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Atomic	nucleus	is	a	many-body	system	with	great	complexity.	Although	Quantum	mechanics	
s:ll	governs	its	behavior,	the	forces	are	complicated	and	cannot,	in	fact,	be	wri>en	down	
explicitly	in	full	detail.		One	has	to	rely	on	the	construc:on	of	nuclear	models	



Different	model	views	
Independent	par%cle	model	
In	the	previous	sessions	we	have	considered	the	nucleus	as	a	conglomerate	of	neutrons	and	
protons	moving	freely	in	a	central	poten:al	but	sa:sfying	the	Pauli	principle.	It	is	the	basis	of	
any	microscopic	nuclear	models.	
Collec%ve	model	
In	the	other	extreme	we	have	the	collec:ve	model,	where	the	individual	nucleons	form	a	
compact	en:ty.	The	Collec:ve	Model	emphasizes	the		coherent		behavior	of		all		of		the	
nucleons.	Among	the	kinds	of	collec:ve	mo:on	that	can	occur	in	nuclei	are	rota:ons	or	
vibra:ons	that	involve	the	en:re	nucleus.	A	common	feature	of	systems	that	have	rota:onal	
spectra	is	the	existence	of	a	“deforma:on”,	by	which	is	implied	a	feature	of	anisotropy	
that	makes	it	possible	to	specify	an	orienta:on	of	the	system	as	a	whole.	
Deformed	single-par%cle	model	



Variety	of	nuclear	collec%ve	mo%ons	
	
The	single-par:cle	shell	model	can	not	properly	describe	the	excited	states	of	nuclei.	The	
excita:on	spectra	of	nuclei	show	characteris:c	of	collec:ve	mo:ons,	
	
v Rota%ons;	
v Surface	vibra:ons	(quadrupole,	octupole,	hexadecupole,	…);	
v Fission	(large-amplitude	collec:ve	mo:on);	
v Giant	resonances	(proton-neutron	displacements,monopole,	dipole,	quadrupole,	…)	
v Scissors	mode	(proton-neutron	angular	displacement)	
v Pygmy	resonance	(n-rich	nuclei,	vibra:on	of	neutron	halo	/	skin	with	respect	to	the	core)	
	

In	this	course	we	will	concentrate	on	simple	descrip:ons	of	nuclear	rota:on.	





Planet	Earth	is	triaxial	

The	Earth's	equator	is	an	ellipse	rather	than	a	circle	



Types of Multipole Deformatiions 

The monopole mode 

The	associated	excita:on	is	the	so-called	breathing	mode	of	the	nucleus.	A	large	amount	of	
energy	is	needed	for	the	compression	of	nuclear	ma>er	and	this	mode	is	far	too	high	in	energy.		

Dipole	deforma:ons,	to	lowest	order,	do	not	correspond	to	a	deforma:on	of	the	nucleus	but	
rather	to	a	shiU	of	the	center	of	mass,	i.e.	a	transla:on	of	the	nucleus,	and	should	be	
disregarded	for	nuclear	excita:ons	since	transla:onal	shiUs	are	spurious.	

The dipole mode 



The	center	of	mass	of	nucleus	with	“dipole	deforma:on”	
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The	quadrupole	mode	
The	most	important	nuclear	shapes	and	collec:ve	low	energy	excita:ons	of	atomic	nuclei.	
	
	
	
	
	
	
	
	
	
	
	
The	octupole	mode	
The	principal	asymmetric	modes	of	the	nucleus	associated	with	nega:ve-parity	bands.	
	
	
	
	
	
	
																																																																																																						The	hexadecupole	mode	

Spherical	 Prolate	 Obolat
e	



A	prolate	spheroid	(American	football)	is	a	spheroid	in	which	the	polar	axis	is	greater	than	
the	equatorial	diameter.	The	volume	of	a	prolate	spheroid	is																									where	b	is	the	
polar	radius,	and	a	is	the	equatorial	radius.		

An	oblate	spheroid	(pancake)	is	a	rota:onally	symmetric	ellipsoid	having	a	polar	axis	
shorter	than	the	diameter	of	the	equatorial	radius.		

h>p://en.wikipedia.org/wiki/Prolate_spheroid	
h>p://en.wikipedia.org/wiki/Oblate_spheroid	

How	are	they	related	to	the	spherical	amplitudes	
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Hill-Wheeler	coordinates	
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² The	nucleus	is	said	to	be	prolate	when	
two	of	the	principal	axes	(x,y)	are	of	the	
same	length	while	the	third	axis	(z)	is	
longer.		
	
² If	the	third	axis	is	shorter	than	the	
two	equal	principal	axes,	the	nucleus	is	
said	to	have	an	oblate	shape.	
	
² γ=0◦	and	γ=60◦	correspond	to	prolate	
and	oblate	shapes	respec%vely.	
Completely	triaxial	shapes	have	γ=30◦	



Descrip%on	of	the	quadrupole	deforma%on	
	
Thus,	the	quadrupole	deforma:on	may	be	described	either	in	a	laboratory-fixed	reference	
frame	through	the	spherical	tensor	a2μ	,	or,	alterna:vely,	by	giving	the	deforma:on	of	the	
nucleus	with	respect	to	the	principal	axis	frame	using	the	parameters	(a0	,a2)	or	(beta,gamma)	
and	the	Euler	angles	indica:ng	the	instantaneous	orienta:on	of	the	body-fixed	frame.	



h>p://ie.lbl.gov/systema:cs/chart_thb2.pdf	



The	energy	of	a	classical	rotor	can	be	described	by		
	
	
	
	
where	J	is	the	moment	of	iner:a.	Classically	the	angular	momentum	is	given	by.	
	
	
For	the	expression	for	the	energy	

As	known	from	classical	mechanics,	the	degrees	of	freedom	of	a	rigid	rotor	are	the	three	Euler	
angles,	which	describe	the	orienta:on	of	the	body-fixed	axes	in	space.	A	classical	rotor	can	
rotate	about	any	of	its	axis.	



Rota:on	is	a	collec:ve	mode	of	excita:on	of	a	deformed	nucleus	found	in	different	regions	of	
the	nuclear	chart.	This	feature	allows	for	the	possibility	to	excite	the	nucleus	by	gaining	
rota:onal	energy	around	an	axis	defined	to	be	perpendicular	to	the	symmetry	axis.		
	
	A	spherical	nucleus	has	no	rota%onal	excita%ons	at	all	!	
In	quantum	mechanics	the	case	is	different.	If	the	nucleus	has	rota:onal	symmetries	and	no	
internal	structure.	For	example,	a	spherical	nucleus	cannot	rotate,	because	any	rota:on	leaves	
the	surface	invariant	and	thus	by	defini:on	does	not	change	the	quantum-mechanical	state	
(and	energy).	This	in	turn	implies	that	only	a	deformed	nucleus	can	be	said	to	be	rota:ng.	
		
A	nucleus	with	axial	symmetry	cannot	rotate	around	the	axis	of	symmetry!	

Collec%ve	rota%on	



In fact 
 
Nuclei are not always 
spherical! 

A prolate deformed nucleus  

	In	a	molecule,	as	in	a	solid	body,	the	deforma:on	reflects	the	highly	anisotropic	mass	
distribu:on,	as	viewed	from	the	intrinsic	coordinate	frame	defined	by	the	equilibrium	
posi:ons	of	the	nuclei.	In	the	nucleus,	the	rota:onal	degrees	of	freedom	are	associated	
with	the	deforma:ons	in	the	nuclear	equilibrium	shape	that	result	from	the	shell	
structure.	



In	the	quantum	mechanical	limit	the	squared	angular	momentum	observable	has	the	
form	

It	gives	the	following	formula	for	describing	the	energy	levels	of	a	rigid	deformed	rotor	

where	I	is	the	spin	is	of	the	state	and	J	is	the	sta%c	moment	of	iner%a.	

The	Hamiltonian	is	





h>p://www.nobelprize.org/nobel_prizes/physics/laureates/1975/	



From	classical	mechanics	it	is	known	that	three	angles	are	needed	to	define	the	posi:on	
of	a	rigid	body	with	fixed	center	of	mass.	These	are	called	Euler	angles.	The	energy	of	the	
rota:ng	rigid	body,	with	the	center	of	mass	fixed	at	the	center	of	coordinates,	is	



Quantum	mechanically	the	component	J3	=	K	is	conserved.	One	has	the	total	angular	
momentum	is	J	=	I,	since	it	is	a	constant	of	the	mo:on.	Jz	=	M	is	a	constant	of	the	mo:on.	
If	the	system	possesses	axial	symmetry,	The	projec:on	on	the	symmetry	axis	is	also	a	
constant	of	the	mo2on,	J3	=	K.	

Angular	momentum	quantum	numbers	describing	rota%onal	mo%on	in	three	dimensions.		
	
The	z	axis	belongs	to	a	coordinate	system	fixed	in	the	laboratory,	while	the	3	axis	is	part	of	a	
body-fixed	coordinate	system	



The	eigenvalues	corresponding	to	this	Hamiltonian	are	

The	Hamiltonian	

In	quantum	mechanics	there	is	no	rota:on	along	the	symmetry	axis,	therefore	



By	assuming	cylindrical	symmetry,	we	have	

where	c	is	a	constant	

The	lowest	lying	of	these	bands	is	the	one	corresponding	to	K	=	0,		



E(8,0)=	528	keV	









The	deformed	single-par%cle	model	

In	above	descrip:on,	we	consider	the	rota:onal	mo:on	of	the	system	as	a	whole	
and	neglected	the	internal	mo:on	with	respect	to	the	body-fixed	coordinate	frame.	
	
The	star:ng	point	for	the	descrip:on	of	the	intrinsic	degrees	of	freedom	in	
deformed	nuclei	is	the	analysis	of	one-par:cle	mo:on	in	non-spherical	poten:als.	
	
In	the	following	we	discuss	the	deformed	single-par:cle	poten:al	and	the	associated	
one-par:cle	quantum	states	



The	Nilsson	Model	and	Sven	Gösta	Nilsson	
Ben	Mo>elson,	Phys.	Scr.	T125	(2006)	
h>p://iopscience.iop.org/1402-4896/2006/T125/E02/pdf/physscr6_t125_e02.pdf	

Reading	

‘Another	impressive	indica2on	of	the	validity	of	the	independent	par2cle	model	is	the	immense	
success	of	the	Nilsson	scheme.	We	all	know	the	famous	level	scheme	and	the	popularity	of	his	
paper—I	am	sure	this	is	the	one	paper	which	one	finds	on	the	desk	of	every	nuclear	physicist.’ 

The	numerical	diagonaliza2on	of	the	matrices	involved	(up	to	dimensions	7	×	7)	required	that	
Sven	Gösta	travel	to	Stockholm	in	order	to	exploit	the	power	of	the	BESK	computer	(at	that	2me	
the	largest	available	for	scien2fic	computa2on	in	Sweden).	

h>p://www.pdc.kth.se/resources/computers/lindgren	

Dimension we can handle today 
1010×1010 



The	projec:on,	K	is	the	intrinsic	single	par:cle	spin	of	the	band-head	state.	

Nilsson	quantum	numbers	

The	physics	behind	



Reminder:	3D		isotropic	harmonic	oscillator	
One-dimensional	harmonic	oscillator	

3D	isotropic	harmonic	oscillator	

The	Hamiltonian	can	be	wri>en	as	

n=nx+ny+nz	



The	anisotropic	harmonic	oscillator	
The	Harmonic	Oscillator	poten:al	can	be	generalized	so	as	to	be	applicable	to	the	deformed	case.		

The	condi%on	of	incompressibility	of	nuclear	maWer	requires	that	the	volume	of	
the	ellipsoid	should	be	the	same	as	that	of	the	sphere	and	this	imposes	a	condi%on	on	
the	oscillator	frequencies:	



If	we	assume	that	the	nuclear	z-axis	(3-axis)	is	different	from	the	extension	along	the	x-	and	
y-axes,	we	may	write	the	single-par2cle	Hamiltonian	in	the	form	



For	the	spheroidal	poten:al,	the	mo:on	separates	into	independent	oscilla:ons	along	the	3	
axis	and	in	the	(12)	plane	

The	energy	is	



The	Nilsson	model	

Deformed	HO	poten:al	with	ls	and	l2	correc:ons	

As	men:oned	in	last	sec:on,	the	l2	term	liUs	the	degeneracy	within	each	major	oscillator	shell	
in	such	a	manner	as	to	favor	the	states	with	large	I	.	

The	term	<l2>N	is	a	constant	for	each	oscillator	shell	chosen	so	that	the	average	energy	
difference	between	shells	is	not	affected	by	the	l2	term.	



One	may	classify	the	levels	according	to	the	cylindrical	quantum	numbers.	

The	axial	symmetry	of	the	nuclear	poten%al	imply	that	the	parity	and	the	projec%on		of	the	
total	angular	momentum	along	the	symmetry	axis,				,are	constants	of	the	mo%on	for	the	
one-par%cle	states.	



• Each	spherical	level	labeled	by	N(lj)	at	
ε=0,	is	split	into	(2j+1)/2	levels	with	

€ 

Ω = ±
1
2
,± 3
2
,...,± j.

• 	The	remaining	degeneracy	means	that	
each	level	can	accommodate	two	
nucleons.	
• 	Orbits	with	lower	Ω	are	shiZed	
downwards	for	ε>0	(prolate)	and	
upwards	for	ε<0	(oblate).	





As	for	the	three	dimensional	poten:al	well	the	Nilsson	model	predicts	that	shells	and	shell	gaps	
are	modied	by	the	deforma:on.	
	
The	main	achievement	of	the	Nilsson	model	is	correct	explana:on	of	ground	state	spins	and	
pari:es	of	a	large	number	of	nuclei,	as	well	its	ability	to	be	expanded	into	a	model	for	rota:on	
of	deformed	odd-mass	nuclei	

Spin	and	Magne:c	Moment	of	33Mg	
3/2[321]	
PRL	99,	212501	(2007)	
31Mg:		½[200]	
PRL	94,	022501	(2005)	

h>p://www.sciencedaily.com/releases/2011/02/110202143800.htm	


