1. Repetition — probability theory and transforms

Ex. 1.1.
S — time to get out of the prison
E(S) =?
3
E(S) = E(S|door i)P(door i)
i=1
P(door i) = !
3
E(S|door 1) =0
E(S|door 2) = 1+ E(S)
E(S|door 3) = 3 + E(S)
_ 1 _ - 4 2~
E(S) = —(1+E(S))+7(3+E(S)) = - +5E(S)
3 3 3 3
E(S)=4
Ex. 1.2.
A1 =01, A2 =0.02, a=02b=0.8
1 1
— 4 b— =42
N AQ
2
v + b)\—% = 4040
a-dy+b-dy =42
a-di+b-d3 = 4040
0.2-d; +0.8-dy =42
0.2-d3 +0.8-d3 = 4040
42 -0.8-do\”
0.2 <082) +0.8-d2 = 4040
0.2
d3—84-dy+1195=0 =  dy;; = 65.85,
42-08-dy 42-0.8-18.15
dy = 09 = 09 =137.41
Ex. 1.3.
a)
) o] ak 0 ak
ZPk:Z—!e_“ze_aZﬁ =e %=1
k=0 k=0 k=0
b)
o0 k oo k
_ L@ —a __ _—a (Za) _ _—a_az
P(z)—Zz e =e Z e e
k=0 k=0
c)

E{X(X—l)-...-(X—r+1)}:ikz(kz—l)-...-

freedom

dy/y = 18.15

3 days



- ak —a T _—a S a(k_’r‘) T _—a_a ks
:Zk(k‘—l) (k‘—r—l—l)ﬁe =a'e Z(k—r)':ae e’ =a (r=1,2
k=0 k=0
EX)=a

d"P(z) & k—r
o =Y k(k—1)-...- (k=7 +1)Pzk"

k=0

. dP

E{X(X ~=1)-...- (X —r+1)} = lim szZ) (r=1,2,...)
d"P(z) _ d" [ _aq-) —a(1-2)

— @ [epma-2)) _ jro—a(i-z =0,1,...
dz" dzr{e } @e (r L)
. d"P(z) B
;1311 o (r=0,1,...)
E(X)=a

E{X(X-1)}=d* Var(X)=a; BE{X(X-1)-...-X—-r+1D}=a" (r=12...

. 1.4.

Ple)= B{eX} = 3P0 = k) = B0} 2 p (o) =
k=0
oo 00 a.k
E {ZX7} = szP(Xl = k‘) = szﬁe—ai — e—ai(l—z) (’I“ _ 1727 g )
k=0 k=0
P(z) = e—01(1=2)  g—ax(l=2) —an(l-2) _ j—a(l-2)
Ifa= Z a;, X is Poisson distributed with parameter a.

i=1

. 1.5.

F*(s) = E(e™*X) = /OOO e Tae”dr = - (Re(s) > —a)



(o) (o)
EB{X*} = / Fae™dx = (2F) — 7" go + k:/ P ey =
0 0

k
=0+0+-EX*1  (k=1,2,..)
a

E{X’f}:g@-...-ézg (k=0,1,...)

E{X} = %; 02 = Var(X) = E(X?) - B(X)? = a% - a% - aiQ
a:¢%ﬁﬁ:% C:%:l

F*(s) = B(e™X) = /0 e f ) dki *k(s) = (~1)* /O " e f () da
B{X*} = (-1)" lim dki*f) (k=0,1,...)

EB{X"} = (-1D)* . (-1)*. 5—; = f—; (k=0,1,...)

B{X} = %; o? = Var(X) = E(X?) - E(X)* = a%

a:\/Var(X)zé; C:%zl

Ex. 1.6.

a)
Fx(x)=P(X >z)=P{X,Xo,..., X, >} =P{X; >0, Xo >2,..., X, >} =
= {because X; are independent} = P{X; >z} - P{Xz2 >z} ... - P{X,, > 2} =

n n
_ 1
= H Fx,(z) = H e = 7" = X is exponentially distributed with mean —
na
i=1

Fx(z)=P(X<z)=1—e "% (x >0)

b)
Fx(x) = P(X <z) = P{max(X;,Xs,..., X)) <z} =P{X; <z, Xo<uxz,..., X, <z} =
= {because X; are independent} = P{X; <z} -P{Xs <z} -...-P{X, <z} =
= ﬁsz(x) =(1—e )"
i=1
Fx(@)=PX>z)=1-(1-e%)" (x >0)
Ex. 1.7

F*(s) = B(e™*¥) = /O N e f(z)da = B{e st Xat Xy =

= {because X; are independent} = E{e **1}. E{e~%2} .. .. E{e %"} =

-¢ v e :( > ) (r=1,2,...; Re(s) > —a)

s+ a s+a. S+ a s+ a

We recognize that the above expression is the Laplace transform of the Erlang-r distribution:

ce (x>0;,r=1,2,...)
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( @ (r—3)!
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— (a’m) e—al (fL' < 0)

; J!
7=0
r—1 0o
al (ax)J —ax (CL:L’)] —ax
Fz)=1-F(z)=1— e => e (z <0)
7=0 j=r
dF*(s) a \" —a
- - _1 - _1 : -
m = B{X} s50 ds 550 {T (s+a> (s+a)2}
d?F*(s) d r a \'!
2 — | R - =

E{X7) a 52 _gl—%{ds a (s+a>

_ r(r+1) a \"\ _rir+1)

520 a? s+a a2

9 r(r+1) 12 T W
o®=Var(X) = e i = 0_7
o 1
Lo =12
Alternative method
m:E(X)f/ :z:f(x)da:zz/ a(a:z:) eodr=".1="
0 a Jo 7l a a
> +1) (az)™*1 _ (r+1)
E X2 — 2 _ (T / aTd
(X%) /0 v f(z)d a? 0 a(r+1)!e a?
2_ T VTl L
o= pok o= P C = 7
Ex. 1.8.

The memoryless property of the exponential distribution

PE<t)y=1—e™  t>0

Pltg <t <t+ty] Plt<t+t)]—Plt<to]

P <t+tylt >ty) = - = =
(t<tttolt > to) P[E > to] P[E > to]
1— e—)\(t-‘rto) _ (1 _ e—)\to)

= =1
1— (1— ) ¢
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