
EL2620 Nonlinear Control

Lecture notes
Karl Henrik Johansson, Bo Wahlberg and Elling W. Jacobsen

This revision December 2011

Automatic Control
KTH, Stockholm, Sweden





Preface

Many people have contributed to these lecture notes in nonlinear control.
Originally it was developed by Bo Bernhardsson and Karl Henrik Johansson,
and later revised by Bo Wahlberg and myself. Contributions and comments
by Mikael Johansson, Ola Markusson, Ragnar Wallin, Henning Schmidt,
Krister Jacobsson, Björn Johansson and Torbjörn Nordling are gratefully
acknowledged.

Elling W. Jacobsen
Stockholm, December 2011





E
L2

62
0

20
11

E
L2

62
0

N
on

lin
ea

r
C

on
tr

ol
A

ut
om

at
ic

C
on

tr
ol

La
b,

K
TH

•
D

is
po

si
tio

n
7.

5
cr

ed
its

,l
p

2

28
h

le
ct

ur
es

,2
8h

ex
er

ci
se

s,
3

ho
m

e-
w

or
ks

•
In

st
ru

ct
or

s
E

lli
ng

W
.J

ac
ob

se
n,

le
ct

ur
es

an
d

co
ur

se
re

sp
on

si
bl

e
j
a
c
o
b
s
e
n
@
k
t
h
.
s
e

Pe
rH

äg
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ẋ

=
x

2
,x

(0
)

=
x

0

ha
s

so
lu

tio
n

x
(t

)
=

x
0

1
−

x
0
t,

0
≤

t
<

1 x
0

S
ol

ut
io

n
no

td
efi

ne
d

fo
r

t f
=

1 x
0

S
ol

ut
io

n
in

te
rv

al
de

pe
nd

s
on

in
iti

al
co

nd
iti

on
!

R
ec

al
lt

he
tr

ic
k:

ẋ
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ẋ
(t

)
=

f
(x

(t
))

,
x
(0

)
=

x
0

ha
s

a
un

iq
ue

so
lu

tio
n

in
B

r
(x

0
)

ov
er

[0
,δ

].
P

ro
of

:
S

ee
K

ha
lil

,

A
pp

en
di

x
C

.1
.

B
as

ed
on

th
e

co
nt

ra
ct

io
n

m
ap

pi
ng

th
eo

re
m

R
em

ar
ks

•
δ

=
δ(

r,
L

)

•
f

be
in

g
C

0
is

no
ts

uf
fic

ie
nt

(c
f.,

ta
nk

ex
am

pl
e)

•
f

be
in

g
C

1
im

pl
ie

s
Li

ps
ch

itz
co

nt
in

ui
ty

(L
=

m
ax

x
∈B

r
(x

0
)
f

′ (
x
))

Le
ct

ur
e

1
28



E
L2

62
0

20
11

S
ta

te
-S

pa
ce

M
od

el
s

S
ta

te
x

,i
np

ut
u

,o
ut

pu
ty

G
en

er
al

:
f
(x

,u
,y

,ẋ
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ḣ
(t

)
=

v
(t

)

v̇
(t

)
=

−
g

+
v e

u
(t

)/
m

(t
)

ṁ
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ẋ
=

f
(x

)
=

A
x

+
g
(x

),

w
ith

li
m

‖x
‖→

0
‖g

(x
)‖

/‖
x
‖

=
0.

If
ż
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ẋ
2

=
0

⇒
si

n
(θ

in
−

x
1
)

=
0

⇒
x

1
=

θ i
n
+

n
π

Le
ct

ur
e

3
23

E
L2

62
0

20
11

C
la

ss
ifi

ca
tio

n
of

E
qu

ili
br

ia

Li
ne

ar
iz

at
io

n
gi

ve
s

th
e

fo
llo

w
in

g
ch

ar
ac

te
ris

tic
eq

ua
tio

ns
:

n
ev

en
:

λ
2
+

T
−

1
λ

+
K

T
−

1
=

0

K
>

(4
T

)−
1

gi
ve

s
st

ab
le

fo
cu

s
0

<
K

<
(4

T
)−

1
gi

ve
s

st
ab

le
no

de

n
od

d:
λ

2
+

T
−

1
λ

−
K

T
−

1
=

0

S
ad

dl
e

po
in

ts
fo

ra
ll
K

,T
>

0

Le
ct

ur
e

3
24



E
L2

62
0

20
11

P
ha

se
-P

la
ne

fo
r

P
LL

(K
,T

)
=

(1
/
2
,1

):
fo

cu
se

s
( 2

k
π
,0

) ,s
ad

dl
e

po
in

ts
( (2

k
+

1)
π
,0

)

Le
ct

ur
e

3
25

E
L2

62
0

20
11

P
er

io
di

c
S

ol
ut

io
ns

E
xa

m
pl

e
of

an
as

ym
pt

ot
ic

al
ly

st
ab

le
pe

rio
di

c
so

lu
tio

n:

ẋ
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ẋ
T
P

x
+

x
T
P

ẋ
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û
k
(t

)] 2
d
t

Le
ct

ur
e

6
6

E
L2

62
0

20
11

K
ey

Id
ea

r
e

u
y

−
N

.L
.

G
(s

)

e(
t)

=
A

si
n

ω
t

gi
ve

s

u
(t

)
=

∞ ∑ n
=

1

√
a

2 n
+

b2 n
si

n
[n

ω
t
+

ar
ct

an
(a

n
/b

n
)]

If
|G

(i
n
ω
)|

#
|G

(i
ω
)|

fo
rn

≥
2,

th
en

n
=

1
su

ffi
ce

s,
so

th
at

y
(t

)
≈

|G
(i

ω
)|√

a
2 1
+

b2 1
si

n
[ω

t
+

ar
ct

an
(a

1
/b

1
)
+

ar
g

G
(i

ω
)]

Th
at

is
,w

e
as

su
m

e
al

lh
ig

he
r

ha
rm

on
ic

s
ar

e
fil

te
re

d
ou

tb
y

G

Le
ct

ur
e

6
7

E
L2

62
0

20
11

D
efi

ni
tio

n
of

D
es

cr
ib

in
g

Fu
nc

tio
n

Th
e

de
sc

ri
bi

ng
fu

nc
tio

n
is

N
(A

,ω
)

=
b 1

(ω
)
+

ia
1
(ω

)

A

e(
t)

u
(t

)
N

.L
.

e(
t)

û
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C
ho

os
e

Q
≈

G
−

1
.

Le
ct

ur
e

7
15

E
L2

62
0

20
11

E
xa

m
pl

e
(c

on
t’d

)

A
ss

um
e

r
=

0
an

d
ab

us
e

of
La

pl
ac

e
tra

ns
fo

rm
no

ta
tio

n

u
=

−
Q

(y
−

Ĝ
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ẋ
=

( 0
−

1

1
−

1)
x

+

( 1 1)
u

=
A

x
+

B
u

u
=

−
sg

n
σ
(x

)
=

−
sg

n
x

2
=

−
sg

n
(C

x
)

is
eq

ui
va

le
nt

to

ẋ
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ż
=

A
z

+
B

y
,u

=
c(

z)

•
Li

ne
ar

co
nt

ro
lle

r:
ż
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ż 2
=

v
;

y
=

si
n

−
1
(z

2
/a

)

w
hi

ch
is

no
nl

in
ea

ri
n

th
e

ou
tp

ut
.

•
If

w
e

w
an

ta
lin

ea
ri

np
ut

-o
ut

pu
tr

el
at

io
ns

hi
p

w
e

co
ul

d
in

st
ea

d
us

e

u
=

x
2 1
+

v

to
ob

ta
in

ẋ
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ẋ
1

=
x

2 1
+

φ
1
(x

1
),

ẋ
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ẋ
1
(t

)
=

x
2
(t

),
ẋ
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tẋ

=
f
(x

)
an

d
f
(0

)
=

0.
If

th
er

e
ex

is
ts

a
C

1
fu

nc
tio

n
V

:
R

n
→

R
su

ch
th

at

(1
)

V
(0

)
=

0

(2
)

V
(x

)
>

0
fo

ra
ll
x

)=
0

(3
)

V̇
(x

)
≤

0
fo

ra
ll
x

(4
)

V
(x

)
→

∞
as

‖x
‖

→
∞

(5
)

Th
e

on
ly

so
lu

tio
n

of
ẋ
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ê

u

f
(u

)

ê
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