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1 Deterministic Signals

1 Definitions and Relations for Deterministic

Signals
Time continuous ‘ Time discrete
Fundamentals
Spectrum X(f) :/ x(t)e 2 qt Xa(v) = Z x[n]e I2mm
- ' 2
Inverse x(t) = X (f)ed*Itdf x[n] = / Xy(v)e*™ " dy
o ~1/2
Energy Sx(f) =1X(f)I? Sx(v) = [Xa(v)[?
Spectrum
S S £ 1/2
Total Energy | [ fo(oPdt = [ X(PAr | S felalP= [ Xat) P
. o Sy ~1/2
Linear Filtering

Output
Signal

Output
Spectrum

Frequency
response

H(f) = / h h(t)e 2™t qt

yln] = hin] x z[n]

= > him]z[n —m]

m=—0oQ

Yd(l/) = Hd(V)Xd(V)

Hy(v) = Y hlnle7>™"

n=—oo

Transfer function (causal systems)

H(s) = /000 h(t)e 'dt

H(z) =Y hln]z™"

Transfer function (non-causal systems)

H(s) = /_00 h(t)e *dt

[e.e]

H(z)= Y hn)z™"

n=—00




1 Deterministic Signals

Sampling
[ sl
X(f) nd’ Ya(v)
ylnl = 2(nT) —  Ya(v) = %ZX (V—Tm)

At) =) ylpt —nT) = Z(f) = P())Ya(fT)

Reconstruction — continuous time

#(t) = 3 2(nT)h(t — nT) E = /_ T ) — 2(t)dt

n

£- [

(% -1)xt+ T 0 x| o

T m#0

The sampling theorem

If X(f) =0 for |f| > 5%, then

[e.e]

sin(mw(t —nT)/T
w(t)= ) o) 75(;— nT)/);” )

n=—0oo




2 Wide-sense stationary processes

2 Definitions and relations for wide-sense sta-

tionary processes

Continuous time

Discrete time

Fundamentals

acf rx (1) = E[X(t+ 7)X(¢)] rx(k) = E[Oi((n + k)X (n)]
PSD RX(f) = /_ Tx(T)e_j27rdeT RX(V) = Z Tx(k)e_ﬂm’k
o0 2
Inverse TX(T) = /_ RX(f)ejZWftdf Tx(k‘) _ /_1 2 RX(V)ejZm/de
Total power /_ " Be(f)df = BIX(0)] /_ | Ry = X (n)"
Linear filtering

Filtered signal

Expected value

Y (t) = h(t) * X(¢)
/_OO h(u) X (t — u)du

my = mx/ h(u)du

Y(g) = h(n) * X(n)
= > h(m)X(n—m)

m=—00

my = mx Z h(m)

m=—0oQ

ry(k) =Y > h(f)h(m)x

acf ry (1) = h OOhuhv
[ CLGE ¥
Tx(T—u—FU)‘dudU rX(k—€+m)
PSD Ry (f) = [H(/)FRx(f) Ry (v) = [H(v)["Rx(v)




2 Wide-sense stationary processes 5

Sampling

A4

Pulse amplitude modulation

Y[n] PAM Z(t)
p(t—0©)

Ry(V)

[Z(1)] P(0)E[Y (n)]

20 = S Vlplt =07 -0) = {JE% ?P(f)PRy(fT)

Reconstruction — contionuous time

X(t)=> X(nT+O)h(t—nT-0)  P.=E[(X(t)—X(t))

S C

x(N + |2 Rs —mymyap
m##0




6 3 Some common distributions

3 Some common distributions

Uniform distribution Re(a,b)

! a<x<b
fx(x) = { b—a
0 otherwise
my — E[X]= “;b
N2
o’ = EB[(X —mx)?] = v 12a)

Rayleigh distribution

xr 2%
fx(o) = ¢ @ T2t
0 x <0

my = E[X]:a\/g

o’ = E[(X —mx)?]=d*12—7/2)

One-sided exponential distribution

o = {5 220

0 <0

mX —_= g = —
a

Two-sided exponential distribution

fx(x) = %e—a\x\
2
myx = 0, 0'2:—2
a



3 Some common distributions 7

Normal distribution One-dimensional, N(mx, o)

1 _(@—my)?

fl() = — e 53

_O' 27

Two-dimensional, N(mx,my,ox, 0y, p)

1 __9(=y)

fX,Y r,y) = e 20—p%)
(z.9) 2roxoyy/1 — p?

where

and

E[XY] — MmMxmy

0x0y

p:p(va) =

If A, B,C and D are all Normal distributed, then

E[ABCD)] = E[AB] E[CD]+E|AC] E[BD]+E|AD] E[BC]—2 E[A] E[B] E[C] E[D]

The so-called Q-function can also be convenient to use. If X is N(mx, o),
then Pr(X > a] = Q (““2X) where

For z > 1,
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4 Continuous Fourier transform

4 Continuous Fourier transform

Properties
(t) X(f)
x(t) /OO x(t)e 2 gt (4.1)
| xerrar X(f) (12)
cx(t) + dy(t) cX(f)+dY(f) (4.3)
o(ct), (c#£0) %X({) (1.4)
x(—t) X(—-f) (4.5)
z*(t) X*(—f) (4.6)
X(t) x(—f) (4.7)
x(t — P) e PIX(f) (4.8)
eIt (1) X(f - fo) (4.9)
(5) = (j2m X (F) (4.10)
. N o\"
(—j2mt)"a (1) (@) X(f) (4.11)
x(t) * y(t) X(NY(f) (4.12)
x(t)y(t) X(f)*Y(f) (4.13)
Parseval’s theorem
| wopa= [ ixupa (4.14)
Generalized Parseval’s theorem
| etowwa= [ x@ya (4.15)




4 Continuous Fourier transform 9

Common transform pairs (Continuous Fourier transform)

z(t), a>0 X(f), (w=2rf)
o(t) 1 (4.16)
1 5(f) (4.17)
rectp(t) = {(1) Ej :j i g Psine(fP) = sin(;rj{P) (4.18)
) _ sin(nBt) )1 for |f] < B
Bsinc(Bt) = o rectp(f) = {O for |f] > é (4.19)
i2mfot 5(f — fo) (4.20)
sin(2n ft) 360 = o) =67 + fo) (1.21)
cos(2m fot) %(5(f — fo) +0(f + fo)) (4.22)
1, t>0 ] 1
u(t) = 1/2, t=20 W + 5(5(]‘?) (423)
0, t<0
—at 1
e “u(t) P (4.24)
at 1
e u(—t) " (4.25)
alt 2a
e T 2] (4.26)
t o w
e~ sin (27 fot)u(?t) ot agz oy (wo=2mfo)  (4.27)
e~ cos(27 fot )u(t) G i—wa;i 3 (4.28)
o Qa2 & w? — w2
e~ sin(27 folt)) = +wfu(g - w;d)% +c(026)w)2 (4.29)
e~ cos(2m fot) 20(a” +wp + W) (4.30)

(a? + wg — w?)? + (2aw)?

e \/Ee_(”f)Q/“ (4.31)
a
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5 The Laplace transform

Properties of the two-sided Laplace transform

(t) X(s)
(1) /_ T p)et dt (5.1)
1 e st

5 s X(s)e* ds X(s) (5.2)
cx(t) + dy(t) cX(s)+dY(s) (5.3)
(ct) %X(Z), ¢>0 (5.4)
x(t — P) e X (s) (5.5)
e "a(t) X(s+a) (5.6)
£ (t) (—1)"83255) (5.7)
mﬁif) X (5) (5.8)
/_ o(r)dr éX(s) (5.9)
x(t) * y(t) X(s)Y(s) (5.10)




5 The Laplace transform 11

Properties of the one-sided Laplace transform

x(t) X(s)
(1) / T et di (5.11)
1 o+joo o
3 s X(s)e* ds X(s) (5.12)
cx(t) + dy(t) cX(s)+dY(s) (5.13)
2(ct) %X(Z), ¢>0 (5.14)
z(t — P) e P X (s) (5.15)
e " (t) X(s+a) (5.16)
£ (t) (—1)"6"523) (5.17)
o (t) . ~— . Ox(t)
pm s"X(s) — 2 s |, (5.18)
/ x(T)dr %X(s) (5.19)
x(t) * y(t) X (s)Y(s) (5.20)

Initial-value theorem

If X(s) is rational, i.e., X(s) = %, where order P(s) < order Q(s), then

lim z(t) = lim sX(s) (5.21)

t—0t 5§—00

Final-value theorem
If sX(s) has all poles in the left halfplane, then

lim z(t) = lim s X (s) (5.22)

t—o0+ s—0
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5 The Laplace transform

Common transform pairs (one-/two-sided Laplace transfrom)

x(t) X(s) ROC
o(t) 1 Vs (5.23)
1, t>0
1
ut) =4{1/2, t=0 . Re{s} >0 (5.24)
0, t<0
1
tu(t) = Re{s} >0 (5.25)
tTL
Eu(t) e Re{s} >0 (5.26)
1
—at _ 9
e “ult) P Re{s} > —a (5.27)
tne—at 1
. wo
Sln(th)U<t) m Re{S} >0 (529)
s
COS(CU(]t)U(t) m Re{S} >0 (530)
: w
e—at SIH(WOt)u<t> m RG{S} > —a (531)
0
—at S + a _
e~ cos(wot)u(t) Graii Re{s} > —a (5.32)
—at a . S
t— — t t —_— — .
e (cos wo " sin wy ) u(t) Graita Re{s} > —a (5.33)
2 2
[1 —e <Cos wot +-2 sin wot)} u(t) @ W% Re{s} > —a (5.34)

Wo

s[(s+a)? + wi]
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Common transform pairs (two-sided Laplace transform)

x(t) X(s) ROC

(1) % Re{s} < 0 (5.35)
= tu(—t) é Re{s} < 0 (5.36)
- i—n'u(—t) S:H Re{s} < 0 (5.37)
ety () - i - Re{s} < —a (5.38)
_ tn;atu(_t) . +1a)n+1 Re{s} < —a (5.39)

Common transform pairs (one-/two-sided Laplace transfrom)

z(t), x(t)=0vt<0 X(s)
a26—bt o b2€—at a2b2
bt —a—1>b 5.40
a_p e 2+ a)(s 1) (5.40)
1 1 sinbt  acosbt e ™ 1
- _ 5.41
ab*>  a? + 02 < T R ) s(s+a)(s2+0b?) (5.41)
. 2a*
2 —2cosat — atsinat — (5.42)
s(s% + a?)
—at (. 2b3
e~ (sinbt — bt cos bt) 5 (5.43)
(s +a)? + 0?]
(b* —a?) s
cos at — cos bt 2+ @) (2 1 1) (5.44)
cosbt cosat 1 1 (b* — a?)
_ - 5.45
b? 2 T b? s(s? + a?)(s% + b?) (5.45)
ce ce™ c (5.46)

(a—b) 0 +¢) (a—0b)(a®+ 02)+ (s+a)(s+0b)(s%+c?)
c(a+b)cosct + (¢* — ab) sin ct
(@ +¢2) (b + 2)

The convergence region for above transform pairs is the half plane to the
right of the rightmost pole.
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6 z-Transform

6 z-Transform

Properties of the two-sided z-transform

z[n] X(2)
z[n] > afn)z (6.1)
1 n—1

3 L X(2)z"dz X(2) (6.2)
cx[n] + dy[n] cX(z)+dY(z) (6.3)
x[—n)] Xz (6.4)
x*[n] X*(2%) (6.5)
x[n — k| 2R X (2) (6.6)
a"x[n] X(z/a) (6.7)
x[n] * y[n] X(2)Y(2) (6.8)
nx(n| - zaX(Z) (6.9)
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Properties of the one-sided z-transform

z[n] X(2)
z[n] > xn)z" (6.10)
1 n—1
3 |z|:rX(Z)Z dz X(z) (6.11)
cx[n] + dyn| cX(z)+dY(z) (6.12)
x*[n] X*(z%) (6.13)
k
zln — k), k>0 X (2) + ) a[-m)em (6.14)
k_:1
zn+ k], k>0 FX(2) - x[m] " (6.15)
a"x[n] X(z/a) (6.16)
x[n] * y[n] X(2)Y(z) (6.17)
nxn| - z&ééz) (6.18)

Initial-value theorem
If X(z) is rational, i.e., X(z) = % where order P(z) < order Q(z), then

z[0] = lim X(2) (6.19)

zZ—00

Final-value theorem
If (2 — 1)X(2) has all poles strictly inside the unit circle, then

lim z[n| = lim(z — 1) X (2) (6.20)

n—oo z—1
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6 z-Transform

Common transform pairs (one-/two-sided z-transform)

x[n| X(z) ROC
3[n) 1 (6.21)
1, n>0 z
u[n] = {07 00 o |z| > 1 (6.22)
nuln) e - 7 2] > 1 (6.23)
nufn] éZij’? 2] > 1 (6.24)
n z
a"u[n] o |z| > |al (6.25)
na"uln) ﬁ 12l > |a]  (6.26)
n2a™un] % 2| >lal  (6.27)
. zasin(a)
a" sin(an)uln| 7~ 2eacos(a) £ |z| > |a| (6.28)
N 2(z — acos(a))
a" cos(an)uln] T~ 2racos(a) + @ |z| > |al (6.29)
Common transform pairs (two-sided z-transform)
x[n] X(2) ROC
1 1

a "ul—n] T |z| < Tal (6.30)
o (a®— 1)z al< el <~ (631)

az? — (1+a?)z+a

lal
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7 Discrete Time Fourier

Transform

Properties ® circular convolution
x[n] Xa(v)
Xy(v) = Xyg(v + 1) (7.1)
x[n] Z z[n]e 72" (7.2)
_ Xa(v)e?™™ du Xa(v) (7.3)
cx[n] + dyn] cXq(v) +dYy(v) (7.4)
x[—n)] Xy(—v) (7.5)
x*[n] X (—v) (7.6)
x[n — k e I%R X (1) (7.7)
2"z [n) Xa(v — 1) (7.8)
z[n] * y[n] Xa(v)Ya(v) (7.9)
elnlyln] Xalw) @ Yalv) (7.10)
1 aXd(l/)
nx(n| " T o (7.11)
Parseval’s theorem
> lalall = [ 1X@)P v (7.12)
Generalized Parseval’s theorem
S alnly*ln] = ZX(V)Y*(V) dv (7.13)
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7 Discrete Time Fourier Transform

Common transform pairs (Discrete Time Fourier Transform)

11
zn], |a] <1 Xa(v) ve(—:5,5]
2 2
o[n] 1 (7.14)
1 d(v) 7.15
1 for|n| <K sin(rv(2K + 1))
rec K[n] {0 fOI' |n| > K 17(2K+1)(V) Sin(ﬂ'V) ( )
1, n>0 1 1
j2mn (S(V — VO) (718)
1
n I 7.19
a"u) e — (7.19)
1
1 —a?
Inl 21
¢ 1+ a? — 2a cos(27v) (721)
in(2mxY)e2mv
" sin (27" asin(2m7) | 22
_ 0\ ,—j2mv
a™ cos(2m°n)uln) 1 — acos(@m e (7.23)

1 — 2a cos(2m10)e=32mv + q2e—idmv
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8 Discrete Fourier Transform (DFT)
Properties @) = circular convolution with N values
x[n] X [m]
x[n] - x[n)es2mmn/N (8.1)
k= 3 X [m)]es2mmn/N X[m] (8.2)
N m=0
cx[n| + dy[n] cX[m]+dY[m] (8.3)
" [N —n] X*[m] (8.4)
x*[n] X*[N —m] (8.5)
x[n — k] e~ I2mhm/N X [m) (8.6)
IR IN 1] X[m — k] (8.7)
N~'X|[n] x[—m] (8.8)
[n] ®yln] X{m]Y[m] (8.9)
a[n]y[n] N~ X[m] @Y[m] (8.10)
Parseval’s theorem
S fefall® = % 3 X[ (8.11)
Generalized Parseval’s theorem
" afnly'fn] = - 3 X[ (8.12)




