Solutions to Exam in 2E1262 Nonlinear Control, Dec 18, 2000

1. (a) Plugging in the transformation and the control law gives

. (0 1

Since both eigenvalues of this matrix are —1, the system is asymp-
totically stable.

(b) Let
k(z) = u(z(z)) = —z1 — 223 — 2f(21) — [z2 + f(21)]f'(21).

From the linear system in (a), we have the Lyapunov function
V(z) = 2T Pz, where P = PT > 0 is the solution to the Lyapunov
equation PA + ATP = —@Q. Choosing @ = 2I (the identity

matrix) gives
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which is easily checked to fulfill the conditions for the Lyapunov
theorem for global stability (including V' (z) — oo as ||z| — o).

(¢) For simplicity we include A in the nonlinearity, and thus consider
G(s) = 1/[s(s + 1)] in feedback with f(y) = AK arctan(y). Note
that Re G(iw) = —1/(1 4+ w?) > —1 and that f(-) is bounded by
the sector [0, AK]. The Circle Criterion now gives BIBO stability
for AK < 1.

(d) Small Gain Theorem is not applicable since the gain of 1/s is
infinite.

2. (a) z = (r,7,0,0)T gives
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(b) f(zo,ug) = 0 gives zg = (210, 0, km,0)” with 219 and ug being
the solutions to the equation gzigcoskm = wg and k being an
integer.

(c) Take o = (0,0,0,0)” and ug = 0. Then,
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(d) Denote the linearization in (c) by
di = Adx + Béu.

Choosing L = (¢4, /5, ¢3,£4) such that the eigenvalues of A — BL
are in the left half-plane gives a control law v = — Lz, which is
stabilizing also for & = f(z,u).

(e) The system 7 + 87 = 0 together with the suggested V(r,7) gives

V(0,0) = 0

V(r,7) >0, (r,7) # (0,0)
V(r#)=—pi? <0

V(r,7) — oo, l(ry7)|| = oo,

and, hence, global stability. Asymptotic stability does not follow
because V(r,7) £ 0 for all (r,7) # (0,0). (What’s the physical
interpretation?)

(a) Large T; corresponds to low feedback of the error signal v —u (see
the lecture slides for notation). Hence, T; = 3 corresponds to the
largest overshoot in y, T; = 2 corresponds to the slightly smaller
overshoot etc. Similarly for u, T; = 3 corresponds to the curve
that is saturated the longest amount of time etc.

(b) The system is defined by

% = sat(u — x)

y =z + sat(u — z)
If |lu—z| <1then y=wu. If u —2z > 1 then

z=1
y=z+1

and thus z will increase until v —z < 1 so that y = w holds again.
Similar for u — z < —1.

(c) The system consists of G(s) = abexp(—sL)/s in negative feed-
back with a relay. The curve —1/N(A) for the relay is the nega-
tive real axis, which G(iw) intersects at points

—g—wL:w+27rk, k=0,1,2,...,

that is, frequencies

T2 k=012,
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Only k£ = 0 corresponds to a stable oscillation. The amplitude A
of the relay input y follows from the equation —1/N(A4) = G(iw)
or
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that is,
_ 4ab
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The amplitude of the oscillations in z is thus

Ao _ 4o
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with wg as given above.

The output of the Clegg integrator over one period of the input
is shown below:
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The output of an integrator with sinusoidal input is
w

t A
/ Asinwtdt = —(1 —coswt).
0

Using this in the derivation of the describing function N(A4,w) =
[b1(w) + ia;1(w)]/A of the Clegg integrator gives

@) = [“at@)cospds =2 ["( - cosg)cosgdp = = -2
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An advantage with the Clegg integrator is that it has a phase lag
of 38 degrees, which is better than the 90 degrees for an ordinary
integrator. However, a disadvantage is that the Clegg integrator
is likely to induce oscillations.
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H=L+Xjf= §$TQ:E + §uTRu + M (Az + Bu)

. T
(1) = =S (), (1), A1) = ~Qa" (1) — ATAW)

Aty) = —~(@"(ty)) =0

Since H is a quadratic form in u and there is no constraints on
u, the minimum is given by the solution to

Oza—H:RquBT)\,
ou

which hence gives u = R~ 'BT\.
Combining

At) = S()z(t) + S(t)[Az* (t) — BR™'BTS(t)2* ()]
and

At) = —Qz*(t) — ATA(t) = —Qz*(t) — ATS(t)z*(¢)

gives the result.

For t; = oo we may set S=0. Then, the differential equation in
S(t) becomes an algebraic equation in the (constant) matrix S:

ATS + SA—SBR'BTS+Q =0

See Lecture 13.
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