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PROBLEM 1

A dipole is formed by two point sources with charge +cand -c
Calculate the flux of the dipole field on a closed surface S that

(a) encloses both poles
(b) encloses only the plus pole
(c) does not enclose any pole

SOLUTION
Vector field from - r =T,
a point source A(r)=c ‘ __‘3
located inr,: "
Vector field from . 7 7
1 2

two point sources A(F) =c |3

g — — =3 —- —
located inr,and r, |r —rl| |r -7,
Flux from _ 0 If the origin is outside V
a point source: drc  Ifthe origin is inside V

(c roh —c 7_72‘3}-615 =ﬁc_?_71|3-d§— c F_f_zr-d_
S

7_}71‘3 [
(@)  §p()dS= 47c 4mc =0 "
(b)  fp()-d5= 47 0 =4 c %

() §p()dS= 0 0 = () .



PROBLEM 2
Use the Gauss theorem to calculate the flux of the vector field:  A(p,¢,z)=z

onthe surface S: x° + )’ +(Z—2)2 <4

SOLUTION

The field is singular at p=0 (the z-axis)
The Gauss theorem cannot be applied on S!!!

We divide V into 2 volumes:
V=V,+V,
\

Thin cylinder with radius & along the z-axis

The boundary surface to V,is: S + Sg — Sl — S2

v

Does not contain the z-axis .
= here we can apply Gauss! | Y

/ ”A(r) dS—S+Sj'.£ +S1A(r) dS = /

= [[ 4@)-ds+ [[ 4F)-ds ﬂfdedV+ [| 4@)-as

b §45.-8,-5, —8,+5,+5, —S.+5,+5,



= ([[divaav + ] A?(f).dE:mdindV—ij(f).d§+jj2(7)-d§+jj2(7)-d§

1 11 i 4
Integrals Il and IV are zero:

”A(r) dS/ jj e:OedS—O

hng dS =é.dS

1)-d5 = ([ 222 6.4 -
QA(r)-dS/_ JJZ . ¢,-8.d5 0
=0

lim S =—¢.ds

dS =-é,dS dS = ed pdz
Integrals I is: On ;9/ p=¢
2
—”A(r) ds = = ([z£ _lgdgodz:
P £
f _.[_ (‘92_1)d€0d2 =27T(82—1)2+ jg zdz =87z(82—1)\/4—€2
PN v o



But our cylinder is very “thin”, which means that we are interested in  lim
e—0

1im87r(52 —1) 4-g* 4167

c—0

jy{jdivzd} . Iijdiv(z v -1 2ot

The volume is a sphere with centre in the point (0,0,2)
Therefore, to use spherical coord. we must do a coordinate transformation: z’=z-2

jdV - [z

mzde=jjjz(z'+2)dr/=jjj4dV+jﬁzz'dV=44’;23 + [[[ 27 cos 617 sin 6drd6d

3 4 2 3

%—/

0

1287 +2{£T 27{_ cos’ HT 1287
0 0

1+11+111+1V—%—167z 0+ o——807”



LAPLACE OPERATOR IN CURVILINEAR COORDINATES

The Laplace equationis  V’¢ =0

The Laplace operator V? isthe divergence of the gradient:

CARTESIAN COORDINATES
(a¢ o¢ a¢j
vp=| L L 9P
« GRADIENT ox oy oz
“DIVERGENCE V- A= 4 A, , 4

ox Oy Oz

CYLINDRICAL COORDINATES

SPHERICAL COORDINATES

op 10¢ 1 a¢]

. \%
GRADIENT ¢ = [ar r 00 rsind op

- 10, 1
. V-Ad=——(r4)+
PIVERGENCE prn U e

V¢=V-V¢

CARTESIAN

W¢(f¢ 0, a¢)

ox> oy’ oz

CYLINDRICAL

5 __(pa;zsj 1 a2¢+@

op\" op > o> 0

SPHERICAL

i(sin 04,)+

V2¢=L£ 72% 1 8 9%
r* or or r*sin @ 89 o0

r*sin’® @ 8¢’




PROBLEM 3

A cylinder with radius R has a charge density p_.
Calculate the potential and the electric field:

(a) Inside the cylinder
(b) Outside the cylinder

Assume that the cylinder is infinitely long and that the potential on the surface is V..

SOLUTION /J‘\
N

Due to the symmetry of the problem,
the solution will depend on the radius only: ¢=¢(p)

Inside the cylinder
V2= — P.
¢ .

cylindrical coord.

vig-L @ Lpfw} Lo 0 __p

2 2 2
pop\" Op) p° O0p° oz &
\ ) H_J
:O =0 ¢ Because the solution
depends only on p

The equation becomes:

1 0 0¢ P.
1) —
pop\  op &




Multiplying by p Integrating in p Dividing by p

l

iilp%jz_& 0 iip%jz_&p Lo p e L W p

pop\" Op & op\  Op & op 2¢, op 2¢, yo,
— d d d d
E:_W:_[ #(p) 1dé(p) ¢(p)j E - i(p):+2/)c Ja
dp p do dz yo, & P,
_ 0 =O Because the solution Divergent at p=0
T depends only on p NOT physical! = a=0
0 : P
Do Pefy = |gpy=—Le b
op  2g, / 4,

Integrating in p
Outside the cylinder

V2¢ — () «—— Thereisnocharge

And the equation becomes:

Li[p%jzg . a[p%jzo L 0. 0
op 0

= |d(p)=clhp+d

C
pop\" Op /5,0 ]ap Tppl
Multiplying by p Integrating in p Dividing by p Integrating in p
dé(p) [ ¢

E:— = ——
dp p




in pc in p 2
El(p)=+-"=p =—Lc p*+h
2, ¢"(p) 4z "
out c out
E" =—— o™ (p)=chnp+d
yo,

Now we must determine the three integration constants b, ¢ and d.
We have three conditions:

(1) Continuity of the electric field at p =R

(2) The potential at p=R

(3) Continuity of the potential at p=R

) E®=Er® = +Lop=-t :» Ly e Lo Rl e d
&) R 2¢,
Q) " R)=V, = -LoRmR+d=V, = (d=V,+L-R IR
2¢, 2¢,

=" (p)=—L-RPInp+d =L R*Inp+V,+ L= R*InR =V, - L= R2ln(£j
250 & 280 280 R

I O R I Ry ST (Ao
2¢, R 4, 4e,
%_J




2 : p.
E'"(p)=+—%p
¢l’"(p)=Vo+fc Rz(l—" ] )=+,

&, R 0
2
p. R
e Ny P p2ig| 2 EM = e —
¢ (p)_I/O 2€0R H(Rj 280 p
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