
r

Ex. 1.8.
The memoryless property of the exponential distribution

P (t̃ ≤ t) = 1− e−λt, t ≥ 0

P (t̃ ≤ t+ t0|t̃ > t0) =
P [t0 < t̃ ≤ t+ t0]

P [t̃ > t0]
=

P [t̃ ≤ t+ t0]− P [t̃ ≤ t0]

P [t̃ > t0]
=

=
1− e−λ(t+t0) − (1− e−λt0)

1− (1− e−λt0)
= 1− e−λt
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