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Preface 

Statistical performance evaluation has assumed an increasing amount 
of importance as we seek to design more and more sophisticated communi­
cation and information processing systems. The ability to predict a pro­
posed system's performance without actually having to construct it is an 
extremely cost effective design tool. 

This book is meant to be a first year graduate level introduction to 
the field of statistical performance evaluation. As such, it covers queueing 
theory (chapters 1-4) and stochastic Petri networks (chapter 5). There is a 
short appendix at the end of the book which reviews basic probability 
theory. At Stony Brook, this material would be covered in the second half 
of a two course sequence (the first half is a computer networks course using 
a text such as Schwartz's Telecommunications Networks). Students seem to 
be encouraged to pursue the analytical material of this book if they first 
have some idea of the potential applications. 

I am grateful to B.L. Bodnar, J. Blake, J.S. Emer, M. Garrett, W. 
Hagen, Y.C. Jenq, M. Karol, J.F. Kurose, S.-Q. Li, A.C. Liu, J. McKenna, 
H.T. Mouftah and W.G. Nichols, I.Y. Wang, the IEEE and Digital Equip­
ment Corporation for allowing previously published material to appear in 
this book. 

My appreciation of this material has been enhanced by interaction 
with my students in Stony Brook's Congestion and Delay in Communica­
tions Systems Course. I am grateful to S. Rappaport for encouraging me to 
teach this course. Thanks are due for editorial assistance to Z. Ruder, K. 
Dreyhaupt, J. Day and J. Abrahams of Springer-Verlag and to A. Lazar of 
Columbia University. Thanks are due to M. Gerla for reviewing the 
manuscript. This book benefited from the drawing ability of L. Koh. The 
graph of the Poisson distribution was made by J. Shor. This book would 
not have been possible without the use of computer facilities supervised by 
J. Murray, M. Lee and G. Liu. I would like to gratefully acknowledge the 
support, in the course of this work, of the National Science Foundation 
(grant no. NCR-8703689) and of the SDIO/IST and managed by the U.S. 
Office of Naval Research (grant no. N00014-85-K0610). 

Finally, I would like to thank my wife and daughter for their 
encouragement and support during the course of this project. 

Parts of this book have benefited from the influence of a number of 
earlier, classic works which no personal library of performance evaluation 
should be without. These recommended readings are: 
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Bruell, S.C. and Balbo, G., Computational Algorithms for Closed 
Queueing Networks, North-Holland, N.Y., 1980. 

Cooper, R:B., Introduction to Queueing Theory, North-Holland, N.Y., 
1981. 

Gross, D. and Harris, C.M., Fundamentals of Queueing Theory, Wiley, 
New York, 1974, 1985. 

Kelly, F.P., Reversibility and Stochastic Networks, John Wiley & Sons, 
New York, 1979. 
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Kobayashi, H., Modeling and Analysis: An Introduction to System Per­
formance Evaluation, Addison-Wesley, Reading, Mass., 1978. 

Schwartz, M., Telecommunications Networks: Protocols, Modeling and 
Analysis, Addison-Wesley, Reading, Mass., 1987. 

A solution manual is available from the author for instructors who 
adopt this book for a course. Please send requests on university stationery. 

T.G.R. 

Dept. of Electrical Engineering, 

SUNY at Stony Brook, 

Stony Brook, N. Y. 11794, 
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Chapter 1: The Queueing Paradigm 

1.1 Introduction 

This is a book about statistical prediction. It tells the story of how 
the behavior of complex electronic systems can be predicted using pencil, 
paper, the poetry of mathematics and the number crunching ability of 
computers. 

The types of prediction that we wOllld like to make include: 

-+ How many terminals can one connect to a time sharing computer 
and still maintain a reasonable response time? 

-+ What percentage of calls will be blocked on the outgoing lines of a 
small business's telephone system? What improvement will result if 
extra lines are added? 

-+ What improvement in efficiency can one expect in adding a second 
processor to a computer system? Would it be bett.er to spend the 
money on a second hard disc? 

What is the best architecture for a space division packet switch? 

Paradigms are fundamental models which abstract out the essential 
features of the system being studied. This book deals with two basic para­
digms: the paradigm of the queue (chapters 1-4) and the pll.racligm of the 
Petri net (chapter 5). 

1.2 Queueing Theory 

The study of queueing is the study of waiting. Customers may wait 
on a line, planes may wait in a holding pattern, telephone calls may wait 
to get through an exchange, jobs may wait for the attention of the central 
processing unit in a computer and packets may wait in the buffer of a node 
in a computer network. All these examples have been studied using the 
mathematical theory of queues or queueing theory. 
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Queueing theory has its roots early in the twentieth century in the 
early studies of the Danish mathematician A.K. Erlang on telephone net­
works and in the creation of Markov models by the Russian mathematician 
A.A. Markov. Today it is widely used in a broad variety of applications. 
Moreover the theory of queueing continues to evolve. 

Before proceeding to the actual study of queueing networks in chapters 
2,3 and 4, we will spend some time discussing models of queueing. 

1.3 Queueing Models 

What's in a Name? 

In the operations research literature the items moving through a 
queueing system are often referred to as "customers" as real human waiting 
line may be envisioned. When a computer scientist writes about queues, he 
or she will often refer to the items moving through the queueing system as 
"jobs" since the application is often jobs circulating through a computer 
system. A telephone engineer, meanwhile, will speak of "calls". Finally, in 
computer networks, packets of data pass through the nodes and lines of 
such networks so a queueing model will be phrased in terms of these "pack­
ets". While "customer", "job", "call" and "packet" all are meaningful, 
depending on the application, we will generally use the generic term "custo­
mer" to refer to the items that move through a queueing system. 

The Simplest System 

The simplest queueing model involves a single queue. We can make 
use of a commonly used schematic representation in order to illustrate it. 
This is done in Figure 1.1. 

In this queueing system customers enter from the left and exit at the 
right. The circle represents the "server". For instance, in a supermarket 
check out line the server would be the employee operating the cash register. 
The open rectangle in Figure 1.1 represents the waiting line, or queue, that 
builds up behind the server. 

A word about terminology is in order. The system of Figure 1.1 can 
be referred to as a "queueing system" or as a "queue" even though one of 
its components is also called the "queue". The meaning will usually be 
clear from the context. 

In chapters 2,3 and 4 we will make very specific assumptions regarding 
the statistics of arrivals to the queueing system and for the time it takes 
for the server to process a customer. 
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SERVER 

INPUT OUTPUT 

QUEUE 

Fig. 1.1: A Single Server Queueing System. 

Fig. 1.2: An M/M/3 Queueing System 
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Fig. 1.3: Time Shared Computer & Terminals 

TERMINAL 
SERVERS 

CPU 
QUEUEING 
SYSTEM 

Fig. 1.4: Queueing Model of Time Shared Computer 
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Shorthand Notation 

There is a standard shorthand notation used to describe queueing sys­
tems containing a single queue. As an example, consider the M/M/m/n 
queueing system. The characters refers to, respectively, the statistics of the 
arrival process, the statistics of the server, the number of servers and the 
number of customers that the queueing system can hold. 

For instance, an M/M/3 queueing system is illustrated in Figure 1.2. 
This system might be used to model three tellers at a bank with a single 
common waiting line. There are three servers in parallel. Once a customer 
leaves a server, the customer at the head of the waiting line immediately 
takes his place at the server. There is no limit on the number of customers 
in such a queueing system as the fourth descriptor is absent from 
"M/M/3". 

The characters in the first two positions indicate: 

M: Markovian statistics 

D: Deterministic Timing 

G: General (arbitrary) statistics 

Networks 0 f Queueus 

Many practical systems can be modeled as networks of queues. An 
"open" queueing network accepts and loses customers from/to the outside 
world. Thus the total number of customers in an open network varies with 
time. A "closed" network does not connect with the outside world and has 
a constant number of customers circulating throughout it. 

For instance, in Figure 1.3 we have four terminals and a time shared 
computer. An abstracted, closed, queueing model of this system appears in 
Figure 1.4. Each terminal is modeled by a single server that holds at most 
one customer. A "customer" that circulates in this queueing network 
represents the control of the computer terminal. That is, the presence of a 
customer at a terminal server indicates that the person at the terminal is 
thinking or typing and the presence of a customer at the queue modeling 
the computer indicates that the person has hit "return" and is waiting for 
the prompt (exit from the computer queue). Naturally, in this specific 
queueing model a customer leaving a terminal server must eventually 
return to the same server. 

Service Discipline 

Most everyday queueing systems that we are use to serve customers in 
the order that they arrive. This is a First In First Out (FIFO) service dis­
cipline. 
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Other service disciplines are sometimes encountered in practical sys­
tems. In the Last In First Out (LIFO) service discipline the most recent 
arrival enters the server, either displacing the customer in service or wait­
ing for it to finish. When service is resumed for the displaced customer at 
the point where service was disrupted, we have the LIFO service discipline 
with preemptive resume (LIFOPR). The LIFO service discipline could be 
useful, for instance, for modeling an emergency message system where 
recent messages receive priority treatment. 

In the processor sharing (PS) discipline the processor (server) has a 
fixed rate of service it can provide that is equally distributed among the 
customers in the system. That is, there is no waiting queue, with each cus­
tomer immediately receiving some service. Of course if there are many cus­
tomers in the system, each receives a small fraction of the total processing 
effort. The PS discipline is useful for modeling multiprogramming in com­
puters where the processor splits its effort among several jobs. 

State Description 

In the simplest state description, the state of a queueing network is a 
vector indicating the total number of customers in each queue at a particu­
lar time instant. Markovian statistics are often used in modeling queues as 
this state description is sufficient to completely describe a queueing network 
at an instant of time. That is, it is not necessary to, include in the state 
description elapsed times in service or the time since the last arrival. 

If there are several "classes" of customers the state description can be 
more detailed. Class may be used to decide arrival or service statistics by 
class or routing by class. One may now indicate the number of each class 
in each queue in the state description. At a more detailed level one may 
indicate the class of each customer at each waiting line position in the 
queue. 

Unfortunately, as we shall see, even small queueing networks may 
have a number of states so large as to produce computational problems. A 
great deal of cleverness has gone into devising techniques to overcome this 
difficulty. 

The Rest 0 f This Book 

In chapLer 2 we will look at single queueing systems. Chapter 3 
discusses networks of queues. Chapter 4 explains numerical algorithms for 
queueing networks. Finally, chapter 5 discusses the rather different and 
more recent paradigm of the Petri Net. 

We conclude this chapter with two case studies of practical modeling 
drawn from the technical literature. They are included to show that the 
study and use of queueing models is a most practical enterprise. 
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1.4 Case Study I: Performance Model of a Distributed File Service 

The following section discusses the performance modeling of a distri­
buted file service. It specifically deals w£th the Digital Equipment Corp. 
VAX Distributed File Service (DFS). The file service provides remote file 
access for VAX/ VMS systems. To a client DFS simply appears to be a local 
file service. The following is excerpted from "Design and Implementation of 
the VAX Distributed File Service" by William G. Nichols and Joel S. Emer 
in the Digital Technical Journal, No.9, June 1989, Copyright, 1989, Digital 
Equipment Corporation (VAX is a DEC trademark). 

Performance Analysis Model 

For contrasting design alternatives, it is too time consuming to build 
many systems with different designs. Even for a given design, large 
multiple-client testing is very time consuming. Therefore, we developed a 
queueing network model to assess the performance of the file design alter­
natives quickly and quantitatively. The model represents a distributed sys­
tem comprising the file server and multiple single-user workstations as 
client machines. Since we were primarily interested in the performance of 
the file server, the queueing network model and the workload we describe 
here represent multiple clients making requests only to a single DFS server. 

Some important characteristics of the DFS communication mechanism 
affect the model of the system. The DFS protocols are connection oriented, 
with long-living connections between client and server machines. Also, 
these protocols generally have a strict request-response nature, so that at 
any time a client will usually have only one outstanding request to a 
server. As a result, the number of requests outstanding in the overall sys­
tem (that is, requests being processed at the server or being processed or 
generated at the client) corresponds t(i the number of single-user client 
workstations in the system. Because of this characteristic, it is convenient 
to use a closed queueing network model to represent a distributed system 
in which multiple clients request service from a DFS server. In this model, 
the number of customers in the queueing network corresponds to the 
number of workstations. 

Client requests to the server may experience queueing at each of the 
individual resources at the server node. The delays caused by queueing 
reduce the system performance as seen by the user. Therefore, we represent 
the server in substantial detail; each service center that represents a 
resource at the server also has a queue for requests that may await service 
at that resource. The server resources being modeled are: 

- The network interface (The transmit and receive portions are each 
modeled separately.) 
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- The CPU 

-The disk subsystem at the server 

Since no queueing occurs at the client, the various segments of process­
ing taking place at the client are represented by delay servers, i.e., service 
centers with no associated queue. A simple view of the distributed system 
is shown in Figure 1.5. 

A particular system design and workload may be modeled by substi­
tuting the appropriate parameters into the model. For determining many 
of the system design parameters, we use a prototype file service that was 
developed in corporate research [RAMA 86]. 

The prototype had already demonstrated the feasibility of a VMS file 
service and some of its performance potential. This prototype itself 
represented only one design alternative. To estimate the other design alter­
natives, we used the prototype to provide parameters for our models. 

All the models have the same set of service centers, but the centers are 
distributed differently in the various models. Therefore, we measured the 
time taken to execute the parts of the prototype that correspond to the ser­
vice centers in our model. We could then analyze the models with real 
parameters to predict the performance of various design alternatives. 

We constructed an artificial workload to drive our model. The work­
load was based on our understanding of typical user behavior and was also 
derived from measurements of typical timesharing environments [JAIN], 
[OUST]. A user at a client workstation was considered to invoke program 
images repeatedly. The programs invoked by the user require access to 
some number of files. The programs alternate between performing local 
computation and doing system service operations for access to these files. 
The files are assumed to be stored at the file server. 

The amount of data transferred and the processing done at the server 
for each request depends on the type of request. The model distinguishes 
two types of request: control operations and data access operations. Con­
trol operations are operations such as open and close file which have a high 
computational component. On the other hand, data access operations are 
simple reads and writes. Data access operations usually have low computa­
tional requirements but require larger data transfers. 

In between the program invocations, we assumed that the user spends 
a certain amount of time thinking or doing processing unrelated to our 
investigation. All processing at the client is represented in the model as 
delay servers with the appropriate branching probabilities. 

To make the model tractable, we assumed that the service time at 
each service center is exponentially distributed. Since we are interested pri­
marily in a file server's mean performance, this was an acceptable assump­
tion [LAZO]. Even given this assumption, the model had to distinguish 
control and data access operations. 
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Fig. 1.6: Distributed File Service Queueing Model 
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Fig. 1.6: Multiprocessor System 
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Unfortunately, these two classes of operations have different service 
times at the various service centers. This difference means that the queue­
ing network model does not satisfy the requirements for a product-form 
solution and may not be solved exactly [BASK 75]. We used a simple 
approximate-solution technique to solve this closed queueing network 
model. This technique is an extension of the basic multi class mean value 
analysis technique [BRUE 80], [REIS 79]. The model characteristics, param­
eters, and the solution technique are described in greater detail in reference 
[RAMA 89]. Additional information appears in [EMER]. 

Case Study IT: Single-Bus Multiprocessor Modeling 

The following is a description of a model of a single bus multiprocessor. 
That is, in the system in question processors and global memory communi­
cate amongst each other through a common bus. It originally appeared in 
"Modeling and Performance Analysis of Single-Bus Tightly-Coupled Mul­
tiprocessord' by B.L. Bodnar (AT&T Bell Laboratories) and A.C. Liu (Feng 
Chia University, Taiwan) in the IEEE Transactions on Computers, Vol. 38, 
No.3, March 1989, copyright 1989 IEEE. 

Description 0 f the Multiprocessor Model 

A tightly-coupled multiprocessor (TCMP) is defined as a distributed 
computer system where all the processors communicate through a single 
(global) shared memory. A typical physical layout for such a computer 
structure is shown in Figure 1.6. Figure 1.7 illustrates our queueing model 
for this (SBTCMP) architecture. 

Each PE (with identifying index "i" ) is modeled as a finite set of 
tasks (the task pool), a CPU, a bus interface unit (Bill) which allows the 
PE to access the shared bus, and a set of queues associated with the CPU 
and BIU. Each CPU and Bill has mean service rate fL(i,l) and fL(i,2), 
respectively. Tasks are assumed to have a mean sleep time in the task pool 
of fL( i ,otl time units. We also assume the CPU and BIU operate indepen­
dently of each other, and that all the BIU's in the multiprocessor can be 
lumped together into a single "equivalent Bill" . 

The branching probabilities are p(i,l), p(i,2) and p(i,3). The branching 
probability p(i,3) is interpreted as the probability that a task associated 
with PE i will join the CPU queue at PE i after using the Bill; I-p(i,3) is 
then the probability that a task associated with PE i will wait for an inter­
rupt acknowledgement at PE i. It is not the probability that a task will 
migrate from one PE to another. The problem of task migration is treated 
later in this paper. 
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Interrupts to the PE are assumed to occur at a mean rate Jl( i ,3). In 
general, the interrupt rate to PE i will be a function of task location, inter­
task communication probability, speeds of resources on other PE's, global 
I/O devices, etc. The operation of the multiprocessor is now described. In 
this discussion, we will assume that the workload is fixed. 

A task is assumed initially asleep in the task pool. When it awakens, 
it will queue for CPU usage in the ready list (the "ready list" is a list of 
tasks that are eligible to use the CPU as a result of either being awakened 
or as a result of having finished using some resource). Interrupt-driven jobs 
are not placed on the ready list; instead, they have their own (higher prior­
ity) queue. Mter using the CPU, the task may request more CPU service 
(in which case it will requeue in the ready list), it may go back to sleep in 
the task pool, or it may request bus usage. 

If the task requests bus usage, it will enter the BID queue. If the bus 
is free, the task will begin using the bus; otherwise, it will wait until the 
bus is released. Mter using the bus, the task will either request CPU time 
(it will be placed at the back of the ready list) or it will wait for an inter­
rupt (i.e. an acknowledgement from a task residing on another PE or an 
acknowledgement from a globally accessible I/O device). We assume that 
only one of the preceding events can occur at a given moment. That is, 
CPU and interrupt processes can not occur concurrently. We also assume 
that a task queued for bus access will not continue using the CPU. 

Tasks waiting for an interrupt or undergoing interrupt servicing will 
be referred to as "interrupt-driven tasks". Tasks waiting for interrupts are 
modeled by a queue feeding a "lock". The lock is drawn using a triangle to 
signify that it is enabled via an external stimulus. The purpose of the lock 
is to allow only one task to pass by it in response to an interrupt. 

Upon receipt of an interrupt, an interrupt-driven task will usurp the 
CPU from any other task. If the task which was forced to release the CPU 
was an interrupt-driven task, then this preempted task will become the 
first entry on a last-come-first-served queue (i.e., a stack). If the preempted 
task was not an interrupt driven task, then it will become the first entry 
on the ready list. 

We assume that all interrupt-driven tasks on the stack must be ser­
viced before any noninterrupt-driven ones will obtain service. We will 
further assume that a preempted task can be restarted at the point where 
it was preempted. Hence, the CPU operates under two distinct service 
modes; namely, a low priority mode (such as round-robin, first-come-first­
served, etc.) and a high priority last-come-first-served preemptive resume 
(LCFSPR). 

A task residing in a given processor may also migrate to another pro­
cessor. This could be done, for instance, in order to equalize load on the 
multiprocessor. Task migration from one PE to another has to be via the 
single time-shared bus (as this is the only communication medium). Note: 
The task migration problem is covered in Section IV of this paper. 
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In summary, this model takes into account the generalized overall 
behavior of the workload present on a single-bus tightly coupled multipro­
cessor. Specifically, it not only considers the bus contention caused by 
multiple processors attempting to access the shared memory, but also 
attempts to realistically include the local behavior of the various tasks run­
ning on these same processors. 



Chapter 2: Single Queueing Systems 

2.1 Introduction 

In this chapter we will look at the case of the single queue. Even 
though chapters 3 and 4 will discuss networks of queues, it is probably safe 
to say that the majority of modeling work that has been done for queues 
has involved a single queue. One reason is that for any investigation into 
queueing theory the single queueing system is a natural starting point. 
Another reason is tractability: much more can be easily ascertained about 
single queues than about networks of queues. 

We will start by examining the background of the most basic of 
queueing systems, the M/M/1 queue. This "Markovian" queue is dis­
tinguished by a Poisson arrival process and exponential service times. It is 
also distinguished by a one dimensional, and infinite in extent, state transi­
tion diagram. The coordinate of the one dimensional state transition 
diagram is simply the number of customers in the queueing system. 

Later, by modifying the rates associated with this diagram and the 
diagram's extent we will arrive at a number of other useful queueing sys­
tems such as ones with multiple servers and ones with finite waiting line 
capacity. 

We will spend some time looking at a non-Markovian queue of great 
interest, the M/G/1 queueing system. For this generalized queueing system 
a surprising amount of analytic information can be obtained. 

Finally, for some queueing systems it is easier to calculate state proba­
bilities in the z domain rather than directly . We will look at this z­
transform technique in terms of two examples, the transient analysis of the 
M/M/1 queueing system and the M/G/1 queueing system. 

2.2 The MIMII Queueing System 

Consider the queueing system of Figure 2.1. It is the queueing system 
from which all queueing theory proceeds. This M/M/1 queueing system 
has two crucial assumptions. One is that the arrival process is a Poisson 
process and the other is that the single server has a service time which is 
an exponentially distributed random variable. These assumptions lead to a 
very tractable model and are reasonable for a wide variety of situations. 
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We will start by examining these assumptions. 

2.2.1 The Poisson Process 

The Poisson process is the most basic of arrival processes. Interest­
ingly, it is a purely random arrival process. One way of looking at it goes 
like this. Suppose that the time axis is divided into a large number of 
small time segments of width At. We will let the probability of a single 
customer arriving in a segment be proportional to the length of the seg­
ment, At, with a proportionality consLant, A, which represents the mean 
arrival rate. 

P(exactly 1 arrival m [t,t+At]) = AAt (2.1) 

P(no arrivals In [t,t+At]) = 1- AAt (2.2) 

P(more than 1 arrival m [t,t+At]) = 0 (2.3) 

Here we ignore higher order terms in Ai. 

Now we can make an analogy between the arrival process and coin 
flipping. Each segment is like a coin flip with AAt being the probability of 
an arrival (say heads) and 1 - AAt being the probability of no arrival (say 
tails). 

AB At -+0 we form the continuous time Poisson process. From the 
coin flipping analogy one can see that arrivals are independent of one 
another as they can be thought of as simply the positive results of a very 
large number of independent coin flips. Moreover one can see that no one 
instant of time is any more or less likely to have an arrival than any other 
instant. 

Two ideas which extend the usefulness of the Poisson process are the 
concept of a random split of a Poisson process and a joining of Poisson 
processes. Figure 2.2 illustrates a queueing system with a random split. 
Arrivals are randomly split between three queues with independent proba­
bilities PI> P2 and P3. A situation involving a joining of independent Pois­
son processes is illustrated in Figure 2.3. Arrivals from a number of 
independent Poisson processes are joined or merged to form an aggregate 
process. 

It turns out that random splits of a Poisson process are Poisson and 
that a joining of independent Poisson processes is also Poisson. A little 
thought with the coin flipping analogy will show that this is true. 
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One of the original applications of the Poisson process in communica­
tions was to model the arrivals of calls to a telephone exchange. The use of 
each telephone, at least in a first analysis, can be modeled as a Poisson pro­
cess. These are joined into the aggregate Poisson stream of calls arriving at 
the exchange. It is very reasonable to model the aggregate behavior of a 
large number of independent users in this manner. However, this model 
may not always be valid. For instance, if there are correlations between an 
individual users calls - say given that the user has made one call he/she is 
more likely to make a second - then the Poisson assumption is not valid. 
Another example is that of a heavily loaded exchange. Calls are blocked 
(busy signal) which results in repeated attempts by individual users to get 
through. This would also invalidate the Poisson assumption. 

Thus the life of a modeler can become complicated but we will con­
tinue to discuss elegant models with which we can make analytical pro­
gress. 

2.2.2 Foundation of the Poisson Process 

We will derive the underlying differential equation of the Poisson pro­
cess by using difference equation arguments and letting b. t -+0. We will 
start by letting 

Pn(t) = P(# Arrivals = n at time t) (2.4) 

and let Pij(b.t) be the probability of going from i arrivals to j arrivals in a 
time interval of b.t seconds. The approach will be similar to that of [KLEI 
75J. 

The number of arrivals is the "state" of the system. It contains all 
the information necessary to completely describe the system. We can write: 

Again, we have neglected higher order terms in b.t. What this equation 
says is that one can arrive at a situation with n customers at time t + b. t 
from either having n or n-l customers at time t. Notice that we still 
assume that b.t is small enough so only one customer at most may arrive 
during this interval. 

For this system we have the state transition diagram of Figure 2.4. 
Here the circles represent the states of the system (number of arrivals) and 
the transition rate A is associated with each transition. We need a special 
equation for the state 0 to complete our difference equation description: 
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Fig. 2.4: Poisson Process State Transition Diagram 
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(2.6) 

If we substitute in our previous expressions for the probability of 
exactly one arrival and the probability of no arrivals in an interval 
[t,t+~tl we have: 

at: 

Po(t+~t) = P o(t)(l - >-~t) (2.8) 

By multiplying out these expressions and re-arranging one can arrive 

Pn(t+~t) - Pn(t) 
~t 

Po(t+~t) - Po(t) 
-----,-~-t --- = ->-P o(t ) 

(2.9) 

(2.10) 

If we .let ~t-+O the set of difference equations becomes a set of 
differential equations: 

dPo(t) 
dt 

(2.11) 

Here n 21. We now naturally wish to find the solution to these 
differential equations, P n (t). For the second equation, a knowledge of 
differential equations enables us to see that: 

(2.12) 

This makes the next equation: 
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(2.13) 

This equation has a solution of: 

(2.14) 

This makes the next equation 

(2.15) 

which has a solution of: 

(2.16) 

Continuing, we would find by induction that: 

P (t) = (>.t)n e->.t 
n n! (2.17) 

This is the Poisson distribution. It tells us the probability of n arrivals in 
an interval of t seconds for a Poisson process of rate >.. A plot of the Pois­
son distribution appears in Figure 2.5. 

Example: A telephone exchange receives 100 calls a minute on aver­
age, according to a Poisson process. What is the probability that no calls 
are received in an interval of five seconds? 

The solution is simply: 

-lOOX~ 
P o(t) = e->.t = e 12 = .00024 

2.2.3 Poisson Distribution Mean and Variance 

We will calculate the mean and variance of the Poisson distribution. 
Let n be the mean number of arrivals in an interval of length t. Then: 
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00 (>..t)n 
n = E n --I - e->.t 

n=O n. 

n = e->.t f (>..tt 
n=l (n-l)! 

With a change of variables this is: 

(2.18) 

(2.19) 

(2.20) 

_ 00 (>..t)n+l 
n = e->.t E (2.21) 

n=O n! 

_ 00 (>..t)n 
n = e->.t>..t E --= e->.t>..te>.t = >..t (2.22) 

n=O n! 

The equation n = >..t makes intuitive sense. The mean number n is 
proportional to the length of the interval t with rate constant >... 

For the variance, following the treatment in [THOM] and [KLEI 75] 
we will first calculate: 

00 (>..t)n 
E(n(n-l» = E n(n-l)--,-e->.t 

n=O n. 
(2.23) 

00 (>..t)n 
E(n(n-l» = E e->.t 

n=2 (n-2)! 
(2.24) 

Making a change of variables: 

(2.25) 

(2.26) 

Now 

E(n(n-l» = E(n 2 ) - E(n) = (>..t)2 (2.27) 
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or 

(2.28) 

We also make use of the fact that the variance of n is: 

(2.29) 

(2.30) 

Substituting one has: 

(2.31) 

So the mean and the variance of the Poisson distribution are both 
equal to >-.t. 

2.2.4 The Inter-Arrival Times 

The times between successive events in an arrival process are called 
the inter-arrival times. For the Poisson process these times are indepen­
dent exponentially distributed random variables. To see that this is true, 
we can write the probability that the time between arrivals is ::; t as: 

P (time btwn arrivals ::; t) = 1 - P (time btwn arrivals > t) 

P (time btwn arrivals ::; t) = 1 - P o( t ) 

P (time btwn arrivals ::; t) = 1 - e -At 

If we differentiate this we have: 

Inter -arrival Density (t) = >-. e -At 

An exponential random variable is the only continuous random vari­
able that has the memoryless property. Loosely speaking, this means that 
the previous history of the random variable is not needed in predicting the 
future. To be more specific, a complete state description of an MIMl1 
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queueing system at an instant of time consists only of the number of custo­
mers in the system. We do not have to include in the state description the 
time since the last arrival because the M/M/1 queueing system has a Pois­
son arrival process with exponential inter-arrival times. Furthermore we 
also do not have to include the time since the last service completion in the 
state description since the service time in an M/M/1 queueing system is 
exponentially distributed. 

In terms of the Poisson arrival process the memoryless property means 
that the distribution of time until the next event is the same no matter 
what point in time we are at. Let us give an intuitive analogy. Suppose 
that trains arrive at a station according to a Poisson process with a mean 
time between trains of 20 minutes. Suppose now that you arrive at the 
station and are told by someone standing at the platform that the last 
train arrived nineteen minutes ago. What is the expected time until the 
next train arrives? 

One would naturally like to answer one minute and this would be true 
if trains arrived deterministically exactly twenty minutes apart. However 
we are dealing with a Poisson arrival process. The answer is twenty 
minutes! 

To see that this is true, we have to go back to our coin flipping expla­
nation of the Poisson process. An event is the result of a positive outcome 
of a "coin flip" in an infinitesimally small interval. As time proceeds there 
are a very large number of such flips. When we put the Poisson process in 
this context it is easy to see that the distribution until the next positive 
outcome does not depend at all on when the last positive outcome occurred. 
That is, you can't predict when you'll flip heads by knowing the last time 
when heads occurred. 

We can make this idea more precise. If an arrival occurs at time t=o 
we know from before that the distribution of time until the next arrival is 
Ae-Xt t ~o and the cumulative distribution function is 1_e-Xt t ~o. 
Suppose now that no arrivals occur up until time to' Given this informa­
tion what is the distribution of time until the next arrival? We can write 
it in the following way [KLEI 751 with the dummy variable t*: 

t+to 

J Ae-Xt * dt* 
to 

P(t*:::;t+tolt*>to) = -----
00 

JAe-Xt * dt* 
to 

(2.32) 

(2.33) 
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t+I, 
_e->.t* J. 

00 

_e->.t* ). 

(2.34) 

(2.35) 

(2.36) 

This is the same cumulative distribution function we had when we asked 
what the distribution was at time t=O! 

We close this section by noting the discrete distribution with the 
memoryless property is the geometric distribution [FELLI. 

2.2.6 The Markov Property 

The memoryless property is more accurately referred to as the Markov 
property. It says, intuitively, that one can predict the future state of the 
system based on the present state as well as if one had the past history of 
the state available. In terms of a continuous, non-negative, random time 
T, this Markov property can be expressed as [COOPI 

P(T>to+t I T>to) = P(T>t) (2.37) 

for every to>O and every t >0. In terms of a discrete random variable 
X( tn ) one can say [KLEI 751 that 

(2.38) 

where the ti are monotonically increasing and the Xn take one some values 
from a discrete state space. 

Markovian systems are memory less systems. This makes them rela­
tively simple to analyze since when one describes the state of the system 
one doesn't need to take into account the time since the last arrival or the 
time that service has been underway. When the arrival process is not Pois­
son or the service time is not exponential then we must take these quanti­
ties into account. This makes understanding the behavior of even a single 
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queue under these conditions a non-trivial undertaking. 

A concept that we will come across later is that of a Markov chain. 
This is a Markov process with a discrete state space. The appearance of 
the state transition diagram of the M/M/1 queueing system which we are 
about to see (Figure 2.6) accounts for the use of the word "chain". 

2.2.6 Exponential Service Times 

In an M/M/1 queueing system the service times are independent 
exponentially distributed random variables. That is, they occur according 

to the probability density IU-pt where J1. is the mean service rate and ~ is 
J1. 

the mean time for service. As has been discussed, this type of server is 
memoryless and thus produces a tractable analysis. 

How realistic is an exponential server? It has been found to be reason­
able for modeling the duration of telephone conversations. But it has also 
been used in situations where the physical basis for its use is weaker. For 
instance, the time to transmit fixed length packets of information in com­
puter networks is often modeled by an exponential random variable. 
Sometimes this sort of assumption is made for reasons of tractability, even 
if some degree of 'realism is sacrificed. This assumption may not be too 
bad if all one is interested in are mean values of performance and not the 
higher moments. 

The exponential server will be with us for a long time because, in con­
junction with the Poisson process, it leads to Markovian systems and the 
associated elegant network wide results of the next two chapters. 

2.2.7 Foundation of the M/M/1 Queueing System 

Let us take Figure 2.4 and add transitions that represent servicing to 
create the state transition diagram of Figure 2.6. This state transition 
diagram represents what is called a birth-death process. That is, if we 
think of the state as being a population size, it may increase by one 
member at a time ( "birth" ) or it may decrease by one member at a time ( 
"death" ). There are other models that may change by several members at 
a time. In the context of the performance evaluation of information sys­
tems the state of the system can actually be thought of as the number of 
packets in a communication processor, the number of new calls in a tele­
phone exchange computer or the number of jobs in a computer. The 
approach we'll take is similar to that in [KLEI75J. 

When we were discussing the Poisson process we had the events: 
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Fig. 2.6: M/M/1 System State Transition Diagram 
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P{exactly 1 arrival in [t,t+fl.t]) = 'Afl.t 

P (no arrivals in [t ,t +fl.t]) = 1 - 'Afl.t 

We add to this two more events: 

P{1 service completion in [t,t+fl.t]) = p.fl.t 

P{no serVJce completions m [t,t+fl.t]) = 1 - p.fl.t 

Also again we will define: 

Pn (t) = P{# Arrivals = n at time t ) 

and let Pij{fl.t) be the probability of going from i arrivals to j arrivals in a 
time interval of fl.t seconds. 

Whereas previously the state of the system was the number of Poisson 
arrivals, it is now the number in the queueing system, including the one in 
service. We can write: 

(2.39) 

Higher order terms in fI. t are neglected. 

This equation says that one can arrive at a situation with n customers 
at time t+fl.t from either having n-l, n or n+l customers at time t. 
Because this is a birth-death process, these are the only possibilities. For 
the state 0 we will need a special equation: 

(2.40) 

We will now substitute the previous expressions for the probabilities of the 
various events in an interval [t ,t +fl.t 1 into this equation to yield: 

(2.41) 
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By multiplying out these expressions, re-arranging and letting A.t -0 one 
has: 

(2.42) 

Here n ~1. 
These differential equations describe the evolution in time of the state 

probabilities of the MIMI 1 queueing system. But what do these equations 
really mean? To answer this question we will need: 

2.2.8 Flows and Balancing 

One of the most intuitively pleasing concepts in queueing theory is the 
way in which one can make an analogy between the flow of current in an 
electric circuit and the flows in the state transition diagram of a queueing 
system. But what is "flowing" in the state transition diagram? 

The answer is that probability flux flows from one state to another 
along the transitions. The probability flux along a transition, numerically, 
is the product of the probability of the state at which the transition ori­
ginates and the transition rate associated with the transition. The proba­
bility flux along a transition, physically, is the mean number of times per 
second that the event corresponding to the transition occurs. For instance, 
if a transition has a rate of 10 sec-1 and the probability of the state at 
which the transition originates is .1 then the transition is actually traversed 
by the system state once a second, on average. 

The analogy with electric circuits is straight forward. The state pro­
babilities correspond to nodal voltages and the transition rates correspond 
to conductance (inverse resistance) values. There are some differences 
though. Specifically: 
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There is no analog of a voltage source or battery in the queueing 
world. Rather we have the normalization equation that holds that at 
any instant of time the sum of the state probabilities sums to one. 
This normalization equation "energizes" the state transition diagram 
in the sense that it guarantees that there will be non-zero flows. 

The direction of flow is preset in the state transition diagram by the 
transition direction. As has been mentioned what "flows" is the pro­
duct of the probability of the state at which the transition originates 
and the transition rate. This is different from the electric circuit case 
where a branch current's magnitude and direction depend on the 
difference of voltages of the two nodes to which the branch is con­
nected. 

The most useful concept that carries over from the electric circuit 
world to the queueing theory world is the idea of looking at what flows 
across boundaries in the circuit or state transition diagram. For instance, 
suppose we draw a boundary around state n in the state transition 
diagram of the M/M/l queueing system, as in Figure 2.7. What we are 
going to do is equate the mean number of times a second the state is 
entered with the mean number of times one leaves the state. What flows 
out of the state at time t is 

and what flows into the state from states n-l and n+l is: 

The difference between these two quantities is just the change in the proba­
bility of state nor: 

(2.43) 

But this is just the same differential equation that we found using 
dPo(t) 

difference equation arguments in the last section! The equation for ---:-­
dt 

can be derived in a similar manner. 

So for the M/M/l queueing system we have a set of differential equa­
tions to describe the evolution of the state probabilities as a function of 
time. As with electric circuits, this is useful if one wants a transient 
analysis of the queueing system. This is the study of the queueing system 
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over a limited time period. For instance, we may be interested in the 
queueing system's behavior for the first ten minutes after service com­
mences for an initially empty queue. Then the initial conditions of the set 
of differential equations becomes 

Po(O) = 1.0 (2.44) 

and the differential equations can be solved. We will look at this situation 
in section 2.11. 

An interesting thing happens when we let dP n (t) = O. This is the 
dt 

situation that occurs when the queueing system has been running for a long 
time, transient behavior has settled out and the queue is in equilibrium. 
Equilibrium or steady-state analysis deals with this situation. 

Since the probabilities do not change with time we can write: 

o = -APO + p,p 1 (2.45) 

Here n 21. Note that we have changed probability to lower case. 

These equations are now a set of linear equations rather than a set of 
differential equations. Each equation can be arrived at by drawing a boun­
dary completely around a specific state and equating what flows into the 
state with what flows out of the state. An equation arrived at in such a 
manner is known as a global balance equation. The reader familiar with 
electric circuits will be reminded of Kirchoff's current conservation law 
which holds that the net flow into and out of a circuit node equals zero. 

We can calculate the equilibrium state probabilities of any queueing 
system with a finite number of states in the following manner. For each of 
the N states we write one global balance equation. This gives us a set of N 
linear equations with N unknowns. Anyone of the equations is redundant 
and should be replaced with the equation 

Po + PI + P2+······+PN = 1 

which normalizes the solution. The resultant set of linear equations can 
then be solved using standard numerical techniques. The reason that we 
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have emphasized the calculation of the state probabilities is that many per­
formance measures of interest are functions of the state probabilities. 

The difficulty with this approach is that realistic queueing models 
often have extremely large state spaces making numerical solution compu­
tationally infeasible. 

Example: In [KAUFj L. Kaufman, B. Gopinath and E.F. Wunderlich 
of AT&T Bell Laboratories present a Markovian model of packet switches. 
A packet switch is a dedicated processor which transmits, relays and 
receives packets of digital information. It requires four dimensions to 
describe each packet switch in this model: 

h = # 01 local packets in input buller 

i = # 01 loreign packets m input buffer 

J = # 01 packets m output buller 

k = # 01 outstanding acknowledgements 

Here local packets are headed for local destinations while foreign pack­
ets are headed for foreign packet switches. In the two packet switch case 
that is considered in this paper the number of states is tabulated as follows 
(copyright 1981 IEEE): 

Number of Model States 
Buffer Size Window Size 6-D Model 8-D Model 

4 2 961 4,225 
5 2 2,116 12,321 
6 2 4,096 30,625 
6 3 5,476 38,025 
8 4 21,025 211,600 
9 4 34,225 416,025 

Here the window size refers to the allowable number of outstanding ack­
nowledgements. The growth in the number of states for the two packet 
switch, eight dimensional model is impressive given the relatively small 
buffer and window size. A reduced six dimensional model is possible if one 
doesn't distinguish between the number of local and foreign packets in each 
switch but only looks at the total n1J1nber of packets in the input buffer. 
While this reduces the state space size, modest increases in the buffer and 
window size would negate this savings. 
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Fig. 2.8: Local Balance Boundary Between States 
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Luckily, there is a large class of useful networks which satisfy a more 
specific type of balancing that leads to an analytic solution. Suppose we 
redraw the MIMII queueing system state transition diagram as in Figure 
2.8. Here we've drawn vertical boundaries between each adjacent pair of 
states. Each boundary actually separates the state transition diagram into 
two halves. We can equate the flow from left to right across such a boun­
dary with the flow from right to left. We thus obtain a set of local balance 
equations: 

From these equations we can easily write the recursions: 

A 
Pn = --Vn-l 

jJ, 

Substituting one into each other leads to the equation: 

(2.46) 

(2.47) 
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(2.48) 

1 
Po = ----::-

n~J~r 

Here we used the normalization (conservation of probability) equation to 
solve for Po. This result is the one dimensional version of what is known 
as the product form solution for the state probabilities. We will see the 
generalization in chapter 3. 

2.2.9 The M/M/1 Queueing System in Detail 

We can further simplify the expression for Po if we make use of the 
identity 

00 1 L;pn =--
n=O I-p 

O~p<1 (2.49) 

so that 

(2.50) 

Po = (1-p) (2.51) 

or 

(2.52) 

where we are letting p='A/ J-l. The variable p is known as utilization. This 
makes sense since for an M/M/l queueing system the utilization of the 
queueing system is the probability that the queueing system is non-empty 
(Figure 2.9): 
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Fig. 2.10: Pn for M/M/! system when p=!/2 



41 

(2.53) 

The quantity p can also be viewed as the normalized offered load. 
That is, ).. can vary from near zero (light load) to near, but not greater 
than, J1- (heavy load). Thus p can vary between 0 and 1. 

The state space of the M/M/l queueing system is infinite in extent. 
Physically, we are saying that the queueing system has a potentially 
infinite sized waiting line. However since Pn is proportional to pn the pro­
bability of the nth state is smaller than the probability of the n-lst state 
by a factor of p. Thus the probability of a larger waiting line is smaller 
than the probability of a smaller waiting line. This can be seen in Figure 
2.10 where p = 1/2. 

Example: Suppose that p equals either .1, .5, or .9. The table below 
illustrates the probabilities of different waiting line sizes: 

Probs. of Queue System Occupancy 
p=.1 p=.5 p=.9 

P(O:S :S3) .9999 .9375 .3439 

P(4:S :S7) IX 10-4 .0586 .2256 

P(8:S :Sll) lXlO-8 .00366 .1480 

P(~12) 1 X 10-12 .000249 .2825 

From the table we can see that for a lightly loaded queueing system 
(p=.1) there are usually less than four customers in the system. When 
p=.5 the probability that there are less than four customers drops to 94%. 
At p=.9 it is only 34% and there is a 28% chance of twelve or more custo­
mers. 

What we have implied in all of this and what we can state directly 
now is that the arrival rate can never be greater than the service rate for 
an M/M/1 queueing system. Put another way, p can never be greater than 
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Fig. 2.11: MIMI!: Avg. Number of Customers 
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one since the queue size would be indefinitely increasing. That is, the 
queueing system would no longer be in equilibrium. 

It is easy to calculate the average number in the queueing system 
[GROS] [KLEI 75] as follows. The average number is: 

00 

n = E (n) = E nPn (2.54) 
n=O 

00 

n = E n(l-p)pn (2.55) 
n=O 

00 

n = (l-p) E npn (2.56) 
n=O 

But: 

00 00 E n pn = pEn pn-l (2.57) 
n=O n=! 

00 d 00 E npn = p-E pn 
n=O dp n=O 

(2.58) 

00 d 1 E npn = p-:---
n=O dp 1-p 

(2.59) 

00 E npn = -p-
n=O (1_p)2 

(2.60) 

So by substituting: 

- p 
n=--

1-p 
(2.61) 

This function is plotted in Figure 2.11. What is most noticeable is the 
large non-linear increase in the waiting line size as p-+ 1. Interestingly, this 
function is often used as a "penalty function" in computer network optimi­
zation algorithms to penalize large waiting line sizes [GERL]. 
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We can also calculate the variance in this waiting line size. This is 
defined as: 

00 

un 2 = ~ (n-nj2Pn (2.62) 
n=O 

(2.63) 
n=O n=O n=O 

2 00 2 ---2 ---2 
Un = ~ n Pn + n - 2n (2.64) 

n=O 

(2.65) 

But: 

00 00 

~ n 2Pn = ~ n 2(1_p)pn (2.66) 
n=O n=O 

00 00 

~ n 2Pn = (l-p) ~ n 2pn (2.67) 
n=O n=O 

And: 

(2.68) 

So substituting yields: 

(2.69) 

And: 
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(2.70) 

This function is plotted in Figure 2.12. What we can see is that the 
variability of the number in the queueing system increases drastically as 
p-+1. 

2.3 Little's Law 

We now take some time out from our discussion of specific queueing 
systems to look at a simple result that holds under a surprisingly large 
variety of situations. This is Little's Law. It relates the mean number of 
customers in a queueing system, n; the mean arrival rate to the queueing 
system, A; and the mean waiting time to get thru the queueing system, T: 

In~" (2.71) 

Intuitively this equation makes sense. For example, if an assembly line 
accepts twenty chassis an hour and takes three hours to produce a finished 
product, then at any time there are sixty units in various states of assem­
bly in the assembly line. 

Proofs of this deceptively simple result can become quite involved. We 
will give three proofs of Little's Law: 

Proof 1: We will first consider a proof, due to [GROSj, for a queue­
ing system with Poisson arrivals that is FIFO with a single server and a 
general service distribution. This is the M/G/1 queueing system. We start 
by noting that the probability that there are n customers in the system 
when a customer departs is equal to the probability that n customers arrive 
during the time spent in the queueing system by this customer. It turns out 
that the probability of n customers in the queueing system at a departure 
instant is equal to the probability of there being n customers in the queue­
ing system at any time. We will return to this point in section 2.12.3. So: 

Pn 

00 

JProb(n arrivals during [O,TjIT=t)dT(t) 
o 

(2.72) 
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Here T{ t) is the cumulative distribution function of waiting time. Using 
the Poisson distribution: 

00 (>.. )n 
Pn = J +->.t dT{t) 

o n. 

Here n ~O. Now: 

00 

n = E (n) = ~ nPn 
n=O 

Substituting: 

The integration and summation can be interchanged: 

_ 00 00 (>..t)n 
n = J dT{t) ~ e->.t+-~ 

o n=l (n-l)! 

_ 00 00 (>..t )n-l 
n = J>..te->.t dT{t) ~ -';--~c-

o n=l (n-l)! 

_ 00 00 (>..t)n 
n = J>..te->.tdT(t) ~ --f-

o n=O n. 

00 

n = J>..te->.t dT{t)e>.t 
o 

00 

n = >..JtdT(t) 
o 

(2.73) 

(2.74) 

(2.75) 

(2.76) 

(2.77) 

(2.78) 

(2.79) 

(2.80) 
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I n ~ xi (2.81) 

Proof 2: This is a heuristic proof due to P.J. Burke and related by 
Cooper [COOPj. We start by assuming that the mean values nand r exist 
and we have an equilibrium situation. We will look at a long interval [O,t j. 
The mean number of customers who arrive is "At. Let each customer bring 
his/her waiting time with them. The mean amount of waiting time 
brought in during the interval is "Atr. 

Now each customer in the queueing system "uses" up waiting time 
linearly with time. So if n is the mean number of customers present dur­
ing the interval then iii; is the mean amount of time used up during [O,tj. If 
we let t -+00 we can expect that the amount of waiting time brought into 
the queueing system must equal the amount of waiting time used up. 
Thus 

and so: 

lim "Atr = 1 
t -+00 iii; 

(2.83) 

In this heuristic proof we made no special assumptions. 

(2.82) 

Proof 3: This popular type of proof is based on a diagram like that 
of Figure 2.13. Versions of it appear in [KOBAj,[SCHW 87j,[GROSj and 
[KLEI 75]. We will follow the approach in [KLEI 75]. As in proof 2, we 
will consider an interval [O,t]. In Figure 2.13 we have A(t) as the number of 
arrivals in [O,t] and D(t) as the number of departures. Then the number in 
the system is: 

N(t) = A(t) - D(t) (2.84) 

We will now present three simple relations amongst the quantities in 
Figure 2.13 which can be brought together to form Little's Law. The first is 

(2.85) 
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where At is the mean arrival rate during [O,tj. The second is 

_ S(t) 
Tt - A (t) (2.86) 

where Tt is the mean time spent in the queueing system by each customer 
and S(t) is the cumulative area between the curves A(t) and D(t) at time t. 
This area, at t, is the total time spent in the queueing system by all custo­
mers up to time t. Finally, the third equation is 

(2.87) 

which gives the mean number of customers in the queueing system at time 
t. Now if we substitute these three equations into one another we have: 

(2.88) 

If we then go to the limit t -+00: 

n = lim iti 
t --+00 

(2.89) 

A= lim At 
t->oo 

T = lim ii 
t --+00 

Then: 

(2.90) I 

In this derivation we have made no specific assumptions about the arrival 
process, the service distribution, the number of servers or the queueing dis­
cipline within the queueing system. Thus Little's Law holds even for a 
GIGlm queueing system. 

Example: Suppose that we wish to calculate the mean waiting time 
in an MIMI! queueing system. We know that 
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n = _P_-
(l-p) 

(2.91) 

so using Little's Law we have: 

- 1/1-' r=--
(l-p) 

(2.92) 

Little's Law also holds if we consider only the queue and not the 
server. Then 

(2.93) 

where nQ and TQ are the analogous quantities for the waiting queue. 

Little's Law existed informally long before J.D.C. Little formalized it 
in [LITTJ. Following Little's notation, it is often written as L = ).. W. 
Other works on this subject are mentioned at the end of this chapter in To 
Look Further. 

2.4 Reversibility and Burke's Theorem 

2.4.1 Introduction 

The input to the M/M/l queueing system is a Poisson process. But 
what can we say of its output? According to Burke's theorem, which was 
published in 1956, that output is also Poisson. This result is not immedi­
ately intuitive, despite its appealing symmetry. After all, consider the 
inter-departure times of the M/M/l q1Jeueing system. As long as the queue­
ing system is non-empty, and because we have an exponential server, these 
are exponentially distributed with mean duration 1/1-'. But the problem is 
that sometimes the queueing system is empty. Then the time interval 
between successive departures from the queueing system is the sum of the 
time it takes for a customer to arrive at the empty queueing system 
(exponential with mean duration 1/),,) and the time for that customer to be 
serviced (exponential with mean 1/1-'). Thus the inter-departure times of 
the output process alternates between these two types of intervals. Despite 
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this structure, it turns out that the output process is indeed Poisson with 
rate ),. 

To prove Burke's theorem simply, we will introduce a new concept 
called reversibility. Reversibility for a stochastic process means that when 
the direction of time is reversed, that is, if time flows backwards, the 
statistics of the process are the same as in the time normal case. AB J. 
Walrand puts it [WALR 88J: "The technique of time reversal has proved to 
be a valuable tool for gaining insight into the behavior of networks. 
Among the successful applications of that method are simpler proofs and 
new examples of product-form results, as well as new results on sojourn 
times in networks" . 

We will first introduce and prove a theorem whose purpose is to allow 
us to establish that the number of customers in an M/M/1 queueing sys­
tem as a function of time, n(t), is a reversible process. This will be used to 
prove Burke's theorem. 

In this discussion of reversibility and Burke's theorem we will be 
largely following the treatment in [KELL]. This is an excellent source for 
more information on these concepts. 

2.4.2 Reversibility 

Let us make the following definition: 

Definition 2.4.1: A stochastic process, X(t), is reversible if the samples 
(X(tl),X(t 2),X(t3) ... X(tm)) has the same distribution as 
(X(r-tl),X(r-t2)X(r-t3) ... X(r-tm)) for every real r (we are thinking of 
continuous processes) and for every t 1,t2, ••• tm • 

This definition formally states that the time reversed samples of the 
process X(t) are the same as the time normal samples for a reversible pro­
cess. 

We will now relate the reversibility of a process to the satisfication of 
a set of detailed balance equations. Formally we define the transition rate 
from state i to state j as 

_ 1. P(X(t+r)=J I X(t)=i) 
qij - 1m 

r-O r 

for i~j and qjj=O. 

Equilibrium will be naturally achieved if 

~Pi qij = ~Pj qji 
jtS jtS 

(2.94) 

(2.95) 
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or 

Pi I; qij = I;Pj qji (2.96) 
j£S j£S 

where Pj is the equilibrium probability of the jth state and S is the set of 
states. What is being described above is a form of global balance. What is 
involved in the next theorem is a form of balancing: 

Theorem 2.4.1: A stationary Markov chain is reversible if and only if 
there is a collection of positive numbers Pi i ES, which sum to one and 
satisfy the detailed balance equations ' 

for i,j E S. These Pi are naturally the equilibrium state probabilities. 

Proof: If the process is reversible then: 

P(X(t)=i,X(t+r)=j) = P(X(t)=j,X(t+r)=i) 

But this can be rewritten as 

or: 

P(X(t)=i)P(X(t+r)=j I X(t)=i) = 

P(X(t)=j)P(X(t+r)=i IX(t)=j) 

(2.97) 

(2.98) 

(2.99) 

PiP(X(t+r)=j I X(t)=i)=PjP(X(t+r)=i I X(t )=i) (2.100) 

Dividing both sides by r results in 

(2.101) 

which is the desired result. 

Proving the converse is a little more involved. We start by assuming 
that the Pi exist which satisfy the detailed balance equations. These have 
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to 

be the equilibrium probabilities since if we sum 

(2.102) 

over j we have 

~Piqij = ~Pjqji (2.103) 
j ,8 j ,8 

which is just a form of global balance equation. 

We will look now at the interval t E [-T,T]. Suppose that the process 
is in state iI' at time -T and stays in this state for a period ki and then 
jumps to state i2 which it stays in for a period k2 and so on, until the 
state is im for a period km until time T. 

We will now develop the tools we will need so that we can determine 
the probability density of this situation. The probability density of the 
random variable k I is 

-qi k, 
(2.104) q. e ' 

11 

where: 

qj = ~qij (2.105) 
JES 

Also, the probability that i 2 is the system state following i I is: 

(2.106) 

Similar expressions can be developed for the probability density of k2 
and the probability that i 3 follows i 2 and so forth. Finally, the probability 
that the state is im for an interval of at least km is 

00 _g. t _g. t 00 J qi", e '", dt = -e '", I 
k", k", 

(2.107) 
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or: 

(2.108) 

We can now write the probability density of this situation: 

(2.109) 

This is a probability density in the variables kl,k2' ... km • One can 
calculate a probability of some region in these variables if one integrates 
over the region. Naturally, I;kj = 2T. 

The last equation we need we obtain by expanding the detailed bal­
ance equation 

(2.110) 

into: 

This last expression tells us that the previous probability density for 
the situation on [-T,T] is the same as the probability density that the pro­
cess starts at -Tin state im , remains there for a period km and then jumps 
to state im - 1• This continues until the process is in state i 1 for a period k 1 

until T. 

We now know that: 

1. X(t) and X(-t) are statistically the same. 

2. This means that (X(t 1),X(t 2),X(t3) ... X(tm)) and 
(X(-t 1),X(-t2),X(-t3) ... X(-tm)) have the same distributions. 

3. Since X(t) is stationary (X(-tl),X(-t2),X(-t3)' .. X(-tm)) has the 
same distribution as (X(r-t1),X(r-l2),X(r-t3) ... X(r-tm)). 

Thus the process is reversible and the proof is complete. 

The detailed balance condition says that for a reversible process states 
must be connected by transitions in either direction, if they are connected 
at all. How restrictive is this characterization? While a great many 
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queueing systems would not fit this characterization, some of the most 
important - including the M/M/1 queueing system - do. 

2.4.3 Burke's Theorem 

To see that the number of customers in the M/M/1 queueing system, 
n(t), is a reversible process, we need only to recall the existence of the local 
balance equation which will satisfy the condition of Theorem 2.4.1: 

(2.111) 

This was previously justified by equating the probability flux flowing 
across a vertical boundary through the state transition diagram. In fact 
this same argument can be extended to show that any stationary Markov 
process whose state transition diagram is a tree is reversible [KELL]. 

This brings us to Burke's theorem [BURK]. It says that: 

Theorem 2.4.2: The departure process from an M/M/1 queueing system, 
in equilibrium, is a Poisson process. 

Proof: A realization of n(t), the number of customers in the M/M/1 
queueing system, is shown in Figure 2.14. The points at which the process 
n(t) jumps upwards corresponds to the (Poisson) arrival process of rate A. 
Since n(t) is reversible the points at which the process n(-t) jumps upwards 
must also represent a Poisson process of rate A. But these points also 
correspond to the departure events of the queueing system for n(t). Thus 
the output process is Poisson with rate A. 

Note how simple the concept of reversibility makes the proof. This 
sort of argument will work with any queueing system with a Poisson 
arrival process and for which n(t) is a birth-death process. 

2.5 The State Dependent MIMII Queueing System 

2.5.1 The General Solution 

In all that has been said so far in this chapter the arrival rate and the 
service rate have been constants. Specifically, they have been independent 
of the number of customers in the queueing system. Many useful queueing 
systems can be developed if the arrival rate and/or service rate is a 
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function of, or dependent on, the number of customers in the queueing sys­
tem. This is illustrated in Figure 2.15. The state transition diagram 
appears in Figure 2.16. 

By drawing vertical boundaries between each pair of adjacent states 
and equating the flow of probability flux from left to right with the flow of 
probability flux from right to left yields a set of local balance equations: 

(2.112) 

(2.113) 

From these we can write the recursions: 

_ A(O) 
PI - p,(1) Po (2.114) 

_ A(l) 
P2 - p,(2) PI 

_ A(2) 
Pa - p,(3) P2 

Pn 
A(n-1) 

p,( n) Pn-l 
(2.115) 

Substituting these recursions into each other leads to the equation: 

_ ( n A(i-l)) 
Pn - ,IT ( ') Po 

.=1 P, t 
(2.116) 
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To calculate Po we make use of the fact that 

00 

I; Pn = 1 (2.117) 
n=O 

so that we can write out: 

A(O) A(0)A(1) A(0)A(1)A(2) ... 
Po + J.l(1) Po + J.l(1)J.l(2) Po + J.l(1)J.l(2)J.l(3) Po+ = 1 (2.118) 

Solving for Po we have: 

1 
Po = ---oo--n--A-(-i --1-)-

1 + n~l ;:g:l J.l(i) 

(2.119) 

2.5.2 Performance Measures 

The previous two boxed equations gives us a way of calculating the 
equilibrium state probabilities. But why are these so important? Mainly 
because many practical performance measures are functions of these state 
probabilities. For instance, the mean throughput of the queueing system, or 
the mean rate at which customers pass through it, is: 

(2.120) 

Note that the index starts at 1 since when n=O the queueing system is 
empty and there is no contribution to throughput. The mean throughput is 
a weighted average of the service rates where the state probabilities serve 
as the weights. A second performance measure is the p1ean number of cus­
tomers in the queueing system or: 
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00 -n E nPn (2.121) 
n=l 

Again, this is a weighted average, of the number of customers in the 
queueing system with the state probabilities serving as weights. 

Since for an infinite buffer MIMI 1 queueing system the mean 
throughput is equal to the arrival rate, A (recall Burke's theorem), we can 
use Little's Law to write an expression for the mean time delay: 

n 
T===----- (2.122) 

i 00 

E Jt(n )Pn 
n=l 

As a check, the numerator is dimensionless and the denominator has units 
of inverse seconds so T has units of seconds. 

Finally a very simple performance measure is utilization, or the proba­
bility that the queueing system is non-empty and the server is busy: 

1 u ~ 1- p, (2.123) _I 

Recall from section 2.2.9 that for the infinite buffer MIMll queueing 
system with state independent service and arrival rates that U = AI Jt. 

In the next several sections we will look at specific instances of state depen­
dent queueing systems. These include some queueing systems where, by set­
ting certain transition rates to zero, we wind up with a finite number of 
states. An earlier, somewhat more extensive, collection of such queueing 
systems is in {KLEI 75/. 
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2.6 The M/M/l/N Queueing System: The Finite Buffer Case 

In this scenario we have a queueing system that has a limit, N, on the 
number of customers that can be in the system. If there are N customers 
in the queueing system, an arriving customer is said to be "turned away" 
or "lost" or "blocked". This means that the arriving customer really is 
lost and does not return at a later time. If such blocked customers were to 
return later, the arrival process would no longer be Poisson. The state 
dependent arrival and service rates are now: 

h(n) = h n=O,1,2' .. N-1 (2.124) 

lL(n) = IL n=1,2,3' .. N 

The state transition diagram, which has a finite number of states, is 
shown in Figure 2.17. Substituting the transition rates into the last 
section's expressions for the state probabilities yields: 

1 
Po = -N-(-h-:)n:-

n~o -;; 

This expression for Po can also be written as: 

1- ~ 
IL 

Po= -(h~)N+1 
1- -

IL 

(2.125) 

(2.126) 

(2.127) 

The numerator of the expression for Po is the same as the expression 
for Po for the MIMll queueing system with infinite buffer. The denomina­
tor accounts for the fact that the state space is now truncated to a finite 
number of states. 

Therefore: 
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Fig. 2.17 Finite Buffer State Transition Diagram 



64 

(2.128) 

Example: The blocking probability, PN is the probability that the 
queueing system is full. The mean number of customers turned away per 
second is then APN. The following table shows the blocking probability for 
various values of offered load, AI Ii, when N=5: 

Table 2.3: Blocking Probability 

Vii Block. Prob. 
0.10 9X10-6 

0.50 .016 
0.75 .072 
1.00 .166 
2.00 .508 
5.00 .800 

As AI Ii increases, so does the blocking probability. Here the value at 
AI Ii = 1.00 has to be calculated using L'Hopital's rule. For the MIMll 
queueing system with infinite buffer, A can never be greater than Ii so AI Ii 
is never greater than one since this would lead to an ever increasing waiting 
line. With a finite buffer A can be greater than Ii since excess customers are 
simply turned away. 

As a continuation of this exercise let us tabulate the blocking proba­
bility when Alli=.9 and the buffer size is varied: 

Table 2.4: Blocking Probability 
N Block. Prob. 

1 .474 
2 .299 
3 .212 
5 .126 
10 .051 
20 .014 
100 2.7X10-6 
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.As N increases, the blocking probability decreases. 

'\l 

It can be seen that the analysis of a single queueing system with 
blocking is quite tractable. However it turns out that the analysis of net­
works of blocking queueing systems is quite difficult. The basic problem is 
that the presence of blocking introduces dependencies between the queueing 
systems that are not easily taken into account. That is, when one queueing 
system is full it blocks departures from the queueing system(s) which feed 
into it. The networks of Markovian queueing systems for which nice ana­
lytic (Chapter 3) and computational algorithms (Chapter 4) exist are ones 
in which there is ample buffer space. Networks of queueing systems with 
blocking represent an active research area [PERR 84,89]. 

2.7 The M/M/oo Queueing System: Infinite Number of Servers 

In this queueing system every arriving customer is assigned to its own 
server of rate J1-. Therefore if there are n customers, the aggregate output 
rate is nJ1-. The queueing system is illustrated in Figure 2.18 and the state 
transition diagram appears in Figure 2.19. The state dependent arrival 
and service rates are: 

n=0,1,2,3, ... (2.129) 

J1- n = nJ1- n =1,2,3,4, ... 

Clearly, the equilibrium state probabilities are then 

Pn = (n ~)po 
i=l t J1-

(2.130) 

or: 

(2.131) 

From this it follows that: 

1 
Po=------~ 

1 + f-\ (~)' 
i=l t. J1-

(2.132) 
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Fig. 2.18 M/M/oo Queueing System 

~ 
~ 

A A A 

Fig. 2.19: M/M/oo State Transition Diagram 

Fig. 2.20: M/M/m Queueing System 

Fig. 2.21: M/M/m State Transition Diagram 
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This can be simplified further. We recall the familiar series expansion: 

Therefore: 

00 1 . 
I; -.-, x' = eZ 

i=O t. 

Thus the equilibrium state probabilities are given by: 

_ 1 (A In ->'/" p _ - - e r 
n n! p, (2.135) 

(2.133)" 

(2.134) 

This is just a Poisson distribution with mean n = Alp,. For this 
modeIO<A/p,<oo. It is the unlimited supply of servers that allows Alp, to 
exceed one. 

2.8 The M/M/m Queueing System: m Parallel Servers with a 
Queue 

This queueing system is illustrated in Figure 2.20. There are m 
servers in parallel and a queue for additional customers. The state transi­
tion diagram appears in Figure 2.21. The state dependent transition rates 
are: 

n=0,1,2,3' .. (2.136) 

_{np, 
P,n - mp, 

We can solve for the equilibrium state probabilities for n~m and 
n2m separately. For n~m, that is the number of customers is less than 
or equal to the number of servers, we have 
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Pn = (IT~) Po 
;=1 tJ.l 

Pn = -y~)n Po 
n! lJ.l n<m 

(2.137) 

(2.138) 

This is the same result as for the MIMloo system as there is one server for 
each customer. For n2::m, or the number of customers is greater than or 
equal to the number of servers, we have 

Pn = (~(~)m) r IT _A ) Po 
m. J.l ti=m+l mJ.l 

(2.139) 

or: 

Pn =~~)npo 
m!mn-m lJ.l n>m (2.140) 

Summing up over all the states we have: 

[ -W )n r )n II m-l 1 A 00 1 A 
Po = 1 + ~ ,- + ~-

n=l n. tJ.l n=mm!mn-m tJ.l (2.141) 

or 

[ ~ )n ~)m ~ )n-m fl m-l 1 A 1 A 00 1 A 
Po = 1 + ~ n! - + m! - ~ n-m - (2.142) 

n=1 J.l J.l n=m m J.l 

or with a change of variables 

Po = [1 + m-I J:J~)n + ~~)m 00 ~~)n II 
n~l n! lJ.l m! lJ.l n~o mn lJ.l (2.143) 
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or: 

Po = [1 + 'El ~~ln + ~~lm(_l lrl 
n=lnq ILm! l IL 1-p 

(2.144) 

In the above p = )../mIL. 
In telephone engineering one quantity of interest is the probability 

that all the servers in this system are busy. In this context customers are 
actually calls. This quantity is found from what is known as Erlang's C 
formula (or in Europe, Erlang's formula of the second kind). We have: 

00 

P [queueing] = :E Pn (2.145) 
n=m 

or 

p[queueing] = (E ~~]n)po 
n=mm!mn-m lIL (2.146) 

Using the same technique as before this is: 

P [queueing] = ~ ~)m (_1 1..0 
m!lIL 1-pr 

(2.147) 

Substituting for Po this becomes: 

(2.148) 
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2.9 The M/M/m/m Queue: A Loss System 

Suppose that we take the M/M/m queueing system of the previous 
section and do not allow customers/calls to wait. That is, if a customer 
arrives and finds all the servers busy, it is lost. As Figure 2.22 shows, the 
queueing system simply consists of m parallel servers. The state transition 
diagram is like the one for the M/M/m queueing system except that it is 
truncated at the mth state (Figure 2.23). Therefore the state dependent 
transition rates are: 

n=0,1,2· .. m-l (2.149) 

P,n = np, n=I,2,3 ... m 

We have 

Pn = (Ii: ~)po 
i =1 'p, 

(2.150) 

or: 

Pn = -y~)n Po 
n! l p, 

(2.151) 

Summing over all the m+ 1 states leads to: 

1 
Po = ----=-----::-

1 + f JJ~)n 
n=l nTt p, 

(2.152) 

A quantity of great interest in telephone engineering is Pm' the proba­
bility that all m servers are busy. For instance, the mean number of calls 
turned away per second is then APm • The expression for Pm is known as 
Erlang's B formula (or Erlang's formula of the first kind, in Europe) and is 
clearly: 
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Fig. 2.22: M/M/m/m Queueing System 

Fig. 2.23: M/M/m/m State Transition Diagram 
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Pm 
~~r (2.153) 

-Mf 1+I: 1 ~ 
n=l n ! p, 

2.10 Central Server CPU Model 

This model involves a group of m terminals which access a central 
CPU (Central Processing Unit). Control, in the queueing form of a custo­
mer, rotates between each terminal and the CPU. The terminals are 
modeled as m exponential servers, each with service rate A. The CPU is 
modeled as a queueing system with a single server of rate p,. This is illus­
trated in Figure 2.24. 

A single customer will move from its unique terminal server to the 
CPU queue and back to the same terminal server. The time spent by the 
customer at the terminal server represents the time a person spends think­
ing and typing at the terminal between receiving the prompt and hitting 
the carriage return. The time spent by the customer at the CPU is, to the 
user, the time between hitting the carriage return and the return of the 
prompt. 

Even though there are really two queueing systems involved, the CPU 
and the terminals, the state transition diagram is still one dimensional 
because we have a closed queueing network. That is, the state variable can 
be the number of customers in the CPU, n, and then the number of active 
terminals is a simple function of this, m-n. 

A word is necessary concerning the state description. In using the 
number of customers in the CPU as the state variable, we are not really 
specifying which customer leaves the queueing system at a departure 
instant, so long as some customer leaves. Thus the service discipline may 
be First In First Out (FIFO) or, for instance, Processor Sharing (PS). In 
Processor Sharing each of the n customers in the CPU receives p,/n of the 
service effort. This models how a CPU works on a little bit of each "job" 
in turn. The state transition diagram, which appears in Figure 2.25, does 
not really expose the fine structure of the service discipline. 

To calculate the state probabilities of this system we have: 

An = A(m-n) O<n<m (2.154) 



73 

CPU 

Terminals 

Fig. 2.24: Central Server Queueing Model 

m A (m-1) A Cm-2)A Cm-3)A 

Fig. 2.26: Central Server State Transition Diagram 
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The state probabilities are then: 

Pn - Po _ (rrn A(m-i+l)) 
i=l J.l 

(2.155) 

A little thought will show that this can be rewritten as: 

(2.156) 

1 
Po = ---'l~----=------"-

n~J ~ r (mr:~ )! 
Here O! is defined as 1. 

2.11 Transient Solution of the M/M/l/oo Queueing System 

2.11.1 The Technique 

The differential equations for the MIMI 11 00 queueing system are: 

dPo(t ) 
dt 

(2.157) 

(2.158) 

These equations are easy to solve in the equilibrium case as the deriva­
tives are then equal to zero and a set of equations which are linear in the 
state probabilities results. In this section we will look at the more compli­
cated transient case. Specifically, we will look at the case when there are 
initially i customers in the queueing system. The question is then what is 
the behavior of the queueing system as time proceeds. 



75 

The solution technique we will use is one that can be applied to a 
variety of queueing systems. It makes use of the moment generating func­
tion: 

00 

P(z,t) = I: Pn(t)zn (2.159) 
n=O 

Basically, the state probabilities form a sequence of numbers that can be 
transformed, like any numerical sequence, into a "frequency" like domain. 
It turns out to be relatively easy to obtain the frequency domain solution. 
This solution is then inverted to provide the solution to the state probabili­
ties. 

The details of the solution technique are: 

A. Take the nth equation and multiply both sides by zn. Then sum the 
equations up to n= 00. 

B. Take the resulting single equation and identify the moment generating 
function throughout the equation. It may be necessary to add and 
subtract a finite number of terms to explicitly obtain the moment gen­
erating function in places. 

C. Use any "boundary" equation(s) to eliminate unknowns (i.e. state pro­
babilities ). 

D. Solve for the moment generating function. If a differential equation 
results, repeat the analogs of steps A-D using Laplace transforms. 

E. Invert the moment generating function, or if this is not possible, calcu­
late moments. 

We will now make this methodology a little more real in terms of the 
M/M/l/oo transient analysis problem. We mention in passing that the 
approach for this problem first appeared in [BAIL]. Our treatment will be 
similar to that appearing in [GROS] and [KLEI75]. 

2.11.2 The Solution 

We first take the differential equation of the previous section, multiply 
both sides by zn and sum from n=1 to 00: 

(2.160) 
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n=l n=l 

Recall that to get proper moment generating functions the indexes 
must start at n=O so we have: 

(2.161) 

00 00 

-A l: Pn(t)zn + APO(t) - p, l: Pn(t)zn + p,Po(t) 
n=O n=O 

00 00 

+ A l: Pn_1(t)zn + p, l: Pn+1(t)zn - p,P1(t) 
n=l n=O 

But three of the terms here are just the boundary differential equation 
at n=O and so drop out, leaving: 

(2.162) 

n=O n=O 
00 00 

+A l: Pn_1(t)zn + p, l: Pn+1(t)zn 
n=l n=O 

We can rewrite this further: 

(2.163) 

00 00 

- A l: Pn(t)zn - p, l: Pn(t)zn + p,Po(t) 
n=O n=O 

00 00 

+ AZ l: Pn_1(t)zn-l + p,z-l l: Pn+1(t)zn+l 
n=l n=O 

Now identifying the moment generating functions (which sometimes 
requires adding and subtracting terms) we have: 

ap(z,t) _ 
at 

- AP(Z,t) - p,(P(z,t) - Po(t)) 

(2.164) 
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+ AZP(Z,t) + J.'Z-l(p(Z,t) - PO(t)) 

This can be simplified: 

ap(z,t) 
at 

(1- z)(J.'z-l - A)P(Z,t) + (1- z)(-J.'z-l)PO(t) 

ap(z,t) 
at 

(2.165) 

(2.166) 

The initial condition to this equation involves i customers at time 0: 

(2.167) 

or: 

00 . 

P(z,O+) = L; Pn(O+)zn = Zl (2.168) 
n=O 

To solve this partial differential equation, we will use Laplace 
transforms which we define as: 

00 

L{Pj(t)} = Pj *(s) = JPj(t)e-stdt 
o 

00 

L{P(z,t)} = P*(z,s) = JP(z,t)e-stdt 
o 

(2.169) 

For the left hand side of the boxed equation we will integrate by parts 
to find its transform: 

J udv = uv - J vdu (2.170) 
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Specifically: 

(2.171) 

= - P(z,O) + SP'(z,S) (2.172) 

= _Zi + Sp*(Z,S) (2.173) 

Now we will take the Laplace transform of the boxed differential equa­
tion and multiply out the constants so that we have: 

_Zi+l + SZp*(Z,S) = 
(p,- AZ - P,Z + AZ2)p*(Z,S) - p,(1 - z)Po*(s) 

We can now solve for P'(z,s): 

Zi+l_ p,(1- z)Po*(s) 
P*(z,s) = --------­

_AZ 2 + (S+A+p,)Z - P, 
(2.175) 

(2.174) 

At this point we must determine Po * (s) and invert the transform. 
The interested reader can see [GROS] for the details. The well known result 
for the time evolution of the state probabilities is 

(2.176) 

where 
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P = AIM 

n(O) = i customers 

and II ( ) is the modified Bessel function of the first kind of order 1: 

(2.177) 

2.11.3 Speeding Up The Computation 

In calculating the expressions for P n (t) in the previous box the main 
difficulty is in calculating the infinite summation of Bessel functions. We 
will now present an efficient procedure for the calculation of P n (t) which 
appeared in 1980 [JONE] and is due to Jones, Cavin and Johnston at 
Texas A&M University. The approach is to show that all but a finite 
number of terms in the infinite summation can be expressed in terms of the 
Q functions. This function is normally associated with the field of 
hypothesis testing. 

If 

(2.178) 

Then 

1- Q(a,b) 

is the circular coverage function. The function Q(a,b) is known as the Q­
function [SCHW 66] in the areas of radar and communication. It is the 
probability that {(X2+ y2)1/2 > b} where X and Yare independent nor­
mal (Gaussia~ random variables with variances of one and means which 
satisfy (.r + y )1/2 = a ~ O. Note that these are the same a and b that 
appears in the argument of Q(a,b). 

The Q function was first developed by Marcum [MARC]. There are 
existing algorithms for its calculation [DIDO]. 

The key to efficient computation is to make use of the expansion: 
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(2.179) 

This is done by first letting a =v'2iJI and b =..J2):I so that: 

(2.180) 

The relevant infinite summation can then be set equal to a finite 
number of terms: 

(2.181) 
l=n+i+2 

n+i+1 
Q(v'2iJI,..J2):I) - exp(-(>"+It)t) ~ p-I/2II(2t..;>:jl) 

1=0 

Here p=>"/ It. Substituting this into the boxed expression for P n (t) of the 
previous section leads to: 

Pn(t) = 

(l_p)pn Q(v'2Itt ,..J2):I) + 

exp(-(>"+It)t ){p(n-i)/2 In_i (2t..;>:jl) + p(n-i-l)/2 In +i +1(2t..;>:jl) -

(2.182) 

Computational results reported in [JONE] indicate that this expression 
is up to seven times faster to evaluate than the original expression with the 
infinite summation. Some additional references dealing with computation 
in the transient case appear in To Look Further at the end of this chapter. 
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2.12 The MIGII Queueing System 

2.12.1 Introduction 

We have been able to get some very specific results throughout this 
chapter by assuming Poisson arrivals and an exponential server(s). This 
has been due to the memoryless nature of these models. Surprisingly, some 
very simple and powerful results can be derived for the MIGII queueing 
system where we assume that arrivals are again Poisson but that service 
times are described by an arbitrary ("general") probability distribution. 
These are the famous Pollaczek-Kinchin formulas [POLL] [KHIN]. The first 
one we will look at is for the mean number of customers in the queueing 
system. The second one we will look at is a transform equation for the 
state probabilities. 

2.12.2 Mean Number in the Queueing System 

Introduction 

Our basic approach will be to write a difference equation for the 
number in the queueing system immediately after the ith departure. By 
taking the expectation of the square of this expression we will be able to 
develop the Pollaczek-Khinchin mean value formula. A key point is that 
the state probabilities at these departure instants are in fact equal to the 
state probabilities at any time instant. This is something that will be 
assumed true for now but is proved explicitly in section 2.12.3. This 
approach which we take was first described by David Kendall in 1951 
[KEND]. However the actual mean value expression goes back to Pollaczek 
in 1930 [POLL] and Khinchin in 1932 [KHIN] where it was found by means 
of more complex derivations. As many other authors have done 
([GROS],[HAMM],[KLEI 75]) we will expand on Kendall's approach. 

The Recursion 

Let us start. We will look at the MIGII queueing system at the 
instants during which departures occur. The number in the system 
immediately after the i+lst departure instant is niH. This number 
includes both those customers in the queue and the customer in service. 
This number is also equal to the number in the system immediately after 
the ith departure instant minus 1 (because of the departure of a customer 
at the i+lst departure instant) plus the number that arrive into the system 
between the ith and i+lst departure instants. This number of arrivals we 
will call aiH. For this equation to work there must be at least one 
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customer in the system at the ith departure instant. Thus: 

ni>O (2.183) 

Of course we still have to take care of the case ni =0. This is actually 
simpler than the case ni >0. The number in the queueing system at the 
i+ 1st departure instant is just the number of arrivals since the ith depar­
ture instant (when the system was empty). So: 

ni=O (2.184) 

Bringing this together we have: 

(2.185) 

We would like to express this as a single equation. To do this, we'll 
introduce the unit step function: 

u{n;) = {~ (2.186) 

Now we can rewrite the equations for ni +1 as: 

(2.187) 

If we square both sides of this recursion and take expectations we 
have: 

(2.188) 
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(2.189) 

In order to solve for the Pollaczek-Khinchin formula we need to solve 
for each of these terms, one by one. We will now do this: 

Sundry Results 

These two terms should be equal in equilibrium so that they will can­
cel in the above boxed equation. 

Because of the nature of the step function u (ni)2 = u (ni) so we can 
replace E[(u(n;))2] with E[u(n;)]. But what is E[u(ni)]? We will have to 
digress in order to solve for it. Now: 

00 

E[u(n;)J = ~ u(n;)P[ni = nJ (2.190) 
n=O 

00 

E[u(n;)J = ~ P[n;=nJ (2.191) 
n=l 

E [u(n;)J = P [busy J (2.192) 

Luckily, we can easily determine P [busy] for any queueing system. An 
argument appearing in [KLEI 75J will be used. Consider an interval I. The 
server will be busy for a time period equal to: 
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The number of customers served is 

where Jk is the mean service rate of the queueing system. In equilibrium the 
quantity above should be equal to the number of arrivals: 

(2.193) 

Rearranging this one has 

(2.194) 

Note that we have made no restrictive assumptions about either the 
arrival process or the service times. Thus this result is valid for a GIGll 
queueing system, that is one with an arbitrary arrival process and service 
time distribution. 

We can now bring all this together to say that: 

E[(u(nj))2] = E[u(nj)] = P[busy] = 1- Po = P (2.195) 

2E [nj u (n;)]: 

Clearly nju(n;)=nj so we can say: 

2E[nju(nj)] = 2E[n;] (2.196) 

The number of customers that arrive into the system between the ith 
and i+1st departure instant, aj+1' is independent of the number in the 
queueing system immediately after the ith departure instant, nj. Thus: 

(2.197) 
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We already know that E[u(nd1=p. To determine E[aj+11 we can 
look at the original recursion for E [nj +11 

(2.198) 

and take the expectation of both sides: 

(2.199) 

In equilibrium E [ni+l1=E [nd so we are left with: 

E[aj+11 = E[u(nd1 = p (2.200) 

We can now say that: 

(2.201) 

Using the same argument as before, the two quantities are statistically 
independent so 

(2.202) 

Putting It All Together 

Now we can substitute these sundry results into the equation: 

(2.203) 
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This results in: 

(2.204) 

Solving for E [ni] we have: 

(2.205) 

We will assume for now, and prove in section 2.12.3, that the expected 
number of customers in the queueing system at the departure instants is 
the same as the expected number of customers at any instant of time: 

E[nil = E[n] (2.206) 

We can also say, because the input is Poisson, that the expected number of 
arrivals between two successive departure instants is a time invariant quan­
tity: 

We thus have: 

E [n] = p + E [a 2] - 2p2 
2 (1 - p) 

(2.207) 

(2.208) 

We almost have a simple expression for the mean number in the 
MIGII queueing system in equilibrium, or E[n]. What is lacking is a sim­
ple expression for E[a 2]: 

The quantity "a" is the number of arrivals during a typical servicing 
period in equilibrium. Proceeding as in [GROS] we can write: 

E[a 2] = VARIa] + (E[a])2 (2.209) 



87 

(2.210) 

We need to solve for VAR [a]. Let s be the service time. Then an 
interesting relationship [GROS] for two random variables X and Y that we 
can make use of is [P ARZ]: 

VAR [Y] = E[VAR(YI X)] + VAR [E(Y I X)] 

In terms of our application this becomes: 

VARIa] = E[VAR(a Is)] + VAR[E(a Is)] 

We can solve for the two components of this sum: 

E[VAR(a Is)] = E[AS] = AE[s] = p 

VAR[E(a Is)] = VAR[AS] = A2082 

Here 0 8
2 is the variance of the service time. So we have 

and 

(2.216) 

The Pollaczek-Khinchin Mean Value Formula 

From before we have: 

E [n] = p + E [a 2] - 2p2 
2 (1 - p) 

Substituting the preceding boxed expression for E [a 2] leads to 

(2.211) 

(2.212) 

(2.213) 

(2.214) 

(2.215) 

(2.217) 

(2.218) 
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or: 

(2.219) 

This is one form of the Pollaczek-Khinchin mean value formula. We 
can get another form by expressing E[n] as 

(2.220) 

or 

(2.221) 

What is amazing about the Pollaczek-Khinchin mean value formula is 
that it expresses E[n] as a function of the mean arrival rate, mean service 
rate and variance of the service time distribution. One might think that 
since the service time distribution is general, the formula should include 
higher moments of the service time distribution. But this is not the case. 
The formula depends only 00. the mean and variance of the service time 
distribution. 

We note in passing that Little's Law can be used in conjunction with 
this mean value formula to develop expressions for the mean waiting time, 
'f. 

Example: In the MID II queueing system the arrivals are Poisson 
and the service time is a fixed, deterministic quantity. This is actually a 
good model for the processing of fixed length packets in a communications 
network. 

Let's make a comparison. For the MIMI 1 queueing system the 
Pollaczek-Khinchin mean value formula reduces to the result we had previ­
ously: 

E[n] = _P­
I-p 
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For the MIDll queueing system Us 2=0 so: 

p2 
E[n]=p+ ( ) 

2 1- P 

We can make a table comparing E[n] for both types of queueing sys­
tems for various values of p: 

Table 2.5: Eln] 
p MIMll MIDll 
.1 .111 .106 
.2 .250 .225 
.3 .429 .364 
.4 .667 .533 
.5 1.00 .750 
.6 1.50 1.05 
.7 2.33 1.52 
.8 4.00 2.40 
.9 9.00 4.95 
.99 99.0 50.0 

Note that the expected number in the table is smaller for the MID II 
queueing system. In fact we can show, with some algebraic manipulation, 
that for the MID II queueing system: 

2 
E[n] - p p - 1=P - ---2-:(-'-1 ---p~) 

The E[n] is equal to that for the MIMll queueing system, less a posi­
tive quantity. Thus E[n] is always smaller for an MID II queueing system 
compared to an MIMll queueing system. 

Although the MID II queueing system is a good model for packet pro­
cessing, the problem is that we only have simple analytical results for a sin­
gle such system. Because networks of MIDll queues are analytically 
intractable, the memory less MIMll queueing system is often used as an 
approximation in its place. 



90 

2.12.3 Why We Use Departure Instants 

An essential part of the previous derivation of the Pollaczek-Khinchin 
mean value formula is our assumption that the state probabilities at depar­
ture instants are the same as the state probabilities at any instant. Follow­
ing the method used in [GROS 85], we will show that this is true. 

We will take a realization of the queueing process over a long interval. 
The number in the queueing system at time t will be n{t). The interval 
will stretch from time 0 to time T. 

The number of arrivals in the interval (O,T) that occur when the 
number of customers in the system is n will be called an (T). The number 
of departures bringing the system from state n+l to state n in the interval 
(O,T) will be called dn{T). 

If one thinks about the movement of the system state in the usual one 
dimensional state transition diagram for a birth death system one can see 
that: 

(2.222) 

It should also be true from first principles that 

d{T) = a{T) + n{O) - n{T) (2.223) 

where d(T) and a(T) are the total number of departures and arrivals, 
respectively, over (O,T). We can now define the state probabilities for the 
departure instants as: 

n=I,2,3 ... (2.224) 

This empirical definition of the state probability becomes exact in the 
limit. Now: 

an{T) + dn{T) - an{T) 
a{T) + n{O) - n{T) 

(2.225) 

The denominator can be recognized as the equation we just discussed, 
two equations previous. The numerator was created by adding and sub­
tracting an{T) to dn{T). As T-+oo dn{T)-an{T) will never be greater 
than one, as has been mentioned. Also, because we have a stationary pro­
cess if n{O) is finite, so will be n(T). Thus as T-+oo, a(T) and an(T) will 
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-+00 

and: 

. dn ( T) . an ( T) 
hm = hm --,--,----

T->oo d(T) T->oo a(T) 
(2.226) 

What this proves directly is that the state probabilities seen at the 
departure instants are the same as the state probabilities seen at the arrival 
instants. But going back to our Poisson process coin flipping analogy, the 
arrival instants are random points in time and independent of the queueing 
system state. Thus it should seem reasonable to say that the state proba­
bilities at arrival instants are the same as the state probabilities seen at 
any time. This completes the proof that looking at state probabilities at 
departure instants for the M/G/1 queueing system is the same as looking 
at state probabilities for this queueing system at any instant. 

\7 

In Kendall's original 1951 paper [KEND] he called the instants of 
departures "regeneration points". As he put it: "An epoch is a point of 
regeneration if a knowledge of the state of the process at that particular 
epoch has the characteristic Markovian consequence that a statement of the 
past history of the process loses all its predictive value." He went on 
further to say that "A Markov process, therefore, is precisely a process for 
which "every" epoch is a point of regeneration." 

In the printed discussion that followed this paper D.V. Lindley for­
mally expressed a regeneration point as a point, to, where for all t >to: 

DIST{X(t)!X(to)} = DIST{X(t) I X(r) for all rsto} 

There is more than one set of regeneration points. Kendall used the set 
of departure instants in his paper. In the subsequent discussion Lindley 
suggested the instants when the queueing system becomes empty. He also 
mentioned the use of the time instants' when a customer had been in service 
x seconds. For simplicity of solution though, the choice of departure 
instants is probably best. 
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2.12.4 Probability Distribution of the Number in the Queueing 
System 

What does the Markov chain imbedded at the times of departure look 
like? Let us define a matrix of transition probabilities as: 

(2.227) 

Here n; is the number in an MIGl1 queueing system immediately 
after the ith departure. To get from n;=r to n;+r=s there must be s-r+1 
arrivals between the ith and the i+1st departure instants. The "+1" in s­
r+ 1 is necessary because the number in the queueing system is reduced by 
one due to the departure at the i+ 1st departure instant. Let us set 

[Prs ] = k.-r+r = k# arrivals (2.228) 

where "# arrivals" is the number of customers that arrive between the ith 
and the i+1st departure instants. We are using k's l.ecause this is the ori­
ginal notation appearing in Kendall's 1951 paper. What we now have is a 
state transition matrix that looks like this: 

Table 2.6: P = [Prs] = 

0 1 2 3 4 

0 ko kr k2 k3 k4 
1 ko kr k2 k3 k4 
2 0 ko kr k2 k3 
3 0 0 ko kr k2 
4 0 0 0 ko kr 

The sum of the k's in each row must be one as this covers the proba­
bility of going from state r to some (and possibly the same) state. The 
matrix is also of infinite dimension but this will not cause any problems in 
what follows. 

How was the placement of matrix entries chose!:? In the top row one 
goes from 0 customers in the queueing system at the ith departure instant 
to 0,1,2,3... customers at the i+ 1st departure instant. Thus we need 
ko kr k2 k3 · ...•. arrivals. In the second row, for instance, to go from 1 cus­
to~e~ ~t the ith departure instant to 3 customers at the i+ 1st departure 
instant there must be 3 arrivals during this time. That is, we start with 1 
customer at the end of the ith departure instant, three more customers 
arrive for a total of 4 customers and one customer leaves at the end of the 
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i+ 1st departure instant for a final total of 3 customers. 

We can express kj' the probability of j arrivals between the ith and 
the i+ 1st departure instants, explicitly as 

00 

k j = J Frob [j arrivals I time s j b (s ) ds 
o 

(2.229) 

where b(s) is the service time density. The variable s is the time between 
the ith and the i+1st departure instants. This time is a constant in equili­
brium. Now since the arrival stream is Poisson, we can substitute the 
Poisson distribution into the integral for: 

00 (\)j >.. 
kj = J AS .,e- b(s)ds 

oJ· 
(2.230) 

The basic idea is that for a known service time density, b(s), we can 
plug it into the above equation and perform the integration to solve for kj • 

We began this section by asking what the Markov chain imbedded at the 
times of departures would look like. The answer is illustrated in Figure 
2.26. Here are shown all the transitions leaving the nth state. The k j asso­
ciated with each transition is the probability that one leaves the state via 
that transition as opposed to another transition at the ith departure 
instant. It is not a transition rate, as in the previous state transition 
diagrams. ' 

Let us now ask a second question. Now that we have this Markov 
chain, can we calculate the probability of there being j customers in the 
queueing system at the departure instants? The answer is yes. We will use 
an approach described by [GROSj. An alternate approach appears in 
[KLElj. 

We know from the previous section that the state probabilities at 
these instants are in fact the same as the state probabilities at any instant. 
The first step is to write the equilibrium equations 

(2.231) 

where 

(2.232) 
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kl 

Fig. 2.26: Imbedded Markov Chain for M/G/1 
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are the state probabilities. We know the structure of P. The equation 
1I"=1I"P gives rise to equations of the form: 

(2.233) 

These equations can be compactly summarized, where rand s are 
integers, as: 

r+l 

1I"r = 1I"0kr + I: 1I"8 k r-8+1 
8=1 

r=O,1,2,3 ... (2.234) 

The second step is to make use of transforms. First we introduce the 
change of variables t=s-l or s=t+1. This gives us: 

r 

1I"r = 1I"0kr + I: 1I"t+l k r-t 
t=o 

We will also introduce the transform of the state probabilities 

00 . 

I1(z) = I: 1I";ZI 
;=0 

and the transform of the kj's: 

00 . 

K(z) = I: k;Z' 
;=0 

(2.235) 

(2.236) 

(2.237) 

The k's, after all, are a sequence of real (positive) numbers like any 
other sequence and so there is no reason why we can not take their 
transform. Finally, the summation in the above difference equation for 11" r 
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can 

be seen to be "almost" a convolution. That is, it is similar to 

for which we know that 

00 

Xi = ~ fjgi-j 
j=o 

X(z) = F(z)G(z) 

(2.238) 

(2.239) 

where X(z), F(z), and G(z) are the one sided (i=O to 00) transforms of Xi,!i 

and gi' respectively. 

Let us now take the one-sided transform of the previous difference 
equations for 7r r' This is: 

IT( z) = 7r oK (z) + Z { 7r t +1} K (z ) (2.240) 

We can take the transform of the convolution, in spite of the finite 
index, because 7ri and ki are only defined for i ~O. In the preceding equa­
tion: 

00 00 

Z{~ } '" ~ zt = z-l '" ~t+1zt+1 "t+1 = LJ "t+1 LJ " (2.241) 
t=o t=o 

00 

Z{ } -1 '" t+1-1 7rt+1 = z LJ 'lft+1 z - z 'lfo (2.242) 
t=-l 

(2.243) 

So substituting this into the transform equation yields 

(2.244) 

or 

(2.245) 
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Solving for II(z) gives us: 

(2.246) 

Multiplying by -z/-z results in: 

11"0(1- z)K(z) 
II(z) = ( ) K z - z 

(2.247) 

To solve for 11"0 one can make use of the fact that II(l)=l, K(l)=l 
and K' (1 )=A/ f.l and use of L'Hopital's rule to obtain 
1I"0=1-A/f.l=1-p so: 

II(z) = (l-p) (l-z) K(z) 
K(z) - z 

(2.248) 

This is the result that we are seeking. It expresses the transform of 
the probabilities of the number in the M/G/1 queueing system as a func­
tion of the transform of the kj's. Recall that we obtain the kj's from an 
integral equation which includes b(s), the service time distribution. 

To Look Further 

An English translation of Markov's original 1907 paper on Markov 
models appears in an appendix of [HOWA]. 

Stidham's [STID] 1974 extended proof of Little's Law is discussed in 
[COOP]. Further work on Little's Law appears in [BRUM] , [HEYM] , 
[MIYA] , [JEWE] and [Ell.,O]. 

The proof of Theorem 2.4.2 using the concept of reversibility is due to 
E. Reich [REIC], 1957. 

[GROS] has a wealth of information on transient solutions of queueing 
systems. [KLEI 75] also describes the transient solution for the M/M/1/00 
queueing system. Ackroyd [ACKR] describes an alternative method to 
make the calculation of P n (t) in the M/M/1/00 transient case more 
efficient. It involves a discrete Fourier transform. A discussion of its mer­
its relative to the approach in section 2.11.3 appears in [CHIE]. A method 
for the computation of the transient M/M/1 queueing system cumulative 
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distribution function, probability distribution function and mean, which 
uses generalized Q functions, is described by Cantrell in [CANT]. A 
method for calculating performance measures based on numerical integra­
tion appears in [ABAT]. Finally, numerical approaches to the transient 
analysis problem are discussed in [REIB]. 

More examples of the use of the moment generating function appear in 
chapter 12 of [SCHW 87] and in chapter 4 of [KLEI 75]. 
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Problems 

2.1 Use the coin flipping analogy of section 2.1.1 to show intuitively that 
random splits of a Poisson process and a joining of independent Pois­
son processes are Poisson. 

2.2 Arrive at a set of differential equations describing the time evolution 
of the Poisson process from 

Po(t+~t) = P o(t)(1- A~t) 

in a step by step manner. 

2.3 a) Show that the solution of 

for the Poisson process is: 

b) Show that the solution of 

for the Poisson process is: 

P 2(t) = ~-Xt 
2 

2.4 Arrive at a set of differential equations describing the M/M/1 queueing 
system from 
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in a step by step manner. 

2.5 Derive the differential equations describing the evolution of probability 
of the system state for an M/M/1 queueing system when the service 
rate, J.t n , is a function of the number in the queue, n, and the arrival 
rate, An' is also a function of the number in the queue [flEI 75]. 

2.6 Find the equation for an M/M/1 queueing system for dP o(t)/ dt by 
examining the flows across a boundary about state o. 

2.7 Verify Table 2.2. 

2.8 Prove that for a stationary Markov process the probability flux across 
a cut across a state transition diagram balances [KELL]. 

2.9 Using the result of problem 2.8, prove that if the state transition 
diagram of a stationary process is a tree, then the process is reversible 
[KELL]. 

2.10 Show that for an M/M/1 queueing system in equilibrium the number 
of customers in the queue at to, n (to), is independent of the departure 
process prior to to [REIC] [KELL]. 

2.11 For the M/M/1/N queueing system use L'Hopital's rule to calculate 
the blocking probability when N=5 and A/ J.t = 1. 

2.12 For the state independent M/M/1 queueing system find the ratio 
PIOO/PO when A=1.0 and J.t=2.0. Comment on potential numerical 
problems. 

2.13 Consider a state independent M/M/1 queueing system with 
p=.1, .5,.9 Calculate the utilization, average number in the queueing 
system, the variance of the number in the queueing system and two 
standard deviations from the average of the number in the queueing 
system. 
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2.14 Compute the P [queueing] using the Erlang C formula for the values 
in the following table when m=3: 

>../p. >../mp. P [queueing] 
.5 .166 

1.0 .333 
1.5 .500 
2.0 .666 
2.5 .833 
2.9 .966 

2.15 Compute Pm' the probability that all servers are busy, for an 
M/M/m/m queueing loss system for various values of >../ p.. Use 
Erlang's B formula to fill in the following table when m=3: 

>../p. Pm 
.5 

1.0 
2.0 
3.0 
6.0 

2.16 In finding the probability distribution of the number of customers in 
the M/G/l queueing system one arrives at: 

1I"0(1-z )K(z) 
n(z) - --::::-;-;--

- K(z)-z 

Solve for 11"0 using L'Hopital's rule and 11"(1)=1, K(I)=1 and 
K'(1)=>"/p.. 

2.17 Computer Project: Write a computer program to generate data for 
plots of the Erlang Band Erlang C formula. 

Erlang B: Plot the probability that all servers are busy versus p 

where p=>"/ p.. Do this for m=I,2,3. The vertical scale can be a linear 
scale. Let p vary from 0 to 2m on the horizontal scale. 

Erlang C: Plot P[queueing] versus p where p=>..jmp.. Plot curves for 
m=1,2,3. The vertical scale for p[queueing] should be a log scale. Let 
p vary from 0 to 1 on the horizontal scale. 



Chapter 3: Networks of Queues 

3.1 Introduction 

In this chapter we will consider networks of queues. Simple analytical 
results are usually only possible for Markovian queueing networks. We will 
start by establishing the product form solution for the equilibrium state 
probabilities for such networks in section 3.2. The existence of the product 
form solution basically means that the joint state probability can be 
expressed as a simple product of functions associated with a network's indi­
vidual queues. In the case of open queueing networks of state independent 
queues these functions are simply the marginal state probabilities so that it 
seems that the queues act as if they were independent. This interesting 
observation was first noted by J.R. Jackson [JACK 57J in the original pro­
duct form paper for open networks in' 1957 and later generalized in [JACK 
64J. Later, in 1967, W.J. Gordon and G.F. Newell [GORDJ demonstrated 
the existence of the product form solution for closed networks. In 1975 F. 
Baskett, K.M. Chandy, R.R. Muntz and F.G. Palacios [BASK 75J general­
ized the families of queueing networks known to have the product form 
solution. 

We will also look at the intriguing phenomena of local balance. There 
is always a "local balancing" of flows on pairs of state transition diagram 
transitions when the product form solution exists. 

In section 3.3 a relatively new interpretation of the product form solu­
tion will be presented. We will see that the pattern of flow of probability 
flux on the state transition diagram has a very definite, decomposable 
structure. In finding the product form solution for a state we are really 
solving localized building blocks within the diagram in a recursion from a 
reference state to the state of interest. 

Many networks of practical interest do not have a product form solu­
tion. However the equilibrium probabilities of quite a few such non-product 
form models can be determined recursively, or at least in a decomposed 
fashion. Two such classes of models are presented in section 3.4. 

This chapter concludes with three case studies involving distributed 
queueing networks. Problems of this type represent a new challenge for the 
application of queueing theory. In section 3.5 we present an interesting case 
study based on recent work by M. Karol, M. Hluchyj (now at Codex) and 
S. Morgan of AT&T Bell Laboratories. It involves the calculation of 
throughput for a space division packet switch. It is a good case study as it 
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brings together ideas concerning networks of queues, non-Markovian queues 
and transform techniques in the context of a problem of practical interest. 

In section 3.6 a second case study is presented based on work by Y.C. 
Jenq [JENQ], formerly of AT&T Bell Laboratories and now at Tektronix. 
It involves a Banyan interconnection network with single buffers at each 
switching element. It is an interesting case study as it shows one way to 
approach a distributed queueing system with blocking. 

Finally, in section 3.7, a case study based on recent work by M. Gar­
rett of Bell Communications Research and S.-Q. Li of the University of 
Texas at Austin is presented. It deals with the placement of erasure nodes 
in the DQDB metropolitan area network. An ingenious continuous formu­
lation of the problem allows the calculation of optimal erasure station loca­
tion and system throughput. 

3.2 The Product Form Solution 

3.2.1 Introduction 

We will look at both the case of open and closed networks. In each 
case we will set up a generalized global balance equation for the typical 
state. Then it will be shown that this balance equation is satisfied by the 
"product form" solution. The approach taken here appears in [KOBA] and 
[SCHW 87]. 

3.2.2 Open Networks 

3.2.2.1 The Global Balance Equation 

We will assume that we have a network of M queues with a single 
external source for customers and a single external destination for custo­
mers. The routing through this network is random. The network is illus­
trated in Fig. 3.1. In this figure the probability of a customer leaving 
queue i for queue j is rij. The probability of a customer leaving the source 
for queue i is rsi. The probability of a customer leaving queue i for the 
destination is rid. 

The source produces customers in a Poisson manner with constant 
rate A. The service times at the ith queue are independent exponential ran­
dom variables with rate J.li. 

Now for a little bit about the state description. Let Li be the vector 
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~ rSi 
~---'~----=:~_.J,./'i-+---"""'----{ 

Fig. 3.1: Open Queueing Network 
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Li = (0,0,0, ... 0,1,0, ... 0) (3.1) 

with a 1 in the ith position. The state description is the vector: 

(3.2) 

Let the vector 1l. + Li be 1l. with an additional customer in the ith position. 
Let n-Li be 1l. with one customer removed from the ith position. Let 
1l.+Lj-Li be 1l. with one customer added to queue j and one customer 
removed from queue i. 

If one equates the net flow out of state 1l. with the net flow into state 
1l. one has [SCHW 87] the global balance equation at the state 1l.: 

M M M 
+ ~f./,iridP(1l.+L)+ ~ ~f./,jrjiP(1l.+Lj-L) 

;=1 i=lj=l 

The left hand side of this equation corresponds to leaving state 1l. 
through arrivals or departures for the queues. The three terms on the right 
hand side cover all the ways in which one may enter the state: through an 
arrival, a departure or a transfer between two queues. 

In order to suggest a solution to this equation, we will make a digres-
sion: 

3.2.2.2 The Traffic Equations 

Let the average throughput through queue be 0i' Then in equili­
brium it must be true for each queue that: 

M 
OJ = rsiA + ~ rjjOj 

j=l 

£=1,2,3 ... M (3.4) 

This set of simultaneous linear equations are known as the "traffic 
equations" . Their unique solution is the average throughput for each 
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queue. The equation above says that the average throughput through 
queue i is equal to the average arrival Row from the source plus the Hows 
from all the other queues including queue i. 

Example: Consider the open queueing network of Fig. 3.2. The rout­
ing probabilities are shown on the diagram. It is left as an exercise to the 
reader to show that: 

8 °2 = -A 3 

Each of the queue's throughputs are greater than A as the feedback 
paths allow customers to move through each queue several times before 
leaving the network. 

V 

3.2.2.3 The Product Form Solution 

To solve the previous global balance equation we will re-arrange the 
traffic equations as 

M 
Ar.i = 0; - ~ rj;Oj 

i=1 

i=I,2,3 ... M (3.5) 

and use it to eliminate Ar.; in the global balance equation [CHEN]. Substi­
tuting, one has: 

M M M 
+ E f.L; ridP (.!!_+1..;) + E E f.LjrjiP(1l.+1..;-L) (3.6) 

;=1 ;=1j=1 

We will now propose using the identity Ojp(n-1..i)=f.L;P(1l.) in this 
equation. This is really a local balance equation for the ith queue. It is a 
multidimensional generalization of the local balance equations used in the 
previous chapter for the MIMII queueing system. It is equivalent with 
0jP(n-1..;) = f.LjP(n-L+1..j)' Substituting these equations: 
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3/4 1/2 

~ ____ t_/4-, 1/2 

Fig. 3.2: Example Open Queueing Network 
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M M M 
+ 1:: lLi TidP (1l.+L;) + 1:: 1:: ILjTjiP(1l.+LrL;) (3.7) 

i=l i=lj=l 

Canceling terms results in: 

M 
AP (1l.) = 1:: lLi Tid P (1l. + L ) (3.8) 

i=l 

Using a third, equivalent, local balance equation 
lLiP(n+L) = 8i p(n) results in 

M 
Ap(n) = 1:: Tid 8iP(1l.) (3.9) 

i=1 

or 

M 
A = 1:: Tid 8i (3.10) 

i=l 

This equation, which relates the net flow into the network with the 
net flow out of the network is obviously true. Thus what has been demon­
strated is that the local balance equation 8iP(n-L;} = lLiP(1l.) satisfies the 
previous global balance equation. To get a closed form solution we can 
rearrange the local balance equation as: 

8· 
p(1l.) = -'-p(n-L) 

lLi 

Continuing the recursion to zero out the ith term results in: 

If one does this for each of the queues one has: 

(3.11) 

(3.12) 

(3.13) 
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M ((J. )n. 
P (Be) = P (Q) II -'. 

.=1 /-l, 
(3.14) 

To solve for p(O) we can use the normalization of probability [SCHW 
87]: 

I;p(nJ = p(Q)S = 1 (3.15) 
n 

S=I; II-' ( 
M ((J. )n.) 

n ;=1 /-lj 
(3.16) 

Interchanging the summation and product: 

(3.17) 

S=IT1--'_·. ( 
(J )-1 

1=1 /-ll 
(3.18) 

So the marginal probability that a queue is empty is: 

(3.19) 

Note the similarity to equation (2.53). And: 

M 
p (11J = II Pi (n;) (3.20) 

i=l 

( (J.)( (J. )n. 
p;(n;) = 1- -;;- -;;-
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This is the "product form solution" for the equilibrium state probabil­
ities first observed by Jackson. Naturally one must first solve the traffic 
equations for the 0 i's in order to compute P (n.). One special case worth 
mentioning is a number of queues in series (tandem) fed by a Poisson 
source of rate A. Then 0i =A for i=I,2,3 ... M. 

It should also be mentioned that the product form solution is still 
valid if there are multiple sources and destinations. 

Example: Let's calculate the product form solution for the network of 

Fig. 3.2. From the previous example it is known that 01=2A and 02=~' 
Thus 

or: 

What has always attracted attention about the product form solution 
is that its similarity to the decomposition of a joint probability in terms of 
its marginal probabilities for independent random variables suggests that, 
in a product form network, queues act "independently" of one another. 
Actually what it really means is that if you took a "snapshot" of the net­
work at a time instant the number of customers found in each queue are 
independent of one another. However if you took snapshots of the network 
at two, close, time instants you would find strong correlations between the 
numbers of customers in the queues at the two time instants [DISNj. 

3.2.3 Local Balance 

We just succeeded in solving the global balance equation for state R of 
an open queueing network by using the local balance equation 
Oip(n-1..i) = ILiP(.!!.). Local balance is a phenomena peculiar to queueing 
networks. Suppose, for simplicity of argument, that we have a series (tan­
dem) network so that 0i=A. Then AP (n-1...:)=ILiP (n). What this says is 
that the a;nount of probability flux flowing on pairs of transitions incident 
to a state are equal. This is a stronger form of balancing than global bal­
ance where we simply equate the flow into a state totaled over all the 
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incoming transitions with the flow out of the state totaled over all the out­
going transitions. With local balance the more specific action is being taken 
of equating flows on individual pairs of transitions. 

Global balance has an analog in resistive circuit theory in the form of 
Kirchoff's current conservation law. Local balance has no such analog. 
Intuitively, this is because transition values, unlike resistor values, are 
labeled in a patterned manner that gives rise to local balance. 

If one has a state with several transitions, how does one know which 
ones are "paired" for local balance? The simple rule to follow is [SAVE 
81]: 

The flow of probability flux into a state due to an arrival to a queue 
equals the flow out of the same state due to a departure from the 
same queue. 

While we have used the case of series queues, what has been said holds 
generally for product form networks. In section 3.3 local balance will be 
explained in an integrated fashion. 

3.2.4 Closed Queueing Networks 

Consider a closed queueing network of M queues with a finite popula­
tion of N customers. Let J-ti be the service rate of the ith exponential queue. 
Routing is, again, random with rij being the probability of a customer 
departing queue i entering queue j. We have the same state 

(3.21) 

as for the open network and the same use of the unit vector: 

1 . - (0 0 0 . . . 1 ... 0) -, - '" , (3.22) 

If one equates the net flow out of state 1l. with the net flow into state 
1l. one has [KOBA] the global balance equation at state n: 

M M M 
~J-tjp(1l.) = ~ ~J-tjrjiP(1l.+Lj-L) (3.23) 
;=1 i=lj=1 
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The left hand side of this equation corresponds to customers leaving 
state n.. through queue departures while the right hand side corresponds to 
entering state n.. from state n..+1..j-1..j through a transfer of customers 
from queue j to queue i. 

The traffic equations take the form: 

M 
8j = I; rjjOj 

j=1 

i=1,2,3 ... M (3.24) 

Interestingly, these traffic solutions do not have a unique solution. 
Any solution (01 82 03 ••• OM) multiplied by a real number k, 
(k81 k02 k83 ••• kOM ) i~ also a solution. , , , 

one: 

To solve the global balance equation rewrite the traffic equations as: 

M 0· 
1= I;rii-'-

j=1 0; 
i=1,2,3 ... M (3.25) 

Now multiply J£j in the global balance equation by this identity for 

M M OJ M M 
~ ~ "·r··---n(n) = ~ ~ "·r··p(n+1 ·-1 .) LJ LJ,... ,. 8. Y - LJ L.J"'J,' - -J -. 
j=1j=1 • ;=1j=1 

(3.26) 

This can be rewritten as: 

(3.27) 

Clearly this equation will be satisfied if the following local balance 
equation holds: 

8· 
~,.p(n) = II ·p(n+1 ·-1 .) 0."" - "'J - -J - • 
• 

i,j =1,2,3 ... M (3.28) 

Rearranging one has: 
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( e. )( e. )-1 
p(nJ = --i: J.l: p(ll+L;-L) i,j =1,2,3 ... M (3.29) 

This is equivalent to: 

(3.30) 

Expanding: 

(3.31) 

Continuing the recursion to zero out the ith term one obtains: 

(3.32) 

Doing this for each queue yields: 

M (e. In. p(nJ = II -' p(Q) 
.=1 J.l, 

(3.33) 

We will use the normalization of probability to find an explicit expres­
sion for p (Q): 

I;p(nJ = p(Q)C(N) = 1 (3.34) 

1 1 
p(Q) = -C-(N-) = -I;-(rr-M-r e-i ---=-)n.--,-.) 

11- i=ltJ.li 

(3.35) 

Here G(N) is a "normalization constant" that is computed over the 
finite state space of the closed queueing network. Because the summation 
for G(N) does not go over an infinite number of states, as it does open 
queueing networks, it does not factor into a product 
P1(0)P2(0)P3(0) ... PM(O). 
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We thus have the product form solution for closed queueing networks: 

1 M ((Jj )n. 
p(nJ = G(N) II -. 

1=1 III 

(3.36) 

Though not explicitly stated, G(N) is also a function of M. As dis­
cussed in chapter four, the efficient computation of G(N) is important in 
the convolution algorithm for calculating closed queueing network perfor­
mance measures. 

Finally, it should be mentioned that even though the (Jj'S do not have 
a unique solution, as long as the same values are used for the OJ'S con­
sistently in (3.36) for both G(N) and the term in brackets then p (nJ will be 
correct. 

3.2.5 The BCMP Generalization 

In 1975 F. Baskett, KM. Chandy, R.R. Muntz, F.G. Palacios pub­
lished a generalization of the product form solution in terms of networks 
consisting of servers with four possible service disciplines. The four service 
disciplines that lead to the product form solution are [BASK 75]: 

Service discipline 1: The service discipline is First In First Out (FIFO). 
All customers, regardless of class, have the same exponential service time 
distribution. The service rate can be a function of the total number of cus­
tomers in the individual queue. 

Service Discipline 2: The service discipline is processor sharing. That 
is, each of n customers receives lin of the service effort. Each class of cus­
tomer may have a distinct service time distribution (with a rational 
Laplace transform). 

Service Discipline 3: In this service discipline there is one server for 
each customer. Each class of customer may have a distinct service time dis­
tribution (with a rational Laplace transform). 

Service Discipline 4: The service discipline is preemptive-resume Last 
In First Out (LIFO). Each class of customer may have a distinct service 
time distribution (with a rational Laplace transform). 

The state description of these product form networks can be quite 
detailed (jump ahead to Fig. 3.16 for an example), state dependent arrivals 
are allowed, there are different classes of customers and some classes may 
be closed and some may be open. The product form solution for such a 
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Fig. 3.4: State Transition Diagram of Fig. 3.3 
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complex model appears in [BASK 75]. 

3.3 Algebraic Topological Interpretation of P.F. Solution 

3.3.1 Introduction 

Why does the product form solution exist and how can one explain its 
simple form? During the mid 1980's an interesting and aesthetically pleas­
ing interpretation of the existence of the product form solution became pos­
sible. The basic idea is the realization that the state transition diagrams of 
product form networks can be decomposed into an aggregation of elemen­
tary "building blocks". Because these building blocks do not interact with 
each other in a substantial way, they can be solved in isolation for the rela­
tive state probabilities. The product form solution, then, for a specific 
equilibrium state probability in terms of a reference probability is really a 
recursion that patches together these building block solutions along a 
"path" from the state of interest back to the reference state. 

This algebraic topological interpretation of the product form solution 
is important for several reasons. It gives a constructive means for arriving 
at the product form solution. It helps to explain why certain models have 
a product form solution and why others do not. It becomes possible to 
modify or select models so that they have a product form solution [RAMI 
86a,86b,89] or to construct product form models which provide perfor­
mance bounds for the more difficult to analyze non-product form networks 
[VAND]. 

In what follows these ideas will be expanded upon. The sources for 
this material are from the work of A. Lazar of Columbia University [LAZA 
84a, 84b, 84c], I. Wang of the New Jersey Institute of Technology [WANG 
86] and the author. 

3.3.2 A First Look at Building Blocks 

Consider the cyclic three queue network in Figure 3.3. The service 
times are exponential random variables. The state transition diagram is 
illustrated in Figure 3.4. The state description for this model is two 
dimensional since this is a closed network. That is, if nl and n2 are the 
numbers of customers in the upper queues, then N-nCn2 is automatically 
the number in the lower queue where N is the total number of customers in 
the network. 

Now let us look at the local balance equations of this product form 
network. Recalling the rule that allows us to pair transitions for local 
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balance, in Figure 3.5 the paired transitions which exhibit local balance are 
shown. Observing the lower left corner of the state transition diagram one 
can see that the local balance pairings mean that the flow from (0,0) to 
(1,0) equals that from (1,0) to (0,1). But the flow from (1,0) to (0,1) must 
equal that from (0,1) to (0,0). Finally the flow from (0,1) to (0,0) must 
equal that from (0,0) to (1,0). 

Thus an alternative view of local balance is that there is a circular 
flow of probability flux along the edges of the triangular sub-element: (0,0) 
to (1,0) to (0,1) and back to (0,0). With this circular flow, each edge has 
the same magnitude of probability flux. 

Continuing with this logic, each triangular sub-element (or building 
block) in the state transition diagram has a circular flow about its edge. 
This is illustrated in Figure 3.6. 

Because of the decomposition of the flow of probability flux that is 
thus possible, one can effectively remove one building block at a time from 
the remaining building blocks without disturbing its flow pattern, except 
for a renormalization. The renormalization is necessary so that the proba­
bilities of the remaining states sum to one. A completely decomposed state 
transition diagram is shown in Figure 3.7. 

If one wants to solve for p 21 for instance, one solves building block C 
in this last figure to obtain the local balance equation 

and the solution: 

PI 
P21 = -P1l 

P2 

Solving building block E one obtains the local balance equation 

and the solution: 

Finally, the building block D yields the local balance equation 

(3.37) 

(3.38) 

(3.39) 

(3.40) 

(3.41 ) 
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Fig. 3.7: Decomposed State Transition Diagram 

Fig. 3.8: MIMII System Building Blocks 
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121 

f-Ll 
PIO = --POD 

f-L2 

Substituting these solutions back into one another yields 

(3.42) 

(3.43) 

or the product form solution. What we have done is solved the building 
blocks along a path from the desired state to the reference state. Actually 
this is a conservative system. Any path between the two states would have 
produced the same results. 

If we solve for all the state probabilities we can deduce that: 

(3.44) 

One more point needs to be made. The state transition diagram of 
Figure 3.4 is the same as that for an open network of two queues in series, 
with an upper bound on the total number of customers in both queues. In 
the diagram the upper bound, N, takes the form of the boundary 
nl+n2::;N. As N--+oo and we go to an open network of two infinite 
buffer queues in series the state transition diagram becomes infinite in 
extent but everything that has been said about the building block structure 
still holds. 

Example: Consider the (open) M/M/1 queueing system. The state 
transition diagram is constituted of building blocks consisting of two tran­
sitions each. For the infinite buffer M/M/1 queueing system there are an 
infinite number of such building blocks. In the case of the M/M/1/N finite 
buffer system, Figure 3.8, a finite number of such building blocks are 
pasted together. Note that the same state transition diagram models a 
(closed) cyclic queueing system of two queues. 

Naturally there is only one path from any state to the usual reference 
state, Po' 

Example: Consider a closed cyclic network of four queues with 
exponential servers and with only two customers in the network. The state 



122 

transition diagram is three dimensional and appears in Figure 3.9. The 
basic building block consists of four edges along a tetrahedron shaped 
volume of space. One could show that there are circular and equal valued 
flows of probability flux along the edges of these tetrahedrons and that any 
state probability can be found by solving these tetrahedrons along a path 
back to the reference probability. 

Note that the state transition diagram of Figure 3.9 is the same as 
that for an open network of three queues in series, with an upper bound on 
the total number of customers in the queues. This bound takes the form of 
the plane boundary nl+n2+n3~N in the state transition diagram. As 
N -+00 one has a system of infinite buffer queues and the state transition 
diagram consists of an infinite number of tetrahedral building blocks. 

\l 

We have seen that the state transition diagrams of a number of pro­
duct form networks can be decomposed into elementary building blocks. In 
fact, as we shall see, this is true of any product form network. One can also 
look at the reverse case, the construction of state transition diagrams out 
of elementary building blocks. We will call the process of aggregating 
building blocks to form a state transition diagram, geometric replication. 
The reason is that the same geometric building block is usually replicated 
to form the overall diagram. Note that in the language of mathematical 
topology one would call a building block a "cell" and a state transition 
diagram would be called a "complex". Thus [LAZA 84a]: 

Definition: The constructive process of aggregating multi-dimensional cells 
into a complex is referred to as geometric replication. 

The geometric replication of cells or building blocks is useful in 
explaining the nature of the product form solution. It will also be useful 
later in devising models with this solution. 

3.3.3 Building Block Circulatory Structure 

In this section the ideas of the last section will be made more precise 
[WANG 86]. 

Definition: The circulatory structure of a state transition diagram is the 
pattern of probability flux on the diagram transitions. 

Perhaps the most important property of building blocks for product 
form networks is that they can be embedded into the overall state transi­
tion diagram without affecting the flow pattern of the rest of the diagram, 
except for a renormalization. This property is what allows one to solve 
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Fig. 3.9: State Transition Diagram for Four Queue Cyclic Network 
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building blocks in isolation in order to generate the recursive product form 
solution. 

Definition: An isolated circulation consists of the probability flux along a 
subset of state transition diagram edges for which there is conservation of 
this flow at each adjacent state when the edges are embedded in the overall 
state transition diagram. Thus the relative equilibrium probabilities for 
these states can be solved for in isolation without considering the rest of 
the state transition diagram. 

Definition: A cyclic flow is an isolated circulation in the form of a single 
cycle. 

The "circular flows" of the building blocks of the previous section are 
cyclic flows. We can summarize by saying: 

Duality Principle: There is a duality between the existence of local balance 
and the existence of isolated circulations. That is, the existence of local 
balance leads to isolated circulations and the presence of isolated circula­
tions leads to local balance. 

Proof: The former follows from the usual queueing interpretation of 
local balance. The latter follows from the definition of an isolated circula­
tion. 

In other words, in observing local balance for a pair of transitions at a 
state, one is observing an isolated circulation passing through the state. 

We will now characterize the building blocks: 

Definition: A cyclic flow about L edges is said to be of length L. 

Now let's recall the examples of the previous section for both open and 
closed networks. We can construct a table showing the lengths of the 
building blocks for the various cases: 

Table 3.1: # of Queues vs. L 
Closed Open L 

2 1 2 
3 2 3 
4 3 4 
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This suggests the following: 

Theorem: For a Markovian product form queueing network where the 
state of a queue is described by the number of customers in the queue, a 
closed path of L queues corresponds to an L length cyclic flow and an open 
path of L queues (into, through, and out of the network) corresponds to a 
L+1 length cyclic flow. 

Proof: To prove this for a closed network is straight forward. Each 
queue in a closed path of L queues contributes one transition so the build­
ing block is of length L. For an open network of L queues each queue con­
tributes one transition. There is also one additional transition that can be 
thought of as being due to a "virtual queue" that connects the output to 
the input. The transition rate of this additional transition is just the 
arrival rate to the network. This gives building blocks of length L+ 1. 

\l 

Next, let's characterize the sequence of events in a queueing network 
that are associated with, or serve to generate, a building block: 

Definition a: For a closed network a relay sequence is a series of successive 
events consisting of a customer leaving queue i to enter queue j, followed 
by a departure from queue j which enters queue k, ..... finally followed by 
an arrival back into queue i. Each of the queues is distinct and they form 
a closed cyclic path through the queueing network. 

The sequence of events associated with a building block is called a 
relay sequence because a customer arriving at a queue is followed by a cus­
tomer leaving the same queue. For a FIFO discipline this is not the same 
customer unless the queue is empty. It is as if customers are carrying a 
baton around a closed path, as in a relay race. There is an analogous 
definition for an open network: 

Definition b: For an open network a "relay sequence" is a series of succes­
sive events corresponding to an arrival into queue i from outside the net­
work, followed by a departure from queue i to queue j, followed by a 
departure from queue j to queue k, ..... followed by a departure from the 
network. Each of the queues is distinct. 

These ideas will now be expanded upon through a series of examples: 

Example: Consider two queues, with exponential servers, in series 
forming an open network with Poisson arrivals, as in Figure 3.10. AI; has 
been mentioned, if the system has an infinite number of buffers the state 
transition diagram has building blocks as in Figure 3.7 but is infinite in 
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Fig. 3.10: Series (Tandem) Open Network 

Fig. 3.11: Blocking State Transition Diagram 
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extent. The product form solution for this network is: 

(
A )n'r A )n. 

Pn,n, = -I - POD 
Itl J t 1t2 

Suppose now that there is an upper bound on the number of custo­
mers in each queue: nl::;nl,max,n2::;n2,max This gives rise to the state 
transition diagram of Figure 3.11 with vertical and horizontal boundaries. 
This blocking network is now a non-product form network. 

Why is this so? What has happened is that there are no longer 
integral building blocks along the upper and right side rectilinear boun­
dary. Put another way, the pairing of transitions for local balance has been 
disrupted along these boundaries. That is, there are transitions along the 
boundary that are missing their natural partner for local balance pairing. 
This deficiency along the boundary disrupts the flow of probability flux 
throughout the state transition diagram so that there are no longer cyclic 
flows about the remaining integral building blocks and the product form 
solution no longer exists. Nico van Di.ik of the Free University, The Neth­
erlands, has written [V AND] that there is a "failure" of local balance in 
such a case. At this point the only way to calculate the state probabilities 
directly is by numerically solving the set of linear global balance equations. 

Not every boundary destroys the product form solution. For instance, 
suppose that we have an upper bound on the total number of customers in 
both queues. As has been mentioned this leads to the state transition 
diagram like that of Figure 3.4. This queueing network has the same pro­
duct form solution, except for the normalizing value of POD' as that for a 
similar infinite buffer network. What is different, compared to the blocking 
network, is that the diagonal boundary n 1+n2 ::;N allows integral building 
blocks and local balance pairing for all transitions, and thus the product 
form solution exists. 

Finally, consider another modification where if either of the queues is 
full, customers will "skip" over it. The state transition diagram is shown 
in Figure 3.12. There are now integral building blocks of length two along 
the upper and right boundaries and integral building blocks of length three 
throughout the interior. Again there is local balance, cyclic flows and the 
same product form solution holds. 

V 

Example: In this example we will look at the effect of random rout­
ing on the building block structure. The example involves a multiprocessor 
model. 

A multiprocessor system [RW AN] consists of a group of processors 
interconnected with a group of memory modules. A closed Markovian 
queueing model of a multiprocessor system is shown in Figure 3.13. That 
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Fig. 3.13: Multiprocessor Queueing Model 
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is, the service times are exponential. From before, we know that this is a 
product form network. This model consists of three queueing systems 
arranged in a cyclic fashion. Two of the systems are comprised of a number 
of parallel queues and represent, respectively, the CPU's and memory 
modules. Routing into each of the two banks of parallel queues is random. 
That is, customers (really jobs) enter the m CPU's with probability 
al,a2' ... am and customers enter the n memory modules with probabili­
ties f3t>f32, ••• f3n' The third system is a single queue, departures from 
which represent submissions of jobs (or interactive commands) to the com­
puter system. 

In this multiprocessor system a customer leaving the memory module 
bank can proceed directly back to the CPU's with probability 8 or it may 
go to the job submission queue to wait for its next execution with probabil­
ity 1-8. To simplify the following discussion we will concentrate on the 
special case when 8=0. 

For this reduced system, a "relay sequence" is a sequence of successive 
events corresponding to a customer entering a CPU queue followed directly 
by a customer departure from that CPU into a memory module followed 
directly by a customer departure from that module back to the job submis­
sion queue. Again, the departing customers are not necessarily the same as 
the arriving customers. 

We will look at two types of building blocks, the second of which is a 
decomposed part of the first. The structure of the first building block for 
this m CPU and n memory module system is shown in Figure 3.14. Assume 
that "a" is a state (kl,k2' ... kl ... km,km+l ... km+n ) where kl is the 
#- of customers in the lth queue and the job submission queue is non­
empty. A customer leaving the job submission queue corresponds to a 
transition into one of the 1,2 m CPU states, i.e., 
(kl,k2' ... kl+l' ... km,km+l' ... km+n)' A customer leaving a CPU 
corresponds to a transition into one of the m+l, m+2 ... m+n memory 
module states. Finally a memory module departure corresponds to a tran­
sition back to state a. 

Thus, in queueing terms, this first building block is generated by all 
possible relay sequences starting from state a. The building block's net 
flow into and out of the block's states balance when the block is embedded 
in the state transition diagram. The building block is a subgraph whose 
relative state probabilities can be solved for in isolation. 

Now let us consider the second type of building block. Let PI be the 
state probability that the customer is in the CPU queue I if 1 SiS m and 
in memory module I if m + 1 SiS m +n. Using flux conservation at a CPU 
state 

n 
E f3jP-IPI = P-IPI 
;=1 

1=1,2,3 ... m (3.45) 



and at a memory module state: 

m 

JlI PI = f31- m I: Jli Pi 
i=1 

Solving these for PI yields: 

PI = Pa 
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l=m+1,m+2, ... m+n (3.46) 

1=1,2,3 ... m (3.47) 

l=m+1,m+2, ... m+n (3.48) 

The circulatory structure of the building block of Figure 3.14 can be 
decomposed into an aggregation of smaller cyclic flows which are associated 
with smaller building blocks. For instance, aj A, the flux from state a to 

n 
state i, where 1 SiS m, can be decomposed as I: ai f3; A in which aj f3; A is 

;=1 
the portion of flow which corresponds to departures from the ith CPU des-
tined for the jth memory module. The flow corresponding to departures 
from memory module j can also be decomposed into sub-flows. These are 
proportional to al,a2, ... am' 

The circulatory structure of the first building block of Figure 3.14 
with its splits and joins of flux can thus be decomposed into an aggregation 
of simple cyclic flows embedded along smaller building blocks. Each such 
flow corresponds to a specific relay sequence originating from state a. One 
such cyclic flow jbuilding block is shown in Figure 3.15. It illustrates a 
relay sequence with m=n=3 involving the 2nd CPU and the 1st memory 
module. 

These cyclic flow building blocks can also be solved in isolation for the 
equilibrium probabilities. They are pasted together along edges to form 
the larger building block of Figure 3.14. They form the most basic decom­
position possible of the overall circulatory pattern of the multiprocessor 
state transition diagram with this state description. 

"V 

Example: Consider now a different queueing system example. This is 
a FIFO queue processing two different classes of customers. The server is 
exponential with rate Jl for both classes. The state consists of the class of 
the job in each queue position. The state transition diagram of this queue­
ing system is shown in Figure 3.16. The numbers associated with each 
state represent the class of each job in each queueing system position. In 
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Fig. 3.14: First Multiprocessor Building Block 

Fig. 3.16: Second Multiprocessor Building Block 
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Fig. 3.16: FIFO Single Queue State Transition Diagram 
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the diagram's notation they are served from left to right. 

This is a product form network. There are cyclic flows in the state 
transition diagram. In terms of queueing system events these correspond to 
a shift register like behavior: 

Definition: A "shift register sequence" for a FIFO multiclass product form 
queue where the state involves the customer class at each queue position is 
a sequence of successive queueing events corresponding to a class i depar­
ture followed by a class i arrival followed by a class j departure (j may =i) 
followed by a class j arrival, and so on, terminating when the queue returns 
to the original state. This sequence of events generates the state transition 
diagram building blocks. 

For instance the state transition sequence: 

121-+21-+211-+11-+112-+12-+121 

corresponds to a cyclic flow of length six. The state transition diagram of 
this queueing system consists of cyclic flows of different lengths. There is a 
group of local balance equations for each cyclic flow which can be solved 
without regard to the rest of the state transition diagram. 

Let stage i=I,2 ... in the diagram consist of the transitions between 
states with i and i-I total customers in those states. The cyclic flows exist 
in a single stage. Moreover, there are cyclic flows of different lengths 
within the same stage (Table 3.2). This is because the shift register like 
behavior may return the system to a starting state with a number of shifts 
less than the queue length (consider 1212). 

Table 3.2: Number of Cyclic Flows 

Stage 
Circulation Length 1 2 3 4 5 6 

2 2 2 2 2 2 2 
4 1 1 1 
6 2 2 
8 3 

10 6 
12 9 

Total 2 3 4 6 8 14 

If nl is the number of class one customers in the queueing system and 
n2 is the number of class two customers in the queueing system then: 
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Note that in having the state of the system indicate the queueing 
order of the two classes, one has a more detailed decomposition of the state 
transition diagram then that when the state indicates only the total 
number of each class at a queue. The cyclic flows in the state transition 
diagram of Figure 3.16 are a decomposition of isolated circulations in the 
diagram where state does not indicate queueing order. 

For networks of such FIFO queues the basic geometric building block 
is also generated by shift register like sequences. As an example, consider 
the cyclic two queue system of Figure 3.17. The state transition diagram is 
shown in Figure 3.18 for four customers. Here p,[l, for instance, indicates 
the service rate of the 1st queue for class II customers. To obtain a pro­
duct form solution, service rates must be class independent. Then 

where nl and n2 are the number of class I and class II customers in the 
upper queue, respectively. 

Cyclic flows exist between adjacent columns of states in the diagram 
of Fig. 3.18. One such cyclic flow corresponds to the state transition 
sequence: 

where the state of the upper queue appears at left. 

Note that the sequence starts with a class 1 customer leaving the lower 
queue followed by a class 1 departure from the upper queue. While this is 
reminiscent of a relay sequence, one has not returned to the original state 
since the customer order in both queues is changed. The sequence thus 
continues cycling until it returns to the original state. It is as if a shift 
register sequence, in the context of a queueing network, is comprised of 
successive relay sequences. Let's make precise the sequence of events that 
generate the state transition diagram building blocks. 

Definition: For a closed FIFO product form network in which the state 
indicates the class of customer at each queue position a "shift register 
sequence" is a series of successive queueing events beginning with a custo­
mer leaving queue i to enter queue j, followed by a departure from queue j 
which enters queue k ... followed by an arrival back into queue i. If the 
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Fig. 3.17: Closed FIFO Network 

Fig. 3.18: Closed FIFO Network State Transition Diagram 
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network is not now in the original state, the previous series of events 
repeats until the network returns to the original state. Again, each of the 
queues is distinct and they form a closed cyclic path through the queueing 
network. 

Definition: For an open FIFO network in which the state indicates the 
class of customer at each queue position a "shift register sequence" is a 
series of successive events beginning with an arrival into queue i from out­
side of the network followed by a departure from queue i to enter queue j, 
followed by a departure from queue j which enters queue k ... followed by a 
departure from the network. If the network is not now in the original 
state, the previous series of events repeats until the network, returns to the 
original state. In the sequence, network departures of one class are fol­
lowed by network arrivals of the same class. Each of the queues is distinct. 

Theorem: For a FIFO product form queueing network where the state is 
described by the class of each customer in each queue position, and for 
which there is a consistent (see below) set of local balance equations, a 
closed path of N queues corresponds to a cyclic flow of length M (M :::; N) 
multiplied by the total number of customers in the path. An open path of 
N queues corresponds to a cyclic flow of length M (M :::; N+1) multiplied 
by the total number of customers in the path. 

Proof: The cyclic flow of greatest length occurs when each customer must 
be shifted completely around the cyclic path of queues (N for a closed path 
and N+l for an open path with returns through a virtual queue). For cer­
tain states customers may not have to be shifted around the entire path to 
bring the system back to the original state. This accounts for the inequali­
ties in the Theorem. 

For networks of LCFS queues in which the state indicates the class of 
customer at each queue position the basic geometric building block is gen­
erated by a relay type sequence. The difference is that, because of the 
LCFS discipline, the job departing the first queue in a closed path is the 
same job that eventually returns. For an open path a job of the same class 
returns. 

3.3.4 The Consistency Condition 

Recall that the approach adopted in the previous sections calls for 
decomposing the state transition diagram into its building blocks and for 
solving the associated local balance equations. In the two dimensional case, 
we have noted the existence of distinct paths connecting some arbitrary 
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states with the reference state. This property is not observed in the one 
dimensional case since the state transition diagram is a tree and hence a 
unique path links any node to the reference solution. 

Thus the problem of consistency of the set of local balance equations 
arises as a result of the existence of distinct paths from an arbitrary state 
to the reference state. If, by taking alternate paths, the equilibrium proba­
bilities for the same state are different, the set of local balance equations is 
not consistent. 

As in the lower dimensional case the set of global balance equations 
must be decomposed into a set of local balance equations. Such a decom­
position is, however, not unique. In addition it is not clear whether the 
resulting set of local balance equations is consistent. If the local balance 
equations are consistent, however, they are equivalent with the global bal­
ance equations. This is because the latter has a unique solution. 

To derive the necessary and sufficient conditions for the consistency of 
a set of local balance equations, we define the following consistency graph 
[LAZA 84Cj: 

Definition: A consistency graph is an oriented graph, topologically 
equivalent with the original state transition diagram. In addition, it has 
the property that the probability at each node is equal to the probability 
of any adjacent node multiplied with the value of the associated edge con­
necting the two nodes. 

The class of consistency graphs of interest to us derives the algebraic 
values associated with the arcs directly from the set of local balance equa­
tions. Thus, the consistency graph can be seen as an "easy to read" graph­
ical representation of the proposed solution for the local balance equations. 

Example: Consider the state transition diagram of Figure 3.4 for the 
three queue cyclic Markovian queueing network of Figure 3.3. The con­
sistency graph for this system appears in Figure 3.19. It is the consistency 
graph for what is, at this point, a proposed solution and associated local 
balance equations. For instance, the relationship between p 21 and p 11 is: 

Now choose any path (open or closed) on the consistency graph. Asso­
ciated with it is an algebraic value called the product of the edges or simply 
the product. For example, with the path from state (0,0) to (0,1) to (1,1) 
to (1,2) is associated the product: 
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Note that reversing the orientation of an arc of the consistency graph 
with value a results in an arc with value a -1. We can now state the fol­
lowing consistency theorem [LAZA 84c]: 

Theorem: A system of local balance equations is consistent if and only if 
any closed path of the consistency graph has the product equal to one. 

Proof: Assume that there is a closed path in the consistency graph 
such that its product is not equal to one. Therefore, for at least one node 
belonging to this path, there are two distinct paths leading to the reference 
node which do not have the same product. Thus two different values for 
the probability associated with such a node can be obtained. Hence, the 
local balance equations are not consistent. 

The sufficiency part of the theorem can be shown by direct computa­
tion. The product of an arbitrary path connecting node (n l' n 2, n 3' ... nm ) 

with the reference node (0,0,0, ... 0) is an algebraic invariant. This is 
because, by assumption, the product of any closed path is equal to one and 
reversing the orientation of any edge with value a results in an edge with 
value a-I. The probability at node (n ll n2,n 3, ... nm ) is, therefore, equal 
to the product of the path connecting this node with the reference node 
times the probability of the reference node. 

\l 

Hence to determine the consistency of the set of local balance equa­
tions, the product of any closed path of the consistency graph has to be 
computed and compared with the value one. This will be referred to as the 
consistency condition. Naturally, the consistency condition is redundant 
for some closed paths. The minimum set of products needed to verify the 
consistency condition is investigated from a topological point of view in 
[LAZA 84c]. 

It is easy to verify for Figure 3.19 that the product of any closed path 
is one and thus there is a consistent set of local balance equations, a build­
ing block decomposition and a product form solution. 

3.4 Recursive Solution of Non-Product Form Networks 

3.4.1 Introduction 

In terms of applications, there are many important and useful non­
product form models. In general, these do not have closed form solutions 
for their equilibrium probabilities. However quite a few models are amen­
able to setting up a series of recursive equations to determine their 
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equilibrium probabilities. 

The idea of using recursions was first discussed in a systematic way by 
Herzog, Woo and Chandy [HERZ][SAUE 81]. To date such recursions have 
usually been developed for relatively simple systems with one or two 
queues. However there has been some work on algorithmically determining 
such recursions [PARE] [ROBE 89]. 

In what follows two classes of non-product form models for which 
recursive, or at least decomposed, solutions are possible will be presented. 

In [LAZA 87] a class of non-product form networks is described whose 
state transition diagrams can be shown to be equivalent to a lattice tree of 
simplexes. In this "flow redirection" method the state transition diagram 
geometry is manipulated by equivalence transformations. Sequential decom­
position refers to the related process of solving one subset of states at a 
time for the equilibrium probabilities: 

Definition: A solvable subset of queueing network states is a subset of 
states for which the equilibrium probabilities can be determined without 
regard to the equilibrium probabilities of the remaining unknown states. 
Here probabilities are determined with respect to a reference probability. 

Note that the direct solution of linear equations takes time propor­
tional to the cube of the number of equations. If P states can be solved as 
S subsets then the computational effect is proportional to (P /8)3 *8 rather 
than p3. 

Two types of structure which allow the state transition diagram to be 
decomposed into solvable subsets will now be presented. The first type of 
structure [ROBE 89], is illustrated in Fig. 3.20. Here each circular subset 
represents a state or a group of states. For the ith subset the rule is that 
there must be only one state external to the subset, with unknown proba­
bility, from which a transition(s) entering the subset originates. The sub­
sets are solved sequentially, starting from the first subset to the second 
and so on. There is no restriction on the number of transitions which may 
leave the ith subset for destinations in the j=i+l,i+2, ... subsets. This type 
of structure will be referred to as type A structure. 

The second type of structure is illustrated in Fig. 3.21. Here the first 
subset consists of a single state. The remaining subsets each consist of a 
state or a group of states. These are arranged in a tree type of 
configuration with the flow between subsets from the top of the diagram to 
the bottom and a return flow from the bottom level back to the top level. 
The subsets may be solved from the top to the bottom. Transitions may 
traverse several levels (e.g. dotted line in the figure) as long as the direction 
of flow is downward. This type of structure will be referred to as Type B 
structure. 

It is possible to write recursive equations for the equilibrium probabili­
ties when each subset in the Type A or Type B structure consists of a 
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Fig. 3.20: Type A Structure 

Copyright 1990 IEEE 

Fig. 3.21: Type B Structure 

Copyright 1990 IEEE 
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single state. In order to understand how recursive solutions are produced it 
is helpful to take a closer look at the Type A and B structures when one 
state at a time is decomposed. Figure 3.22 illustrates how a solution is 
arrived at for the Type A structure. A balance equation is solved for a 
state whose probability is already known. The state must have only one 
incoming transition from another state with unknown probability. When 
the balance equation is solved this other state probability becomes known. 
Often, this other state provides the next balance equation for solution. 

Figure 3.23 illustrates how a solution is arrived at for the Type B 
structure. A balance equation is solved for a state with unknown probabil­
ity where all incoming transitions originate from states with known proba­
bilities. 

A number of examples of the recursive solution of practical queueing 
networks follows. They are from [WANG]. 

3.4.2 Recursive Examples 

A. Two Blocking Tandem Queues 

This first example concerns two queues in tandem with finite buffers. 
The first queue has a buffer size of M and the second queue has a buffer size 
of one. Here 0 is the system arrival rate and Ai and p, are the service rates 
of the first and second queues, respecLively. The arrival rate of the first 
queue is state dependent. As with all examples in this correspondence, the 
arrival process is Poisson and service rates follow an exponential distribu­
tion. Recursive equations for this case appear below. The state transition 
diagram is illustrated in Fig. 3.24. 

Initialize: 

Iterate: i=l, ... ,M-l 

p(0,0)=1.0 

P (O,l)=(oj p,)p (0,0) 

p (i ,0)=( ojA; )[p (i -l,O)+p (i-l,l)] 

p (i ,l)=(oj p,)[p (i-l,l)+p (i ,0)] 

Terminate (Right Boundary): 

P (M,O)=(ojAM )[p (M-l,O)+p (M -1,1)] 

(3.49) 
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p (M,I)=(6/ f-t)p (M-I,I) 

These equations have a simple form. The structure is Type A. It 
should be noted that the equations are not unique. It is also possible to 
take state dependent arrival rates into account for this and the remaining 
examples. Recursive equations for the case when the second queue's buffer 
is of size two appears below. Here f-tj is the state dependent service rate of 
the second queue. The state transition diagram is illustrated in Fig. 3.25. 

Initialize: 

p (-1,2)=0.0 

p(0,0)=1.0 

p (0,1)=(6/ f-tl)P (0,0) 

Iterate: i=I,2, ... ,M-l 

where 

p(i,I)=61 (i)/g(i) 

I (i)=(6+A;)(6+f-t2)[p (i -1,O)+p (i-l,I)J 

+6(O+A;)p (i-2,2)-A; (0+f-t2)P (i-l,O) 

9 (i)=A; [f-tl(0+f-t2)+(6+A; )(6+f-t2)-O{t5+Aj)J 

p (i ,0)= [1/(t5+A; )][6p (i-l,O)+f-tlP (i ,I)J 

p (i-l,2)=[I/(6+f-t2)J [Aj p (i ,1)+t5p (i-2,2)J 

Terminate (Right Boundary): 

where 

P (M,I)=61' (M)/ g (M) 

I' (M)=AM(0+f-t2)P(M-l,I)+OAMP(M-2,2) 

g (M)=A2Mf-t2+AMf-tl(t5+f-t2) 

(3.50) 
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Fig. 3.26: Tandem Queues: Buffer Size 2 for 2nd Queue 
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P (M,O)=[l/(>W )][op (M-l,0)+JL1P (M,l)] 

P (M -1,2)=[1/(O+JL2)][AMP (M ,l)+op (M -2,2)] 

P (M,2)=(O/JL2)P (M -1,2) 

Again, the structure is Type A. The first subset consists of (0,0). 
Then subsets consist of the states (i-l,l), (i-l,2) and (i,O) for i=1,2 ... M. At 
the right boundary the last subset consists of (M,l) and (M,2). It appears 
that these equations can not be extended to a larger buffer size for the 
second queue because of the resulting geometry of the state transition 
diagram. The case where the first queue's buffer is of size one or two and 
the second queue's buffer is of size M can be handled through a straightfor­
ward change of variables. 

B. An ISDN Protocol 

Consider a channel that can service either voice or data transmissions 
[SCHW 87]. The transmitter. contains a buffer of size N for data packets. 
A voice call can seize the channel with rate Al if no data packets are in the 
buffer. It is serviced at rate 1'1' If a voice transmission has seized the chan­
nel, then data packets can not be serviced but are buffered. Data packets 
arrive at rate A2 and are serviced at rate 1'2' The state transition diagram 
appears in Fig. 3.26. Interestingly the upper row of the diagram has the 
Type B structure and the lower row has the Type A structure. The recur­
sive equations appear below. We note that the recursive expression for the 
row 1 appears in [SCHW 87J. 

Initialize: 

Iterate: i=I, ... ,N-l 

p(0,0)=1.0 

P (0,1)=[Al/(A2+JL1)]P (0,0) 

P (i ,0)=(A2/ JL2)[P (i-l,O)+p (i-I,I)] 

p (i ,1)= [A2/(A2+JL1)]P (i-l,l) 

Terminate (Right Boundary): 

p (N,0)=(A2/ JLz)[p (N -I,O)+p (N -1,1)] 

p (N,1)=(A2/JL1)P (N-I,l) 

(3.51) 
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C. A Window Flow Control Protocol 

Consider the queueing system of Fig. 3.27 which models a window 
flow protocol [SCHW 87J. Packets are sent from the lower queue (source) 
through a channel (upper queue) to the destination (W box). The W box 
only releases packets when all W packets in the closed queueing network 
are in the W box. This models a reception acknowledgement of the entire 
group of packets. The state transition diagram appears in Fig. 3.28. The 
structure is type B. The recursive equations are: 

Initialize: 

p(0,0)=1.0 

Iterate: i=1, ... ,W-1 

Iterate: j=l, ... ,W-l 

p (i ,0)=[A/(A+~i )Jp (i -1,0) 

P (W,O)=(AI ~w)p (W -1,0) 

p (O,j)=(~dA)p (1,j-1) 

Iterate: i=l, ... ,W-j-l 

p (i ,j)=[(l/(~i+A)][Ap (i-l,j)+~i+1P (i +1,j-1)J 

p(W-j,j)= 

(II ~W-j )[Ap (W -j-l,n+~w-j+1P (W-j +1,j-1)J 

3.4.3 N umerieal Implementation of The Equations 

(3.52) 

Scaling problems are possible with the use of some of these equations. 
As an example, consider equation (3.49). The first queue may be viewed 
approximately as an MIMll queue. The equilibrium probability at the ith 
state is equal to A/~ times the equilibrium probability at the (i-1)th state. 
Here, A is the arrival rate, and ~ is service rate. Thus, for instance, the 
probability that there are one hundred packets in the buffer is (AI ~ )100 

times the probability that the buffer is empty. This can naturally lead to 
numerical scaling and underflow problems. 
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Fig. 3.28: State Transition Diagram of Fig. 3.27 
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One form of automatic scaling is possible in this if it is clear which 
section of the state transition diagram corresponds to light traffic and 
which corresponds to heavy traffic. This is the case for the linear state 
transition diagram associated with equation (3.49). The equilibrium proba­
bilities are then calculated in this roughly monotonic order. When the size 
of equilibrium probability begins to approach the computer register size, it 
is scaled downward by a factor which brings the equilibrium probability 
down to the lower limit of machine register size. 

3.5 Case Study I: Queueing on a Space Division Packet Switch 

3.5.1 Introduction 

As long as there have been telephones, and more recently with mul­
tiprocessor systems, a basic problem has been the interconnection of N 
inputs and N outputs. That is, how does one design a box, as in Figure 
3.29, that simultaneously provides connection paths from the multiple 
inputs to multiple outputs. In traditional telephony the paths are actual 
circuits through the interconnection network (or simply the "switch") that 
are in use for the duration of a call. In the more modern packet switching 
technology, packets of bits pass through the interconnection network. A 
packet is a finite series of digital bits, some of which represent control 
information such as the destination address and some of which represent 
the actual information being transmitted. 

A simple way to design an interconnection network is with a cross-bar 
architecture. In an NxN crossbar switch, as in Figure 3.30, inputs are con­
nected to s,ay, horizontal wires (buses) and outputs to vertical buses. There 
is a switch, which can be independently closed or opened, everywhere a hor­
izontal bus crosses a vertical bus. These are the interconnection 
crosspoints. An "X" in the figure indicates a closed switch, creating a path 
from input to output. Such a cross-bar switch is said to be a "space­
division" switch in that the distinct paths through it are spatiaIly 
separated. 

There are a wide variety of interconnection architectures available 
[WU]. Some are blocking network:>. These reduce the number of 
crosspoints at the expense of blocking. That is, not every input can be 
connected to a different output at the same time. An input that can't find 
a path to an output is said to be blocked. Blocking networks can be 
advantageous as they reduce the number of crosspoints, a traditional meas­
ure of switch complexity, and because it may be that traffic patterns are 
such that only a smaIl number of inputs wiIl be active at one time. 

In what foIlows though, we will consider the case of a non-blocking 
packet switch, such as the crossbar, with queues at either the inputs 
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(Figure 3.31b) or outputs (Figure 3.31a). The results and methodology we 
will use were published by M.J. Karol, M.C. Hluchyj (now at Codex) and 
S.P. Morgan of AT&T Bell Laboratories in 1986 [KARO 86,87,88J. An 
alternative approach to determining the limiting throughput for input 
queueing, by J.Y. Hui and E. Arthurs of Bell Communications Research, 
was published in 1987 [HUlJ. 

But why would one consider placing queues at the input or output of 
a packet crossbar switch? The answer is that queueing arises naturally as 
packets may arrive at a number of inputs, all destined for the same output. 
Only one of these packets can use an output trunk (line) at a time and the 
others must be queued. 

In all that follows it is assumed that all packets are of the same fixed 
length. Time is slotted and one packet just fills one time slot. The switch 
is synchronous. That is, arriving packets all arrive during the same time 
slot (see Figure 3.32). 

The switch can be designed in two ways, with the queues at the inputs 
or the outputs. If the switch runs at the same speed (switches) as the 
input and the output, then only one packet can reach a specific output dur­
ing a time slot and queues must be present on the switch inputs to hold 
packets that must wait, as in Figure 3.31b. On the other hand, if the 
switch is run N times as fast as the inputs and outputs then up to N pack­
ets destined for one output can pass thru the switch at one time and the 
queueing will take place at the outputs, as in Figure 3.3Ia. 

Intuitively, one would expect that queueing at inputs will result in 
longer average queue lengths, and thus longer average waiting times, than 
queueing at outputs. This is because for input queueing a packet that may 
be able to pass through the switch in a given time instant may be forced to 
wait in the input queue behind a packet whose output is busy. In what 
follows, this superiority of output queueing over input queueing will be 
quantified. 

3.6.2 Output Queueing 

It will be assumed that packet arrivals on the N inputs obey indepen­
dent and identical Bernoulli processes. The probability that a packet 
arrives at each input during each time slot is p. Naturally, p is the utiliza­
tion of each input. Each incoming packet has a probability of liN of 
being destined for any specific output. Successive packets on the same 
input are independently addressed. 

Let us consider a specific output queue called the "tagged" queue. Let 
the random variable A be the number of arriving packets at the tagged 
queue during a specific time slot. A should have the binomial probabilities: 

i =O,I,2 ... N (3.53) 
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In the binomial distribution the term piN is present since a packet 
arriving at the tagged output queue must have arrived at some input (with 
probability p) and then must have been destined for the tagged output 
(with independent probability liN). The moment generating function of 
the binomial distribution is: 

N . P P N 
A (z) = ~ z' Prob [A =ij = (l---':-tz-~ 

;=0 N N 
(3.54) 

If N -+00 the distribution of A approaches a Poisson distribution 
[TROMj. We have: 

_ . e-ppi 
a· = Prob[A=z] = ---I ., 

!. 
i=O,1,2 ... (3.55) 

The moment generating function is: 

N . 
A (z) = ~ z' Prob [A =i] = e-p(l-z) (3.56) 

;=0 

Now we will write down a discrete time equation governing the tagged 
output queue. Let Qm be the number of packets in the tagged queue at 
the end of the mth time slot. Let Am be the number of arriving packets 
for the mth time slot. Then: 

(3.57) 

The -1 above is due to the packet which is transmitted by the output 
queue during each time slot. The number in the tagged queue is drawn in 
terms of a discrete time state transition diagram in Fig. 3.33. A little 
thought will show that it is identical to the state transition diagram of 
Figure 2.26 for the MIGll queue. Thus, using the same approach as in 
chapter two, one winds up with a result for the moment generating func­
tion of the distribution of the number in the queue which is remarkably 
similar to equation (2.248): 

Q(z) = (l-p)(l-z) 
A (z )-z 

(3.58) 
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Here, compared to (2.248), p is replaced by p and K(z) is replaced by 
A(z). There is no A(z) multiplying this expression, as K(z) does in (2.248), 
as the queueing system under consideration doesn't have a customer in a 
separate server. 

Substituting A(z) for the binomial distribution from before one has: 

Q(z)= (l-p)(I-z) 

(1-4zL )N - z 
N N 

(3.59) 

One approach now would be to invert Q(z). An alternative approach, 
discussed in [KARO 87] is a recursive algorithm to compute the steady 
state probabilities of the number in the tagged output queue. We will turn 
our attention though to simply calculating the average number in the 
queue. This can be accomplished by differentiating the above equation 

with respect to z and then letting z-+1 (i.e. ~ f; Pi zi I = f; iPi for 
dz i=O z=l i=O 

some probability density Pi). The average number in the queue is then 
given by: 

- _ (N-1) p2 _ (N-1) -
Q - N X 2(1-p) - ~QM/D/l (3.60) 

Here QM/D/l is the average queue length for an M/D/! queue modified into 
the context of this discrete time problem. From the above it is apparent 
that as N-+oo, Q-+QM/D/l. 

Actually, as N -+00 the equilibrium probabilities of the number in the 
queue also converge to those of an M/D /1 queue. To see this, one uses the 
previous expression for A(z) for the Poisson distribution to obtain: 

lim Q (z) = (1-p )(1-z) 
N-too e-p(l-z) - z (3.61) 

This is the moment generating function of a comparable discrete time 
M/D/l queue. 

Finally we will calculate the average waiting time experienced by a 
packet arriving at the tagged queue during the mth time slot. The service 
discipline is FIFO with respect to packets arriving during different time 
slots. However packets arriving during the same time slot are assumed to 
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be transmitted in random order. 

To calculate the average waiting time, use will be made of Little's 
Law. The arrival rate into the tagged queue is the total switch arrival rate 
(Np) multiplied by the probability that incoming packets are destined for 
the tagged queue (l/N). Thus: 

w = !L= (N-l) X P 
P N 2(1-p) 

(3.62) 

Here W M / D /1 is the average waiting time for a discrete time M/D /1 queue. 

Figure 3.34 [KARO 86] shows the mean waiting time as a function of 
p for various values of N. It can be seen that the case of N --+00 provides 
an upper bound on the average waiting time with respect to the case of 
finite N. 

3.5.3 Input Queueing 

As for the case of output queueing, arriving packets to the N inputs of 
the switch follow independent and identical Bernoulli processes. The proba­
bility that a packet arrives at each input during each time slot is p. Each 
packet is directed to one of the N outputs with probability l/N. 

In what follows, if k packets are destined for the same output, the 
switch controller picks one at random (with probability l/k) and the others 
wait for a new selection in the next slot. Other policies are possible [KARO 
87]. One could, for example, pick a packet from the longest input queue or 
one can establish priorities. 

In what follows, the case of input saturation is considered. This is the 
case when the input queue always has a packet waiting. 

Let R;" be the number of packets at the heads of the input queues 
that are blocked at the end of the mth time slot and are destined for out­
put i. That is, R;" is the number of packets destined for output i that are 
not selected by the switch controller during the mth time slot. 

Let A;" be the number of packets moving to the head of the free input 
queues, destined for output i, during the mth time slot. An input queue is 
said to be free during the mth time slot if, and only if, a packet from it 
was transmitted during the (m-l )st time slot. 

Again, one can write a discrete time equation: 
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R~ = max (O,R~_l + A~ - 1) (3.63) 

This equation is similar to the previous one for output queueing. 

The distribution of A~, the number of arriving packets to free input 
queues, destined for output i, during the mth time slot has the binomial 
probabilities 

Prob[A~=kJ = (3.64) 

where: 

N . 
Fm- 1 = N - "E R:"_l (3.65) 

i=l 

In the above binomial distribution liN is used instead of piN as p=l 
under input saturation. The variable F m-1 is the number of free input 
queues at the end of the (m-l)st time slot, or the total number of packets 
passed through the switch during the (m-l)st time slot. Thus F m-1 is also 
the total number of input queues, during the mth time slot, with new 
packets at their heads or: 

N . 
Fm - 1 = "EA:" (3.66) 

i=l 

A little thought will show that it is true that FIN =p, where p i~.Jhe 
utilization of the output lines or the switch throughput. That is, p=F IN 
is the fraction of time slots on the outputs that have packets. Moreover, 
the equilibrium number of packets destined for output i and moving to the 
head of the input queues each time slot, A j, becomes Poisson with rate p 
as N -+00. What these observations and the previous discrete time equation 
imply is that the output queueing MID II results can be used to get an 
expression for the average equilibrium value of R j. That is, as N -+00: 
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(3.67) 

While R~ does not correspond to a physical queue, all the arguments 
of the previous section carry through. Now an additional expression for 
R; can be obtained from: 

Rearranging: 

In equilibrium: 

N . 
Fm- 1 = N - :E R:"_1 

N . 
:E R:"_1 
;=1 

N 

;=1 

Fm - 1 
1--­

N 

(3.70) 

(3.68) 

(3.69) 

These two boxed expressions for Rican only be true if as N -+00 and 
under saturation: 

I p ~ (2-,12) ~ .586 (3.71) 

This is an upper bound on the throughput of any non-blocking inter­
connection network based switch using input queueing as N -+00. The fol­
lowing table illustrates the saturation throughput as a function of N (see 
To Look Further): 
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Table 3.3 

N Saturation Throughput 
1 1.0000 
2 0.7500 
3 0.6825 
4 0.6553 
5 0.6399 
6 0.6302 
7 0.6234 
8 0.6184 

00 0.5858 

This table is based on a table appearing in [BRAN]. This is confirmed 
by simulation results [KARO 86] plotted in Fig. 3.35. 

3.6 Case Study ll: Queueing on a Single-Buffered Banyan Network 

3.6.1 Introduction 

AE has been mentioned in the previous section, there are many inter­
connection networks besides that of the cross-bar architecture. One popu­
lar architecture is that of the Banyan network. A 4 stage (16x16) Banyan 
network is illustrated in Fig. 3.36. 

Rather than place queues at the inputs or outputs of the switch, 
buffers are placed within each of the switching elements (boxes). Each 
switching element is 2x2 cross-bar switch. 

The Banyan network has an important self-routing property. Label 
the outputs with binary numbers in ascending order, from the top output 
to the bottom output. These are the output addresses. When a packet 
arrives at the input to the Banyan network, the first switching element 
routes the packet to its upper output if the first bit of the destination 
address is a 0 and to the lower output if it is a 1. The second switching 
element that the packet enters uses the same routing rule for the second bit 
in the destination address and so on... Using this routing rule a packet will 
find its way to the correct output no matter which input it enters. The 
self-routing property is important as it allows routing to be done distribu­
tively. 

In what follows we will discuss the performance evaluation of a 
Banyan network where each queue, as in Figure 3.36, has a single buffer. 
This material is based on work published in 1983 [JENQ] by Y.C. Jenq, 
then of AT&T Bell Laboratories and now at Tektronix. 



I­
::;) 

0.8 

0.75 

~ 0.7 
~ 
::;) 
o 
a: 
I 
I- 0.65 
z o 
~ 
§ 0.6 

~ 
(f) 

0.55 

162 

~-----_____ -l 0.586 

0.5 CL...L.J....l.....L.L.I.....L.L.I.....L..J.....I-L..L.I.-L...J.....I..::J 
o 20 40 60 80 100 

SWITCH SIZE. N 

Fig. 3.35: Input Queueing Saturation Throughput 

Copyright 1987 IEEE 

Fig. 3.36: Four Stage Banyan Network 

Copyright 1983 IEEE 



163 

Fig. 3.37: Four Switching Possibilities for 2x2 Switch 
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Each 2x2 switching element can switch in fours ways. These are illus­
trated in Figure 3.37. If there is a packet in each buffer, then two of these 
switching arrangements lead to conflict and two do not. That is, conflict 
occurs when both packets are destined for the same output. What happens 
is that one packet is randomly selected to go to the next stage and the 
other one remains in its buffer. However a packet can only move forward 
if the buffer at the next stage is empty or if it is full but that packet is able 
to move forward. As it is put in [JENQ]: "Thus the ability for a packet to 
move forward depends on the state of the entire portion of the network 
succeeding the current stage" . 

In terms of implementation, this again is a synchronous system. Let a 
slot be 7 seconds long and be composed of 71+72 periods. During 71, control 
signals propagate from the last stage back to the first so that it is deter­
mined whether each packet can move forward or must stay in its buffer 
because it is blocked. During 72 the packets that can, move. 

3.6.2 The Model Assumptions 

How many states would a Markov model of the single buffered Banyan 
network have? Let n be the number of stages. Let each element have single 
buffers. Then a little thought will show that the number of states is 2n '2". 

Thus the number of states grows exponentially with the number of stages. 
For instance, the four stage Banyan network of Fig. 3.36 has 1.8 X 1019 

states. 

In order to make progress with such a model, Jenq made several sim­
plifying assumptions. 

First of all, loading is assumed to be balanced. That is, arriving pack­
ets are destined for each output with equal probability. The load on each 
input is O:::;q(l):::;1. 

With a balanced load the state of each switching element in stage k 
should be statistically the same. Thus Jenq looked at only a single switch­
ing element at stage k. 

Matters are also simplified if the states of the two buffers within a 
switching element are assumed to be statistically independent. On one hand 
this assumption can be justified by noting that packets entering the inputs 
of a switching element originate from disjoint and independent network 
inputs. On the other hand, packets within the same switching element do 
interfere with one another. In [JENQ] models are constructed with and 
without this assumption and the results are shown to be similar. In what 
follows we will make use of this assumption. 
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3.6.3 The Model and Solution 

Following [JENQ] closely, we now make some definitions: 

Po(k,t)= 
the probability that a switching element buffer at stage k is empty at 
the beginning of the tth clock period. 

q(k,t )= 
the probability that a packet is ready to enter a switching element 
buffer at stage k during the tth clock period. 

r(k,t)= 
the probability that a packet in a switching element buffer at stage k 
is able to move (forward) into the next stage during the tth clock 
period. 

The basic idea behind Jenq's performance evaluation will be to write a 
series of probabilistic equations, recursive in the stage number and in time, 
for the above quantities. 

First of all we have: 

q(k,t) = .75XPl(k-l,t)Pl(k-l,t) (3.72) 

k=2,3,4 ... n 

This equation relates q(k,t) to Po l(k-l,t). For instance, the first term 
multiplies out the probability that b~th buffers in the k-1 stage are filled 
with the .75 probability that one of these two packets enters the input line 
of the kth stage switching element (see Figure 3.37). This term is followed 
by two terms corresponding to only one of the buffers in the k-l stage 
switching element being filled and routing its packet, with probability 0.5, 
to the kth stage switching element. 

Next comes an equation for r(k,t): 

r(k,t) = [Po(k,t)+.75Pl(k,t)] (3.73) 
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k=I,2,3 ... n-l 

r{n,t) = [pO{n,t)+.75Pl{n,t)] (3.74) 

The first term in the brackets is the probability that, with one buffer 
in the kth stage switching element full, either the other buffer is empty or 
it full but doesn't interfere. The second term is the probability that the 
buffer in the k+lst stage switching element will be empty by the time the 
packet from the kth stage arrives. 

Finally we have: 

po{k,t+1) = [l-q{k,t)][po{k,t)+Pl{k,t)r{k,t)] (3.75) 

(3.76) 

The first term in the brackets is the probability that there is no 
incoming packet to a kth stage switching element buffer. The second term 
in brackets is the probability that the kth stage switching element buffer is 
empty or empties out. 

This set of equations models the dynamics of the system. Notice that 
they are indexed by k, slot time. If there is an equilibrium solution these 
quantities should converge to time independent values for q(k), r(k), Po( k) 
and P l(k). The equations can, in fact, be solved iteratively for the equili­
brium values. 

The two performance measures of most intere~ as usual, are 
throughput and delay. The normalized throughput, T, or the average 
number of output packets per output link per slot is: 

T = Pl{k)r{k) k=1,2,3 ... n (3.77) 

The normalized average delay T norm' is: 
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1 n 1 
=-~-

n k=l r(k) 
(3.78) 

For instance, if r(k)=0.5 for some stage k, then the delay in moving 
through that stage is 1/.5=2 slots. The normalized average delay is com­
puted by summing each stage's average delay and dividing by n, the 
number of stages. The minimal delay is thus 1.0. This corresponds to a 
delay of one time slot for each stage. 

In Figure 3.38 the average throughput is plotted versus the indepen­
dent input load parameter q(1). Below q(1)=OA the throughput grows 
linearly with input load as little blocking is occurring internal to the 
Banyan network. Beyond q(1)=OA the throughput saturates (to 045 for 
n=10). That throughput saturates is understandable because of the block­
ing that occurs when two packets in a switching element attempt to access 
the same output link or when a packet can not move forward. 

In Figure 3.39 the normalized average delay is plotted as a function of 
q(1). From this graph it appears that normalized delay is in the range of 
1.0 to 1.55. 

3.7 Case Study ill: DQDB Erasure Station Location 

3.7.1 Introduction 

A trend that became apparent during the 1980's was the dominant 
influence that high capacity fiber optic transmission systems would have on 
new computer network architectures. One example of this is the Distri­
buted Queue Dual Bus (DQDB) system. DQDB is a network architecture 
and protocol that can serve as either a high capacity local area network or 
as a metropolitan area network. A metropolitan area network is a high 
capacity network spanning, perhaps, 50 km, that interconnects local area 
networks. The IEEE 802.6 standards committee is presently considering 
DQDB as a standard for Metropolitan Area Networks. DQDB is derived 
from the earlier QPSX [NEWMJ which was developed at the University of 
Western Australia in conjunction with Telecom Australia. 

DQDB consists of N stations interconnected by two fiber optic buses 
transmitting information in opposite directions at 150 Mbps per bus (Fig­
ure 3040). Stations tap onto both buses and transmit information on the 
bus that leads to the receiving station. A clever protocol, described below, 
controls access to the buses. 
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Taps can be either passive or active. While passive taps are highly reli­
able, they sap light energy from the fiber and with current technology only 
several tens of taps are possible on a single fiber. Active taps regenerate the 
light signal. 

In DQDB fixed length slots are generated at each head end and travel 
down the buses. Each slot contains a "busy bit" and a "request bit". 
DQDB really consists of two symmetrical transmission systems, one for 
each bus. 

Whenever a station writes into a slot, the busy bit is set to one and 
prevents downstream stations from over-writing into the same slot. When­
ever a station has a packet to send, it sets the first available request bit on 
the opposite bus. 

DQDB is intended to implement a distributed queueing protocol. Sup­
pose we consider information transmission on bus A. Each station counts 
the difference· between the number of requests flowing past it, from right to 
left, on bus B and the number of empty (non-busy) slots flowing past it, 
from left to right, from upstream on bus A. When a packet is ready for 
transmission a station waits a number of empty slots equal to the current 
difference before transmitting. 

If it weren't for the non-zero propagation delays encountered by the 
request bits, DQDB would distributively emulate a FIFO queue, network 
wide. That is, packets would be transmitted onto the bus(es) in the order 
of their arrivals. Because there is non-zero propagation delay, FIFO emula­
tion is only an approximation and there are discrepancies in the "fairness" 
with which access by each station is treated [FILl]. 

In a purely passive implementation of DQDB, when a busy slot passes 
a receiver the slot can not be reused by stations further downstream. An 
active station may "erase" busy slots that have already reached their desti­
nations so that stations further downstream may reuse such slots. How­
ever there is a penalty - delay is introduced by an active station as it must 
read the packet's address and decide whether to pass it or erase it. There­
fore, a compromise has been proposed [GARR] of placing a limited number 
of "erasure stations" in the network that would perform this function in 
order to boost the network's capacity. 

In what follows, the optimal locations for placing erasure stations and 
the associated increase in network capacity is calculated. This material is 
reprinted from a paper [GARR] by S-Q. Li of the University of Texas at 
Austin and M. Garrett of Bell Communications Research. It is reprinted 
with the permission of the IEEE (copyright 1990 IEEE). In 3.7.2 the net­
work will be modeled continuously. A discrete formulation is also possible 
[GARR]. This is a good example of a successful attempt at tackling a dis­
tributed queueing problem. 
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3.7.2 Optimal Location of Erasure Nodes 

by Mark W. Garrett and San-Qi Li 

The first question regarding erasure nodes is: Where do they go? We 
simplify the problem for the moment by assuming that load is uniformly 
distributed among all source/destination pairs. For a dual bus network we 
need only analyse one side; the other behaves identically by symmetry. In 
one direction, the load offered by any station is proportional to the number 
of destination stations downstream. Therefore, the offered load is highest at 
the first station and decreases linearly to the last station, which sends zero 
because all of its traffic is sent on the opposite bus. For convenience we 
model the network in a continuous fashion, as if there were a station at 
every point on the line segment from zero to unity. 

We first consider the case with no erasure nodes and no reuse of slots. 
Traffic is generated from any point, x, on the network according to the uni­
directional transmission density function, 

(3.79) 

where "( is the maximum throughput or capacity for the single bus normal­
ized to the case without slot reuse. The probability that a slot at point x is 
occupied is given by the distribution, 

z 

Fo(x) = IIT(x)dx = "(x(2-x) 
o 

(3.80) 

For the network to be fully occupied means that all slots measured at the 
end of a bus are full, or, F 0 (1)=1. This yields ,,(=1, i.e. without slot reuse 
the network capacity is the nominal value. 

If we now consider destination release (DR), we have a reception den­
sity function along the unit segment, 

(3.81) 

and the occupancy distribution at any point is given by, 
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Fo DR (X) = , (3.82) 

J f T(x)-f R (X)dX = 2')'x(l-x) 
o 

Setting the first derivative to zero shows that the network is now most 
congested in the center, rather than at the far end. The maximum 
throughput is found by setting F 0 DR (1/2)=1, yielding ')'=2, i.e. continu­
ous destination release results in a doubling of the network capacity. 

If we now consider adding discrete erasure nodes, it is clear that traffic 
builds up as with no reuse, Eq. (3.80), until the first erasure node, as shown 
in Fig. 3.41. The traffic level is then reduced to the value of F 0 DR (x) 
with continuous destination release, Eq. (3.82), and again increases ~ono­
tonically until the next erasure node or the end of the network. The prob­
lem is to maximize,), by optimally locating ne erasure nodes, subject to the 
constraint that the probability of occupancy be not more than 100% at all 
points. The local maxima in F 0 (x) are clearly just before each erasure 
node, i.e. at x=L;, and at the end of the network. The maximum ')' 
occurs when these maxima are just equal to unity. We now have ne+1 
constraints 

(3.83) 

and the same number of variables L 1, ..• Ln,,')', where Lk denotes the loca­
tion of the kth erasure node. We solve for,), and the Lk's by identifying 
some relationships from which we can use a simple numerical method. 

From the network head end to the first erasure node, the occupancy 
follows Eq. (3.80). Setting Fo(L:L)=1 we have, 

(3.84) 

yielding with OSL 1S1, 

I L, ~ 1 -~ (3.85) 

Generally, just beyond any erasure node the occupancy is given by the 
DR expression, Eq. (3.82), 
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(3.86) 

and between erasure nodes, using Eqs. (3.80) and (3.86), 

x 

F 0 (x )=2,),Lk (l-Lk )+ J2,),(1-X)d X 
L, 

(3.87) 

At x=l this gives the constraint on L n, as, 

(3.88) 

yielding, 

Ln, = ·./l-lh (3.89) 

Equations (3.85) and (3.89) give the locations of the first and last eras­
ure nodes as functions of ,)" and are shown in Figure 3.42. For ne =1, the 
single erasure node is optimally located at the point of intersection, x =0.5 
and ,),=1.33. For more than one erasure node we use Eq. (3.87) with 
FoCLk+1)=l to get, 

(3.90) 

yielding, 

This set of equations, with the boundary equations (3.85) and (3.89) is 
easily solved numerically by searching for a value of')' for which the value 
of Ln, given by Eq. (3.89) matches the value obtained by iterating Eq. 
(3.91) n-1 times, from L 1 given by Eq. (3.85). Fig. (3.42) shows the result­
ing locations for up to 12 erasure nodes. A substantial throughput gain is 
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possible for up to five or six erasure nodes, with only marginal gains 
thereafter [GARR]. 

These results show that erasure nodes are quite non-uniformly spaced. 
Indeed, with continuous reuse, Eq. (3.82), traffic is concentrated in the 
center of the network, and so erasure nodes are optimally located near the 
center also. We note that as ne-+oo, L 1-+1-";1/2. Equation (3.80) shows 
that this is the first location where traffic builds up to 100% occupancy 
when ,),=2, which is the limit of ')' as ne -+00. 

To Look Further 

At about the time that the BCMP paper was published a number of 
related works also appeared. These were written by F. P. Kelly [KELL 75] 
[KELL 76] and by M. Reiser and H. Kobayashi [REIS 75]. The relation 
between these papers is discussed in [CONW 89b]. 

A property of certain models is "insensitivity". That is, analytical 
expressions for quantities such as the state probabilities may depend only 
on the means of relevant distributions (Le. arrival and service distributions) 
rather than on the distributions themselves. An example of this involving 
blocking probabilities in circuit switched networks appears in [BURMJ. The 
question of insensitivity is also examined in [SURI83J. 

The consistency graph has been used by R. Lee Hamilton of The Ohio 
State University and E.J. Coyle of Purdue University to synthesize mul­
tihop radio networks with product form solution [HAMI 86a, 86b, 89J. This 
was previously not possible. 

A recent generalized recursive approach to solving for the equilibrium 
state probabilities appears in [YANGJ. This work also provides references 
to related work. 

In [KARO 86J an interesting point is made that the same asymptotic 
throughput as for input queueing packet switches has also been obtained in 
the different context of memory interference in synchronous multiprocessor 
systems [BASK 76J [BHANJ. 

Jenq's 1983 paper also examines switch delay when there are infinite 
sized buffers at the banyan network inputs. In [KIMJ probabilistic equa­
tions are used to account for non-uniform traffic patterns in a banyan net­
work with single or multiple buffers. 
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Problems 

3.1 For the queueing network of Figure 3.2 solve the traffic equations for 
the average throughput 01 and O2, 

3.2 [KOBA] Consider a state dependent open queueing network as in sec­
tion 3.2.2. The service rate of the ith queue, f.Li (ni), is a function of 
the number of customers in the ith queue, ni' The arrival rate is as it 
is in 3.2.2 (state independent). Write out the global balance equation 
for state 1l.. Show that the product form solution is: 

M O.n, 
P (1l.) = P (Q) IT --'--n, 

i=1 IT f.Li(n) 
n=1 

3.3 [KOBA] Consider a state dependent closed queueing network as in sec­
tion 3.2.4. The service rate of the ith queue, f.Li (nj), is a function of 
the number of customers in the ith queue, ni' Write out the global 
balance equation for state 1l.. Show that the product form solution is: 

o~, 1 M , 

p(1l.) = G(N) i:i]l-n-,-­
IT f.Li (n) 

n=1 

3.4 Consider a three queue Markovian cyclic network with two customers. 
The state transition diagram appears in Figure 3.4. By identifying and 
solving the appropriate local balance equations along a path back to 
Poo, solve for P 12' 

3.5 For an open two queue Markovian series network, as in Figure 3.10, 
write the local balance equations involving the (nl,n2) state. Verify 
that the product form solution 

( )., )n,( )., )n, 
Pn,n, = --;;:; -;;; Poo 

satisfies these equations. Do the same for the global balance equations 
for the (n 1,n 2) state. 
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3.6 Consider an open network of two finite buffer Markovian queues in 
series (tandem). Suppose that when either queue is full the arrival and 
service process at the other queue will be stopped until the full queue 
releases a customer. Draw the state transition diagram. Verify that 
every transition belongs to a local balance pair and that the product 
form solution exists. 

3.7 Consider an arbitrarily configured network of Markovian finite buffer 
queues with skipping. That is, when a queue is full, arriving custo­
mers skip over it. Does this network have a product form solution? 
Hint: Develop an argument based on state dependent service rates. 

3.8 For Figure 3.14 we have: 

n 

CXIAPa= I: /3jttIPI=ttIPI 
;=1 

m 

1=1,2,3 ... m 

ttIPI=/3I-m I: ttiPi 
i=l 

l=m+l,m+2, ... m+n 

Solve for PI' 1=1,2,3 ... m,m+l, ... m+n. Explain how you arrive at 
your results. 

3.9 Consider the FIFO queueing system associated with the state transi­
tion diagram of Fig. 3.16. Using the consistency condition, prove that 
one can not have distinct service rates for the two different classes of 
customers, i.e. ttl and tt2' and still maintain consistency. Be sure to 
generate the consistency graph directly from the proposed local bal­
ance equations. Note: It is true in general for FIFO networks that the 
service rate must not be class dependent [BASK 75J. 

3.10 Consider a queue where the service time is an Erlang distributed ran­
dom variable consisting of N stages of independent exponential 
servers. Draw the state transition diagram in two dimensional form. 
That is, let the horizontal axis correspond to the number of customers 
in the queue (not including the one in service) and let the vertical axis 
correspond to the stage of service the customer being serviced is in. 
Let (0,0) correspond to an empty queueing system. Does this state 
transition diagram have Type A or Type B structure? Write a set of 
recursive equations for the equilibrium state probabilities. 

3.11 Consider a queue that processes two classes of customers according to 
a priority discipline. That is, class 1 customers are always serviced 
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before class 2 customers. If a class 2 customer is being serviced and a 
class 1 customer arrives, the class 1 customer immediately receives ser­
vice and the class 2 customer will have to start service all over again. 

Draw the state transition diagram. Let the horizontal axis correspond 
to the number of class 1 customers in the queueing system and let 
vertical axis correspond to the number of class 2 customers in the 
queueing system. Is the structure of the state transition diagram Type 
A or Type B? Identify the subsets of states that can be solved for 
individ ually. 



Chapter 4: Numerical Solution of Models 

4.1 Introduction 

The ultimate goal of much performance analysis is to generate numeri­
cal performance results for a particular system under specific conditions. 
These can take the form of tables or a set of performance curves. They are 
a variety of numerical techniques available, ranging from the brute force 
solution of the state equations to clever algorithms to Monte Carlo type 
simulation. With all these techniques the cost of solution in terms of solu­
tion time and computer memory requirements are important considera­
tions. The cost of of solving a system of even moderate complexity may be 
prohibitively expensive for a particular technique and computer installa­
tion. There is a tradeoff between our ability to model and our ability to 
solve such models. There is thus an advantage to simplified models which 
capture the most important aspects of the system in question. 

The algorithms which are available deal with closed product form net­
works. The algorithms generally compute performance measures for the 
network with N customers based on previous results for N-1 customers. 
One approach, due independently to J. Buzen [BUZE] and to M. Reiser and 
H. Kobayashi [REIS 73], is called the convolution algorithm. It is basically a 
clever recursion for the normalization constants for increasing populations 
of customers. What makes this usefu 1 is that a variety of performance 
measures can be written as functions of these normalization constants. 

Another approach, due to M. Reiser and S. Lavenberg [REIS 80,81,82], 
is mean value analysis. Just as the convolution algorithm avoids the need 
to calculate equilibrium state probabilit,ies, mean value analysis avoids even 
the calculation of the normalization constants. It is based on a number of 
recursions arising from fundamental concepts of queueing theory. 

For models with large numbers of routing chains the REGAL algo­
rithm of A. COllway and N. Georganas [CONW 86] performs the calcula­
tion with a polynomial time and space complexity. This is an improve­
ment over the convolution and mean value analysis algorithms where the 
growth is exponential. Note though that the requirements of RECAL are 
combinatorial with respect to the number of service centers in the network. 
The key recursion in RECAL relates the normalization constant for the 
network with r closed routing chains to those of a set of networks having 
r-1 chains. A very different approach is the PANACEA technique of J. 
McKenna, D. Mitra and K.G. Ramakrishnan for large Markovian queueing 
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networks. Here the problem of calculating the normalization constant is 
transformed into a problem in integration whose solution takes the form of 
asymptotic power series. 

Of course many practical Markovian models do not have a product 
form solution. Certain limited models are known to have a recursive solu­
tions for the equilibrium state probabilities. If this is not so one can, in 
theory, solve the global balance equations in much the same way one solves 
Kirchoff's nodal equations for DC electric circuits. The difficulty is that for 
even for relatively simple systems the state space can be enormous. In such 
cases a Monte Carlo simulation may provide results of sufficient accuracy 
for most purposes. 

In this chapter we will describe these techniques. 

4.2 Closed Queueing Networks: Convolution Algorithm 

4.2.1 Lost in the State Space 

For a closed, product-form, queueing network we know that: 

(4.1) 

where 

State Independent Service Rate: 

(4.2) 

State Dependent Service Rate: 

on, 
fi(n;) = ~-'~-n, (4.3) 

II J.lj(k) 
k=l 

and the OJ'S are the (non-unique) solutions to the traffic equations: 

i=1,2· .. M (4.4) 
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The difficulty in evaluating p (11.) lies in the determination of G(N}. It 
does not factor out as p (Q) does for open networks. We will write a direct 
expression for it based on the fact that the sum of the probabilities of all 
states must be one. Use will be made of the notation from Buzen's 1973 
paper [BUZE]. The legitimate state space for N customers and M queues is: 

S(N,M} = (4.5) 

Then one can write [BRUE 80]: 

1 M 
"E p(llJ = 1 = G(N} "E II fi(nd (4.6) 

.!1. E S(N,M) .!1. E S(N,M) i=l 

or 

M 
G(N} = "E II fi(nd (4.7) 

.!1. E S(N,M) i=l 

The constraint that the sum of the customers must be equal to.N 
defines a hyperplane in the much larger state space of an open network. 
Still, the remaining state space can be enormous. Consider a single class 
network. There are N indistinguishable objects (customers) which must be 
placed in M queues. There are altogether 

(M+N-l) N states. 

If, for instance, there are ten queues and twenty-five customers this is 

34! 
--, -, = 52,451,256 states or terms. 
25.9. 

Each term requires the multiplication of ten constants so that the 
total number of multiplications is over half a billion! The associated 
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floating point summation of terms would also require special care [ROBE 
88a]. 

Buzen's 1973 paper showed that the normalization constant can be 
evaluated without recourse to the previous direct sum. This technique is 
called the convolution algorithm. Moreover, many important performance 
measures are simple functions of such normalization constants. This 
avoids the need to deal directly with an enormous state space. The algo­
rithm will now be discussed. 

4.2.2 Convolution Algorithm: Single Customer Class 

For the case of state dependent servers we will follow the treatment in 
Bruell's Ph.D dissertation [BRUE 78] (later condensed into the very read­
able [BRUE 80]). Let g(n,m) be the normalization constant for n customers 
and the first m of the M queues. The reason that small letters are now used 
is that a series of normalization constants for increasing population sizes 
will be calculated up to and including G(N). By definition: 

m 
g(n,m) = 'E IIfdnj) 

)1-f S(n,m) ;=1 

This can be expanded as: 

g(n,m) = t [ 'E IT fi(nd] 
k=O )1-( S(n,m) ;=1 

nm=k 

Factoring one has: 

g ( n ,m) = t f (k ) [ 'E ,h_~_11 f; ( nj ) ] 
k=O m )1-fS(n-k,m-l) 

This expression in brackets can be identified so: 

n 
g(n,m) = 'E f m(k)g(n-k,m-l) 

k=O 
(4.11) 

(4.8) 

(4.9) 

(4.10) 

This convolution-like expression accounts for the name "convolution" 
algorithm. From the direct definition of g(n,m) the initial conditions for the 
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g{n,l) = f l{n) 

g{O,m) = 1 
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n=O,I' .. N 

m=I,2'" M 

Table 4.1 illustrates the operation of the algorithm. Entries can be 
thought of as being calculated in this tabular form although a little 
thought will show that only about a column's worth or N+l memory loca­
tions are needed ([BRUE 80]). Entries are calculated from top to bottom, 
left to right. Each entry is a function of the entries in the column to the 
left of it which are at its level or above. 

The payoff from the use of this algorithm comes in the last column. A 
comparison of the direct expression for G(N) and g(n,m) shows that the 
entries of the last column, g(n,M), equals G(n). Thus the normalization 
constants for increasing numbers of customers are calculated as the algo­
rithm proceeds. 

For the case where the queues are not state dependent we will follow 
Buzen's original paper and [SCHW 87]. From before 

m 

g(n,m) = ~ IT fi(n;) (4.12) 
.!!. < S(n,m) i=1 

where 

(4.13) 

This expression for g(n,m) can be decomposed as: 

g(n,m) = (4.14) 
m-l m 

~ IT fi{ni) + ~ IT fj{n;) 
.!!.< S(n,m) i=1 .!!.< S(n,m) ;=1 

nm=O nm>O 

The first term here is just the normalization constant for the network 
without the mth queue or simply g(n,m-1). For the second term if one fac­

o 
tors out f m (1) = ~ it can be shown that what remains is the normali­

Il- m 
zation constant for m queues with n-1 customers or simply g{n-1,m). 
Thus: 



fl (1) 

fl (2) 

0 

n-I 

T 
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QUEUes 

m - 1 

g(O,m-I) fm(n)- -

g(1,m-I) fm(n-I)- -

g(2,m-l) • f.(n-2) __ 

g(n-l,m-l) . fm(l)+-

g(n,m-I) . fm(O)- -4g(n,m) 

Table 4.1 

M 

g(n",)­
G(n) 

g(N,M)' 
G(N) 
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QUEUES 

m-I 

fl (I) 

fl (2) 

n-I fl (n-I) g(n-I,m) 

! 
fl (n) g(n,m-I) ---> g(n,m) 

Table 4_2 

fm(J) 

M 

g(n,M) 
G(n) 

g(N,M) 
G(N) 
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g(n,m) = g(n,m-1) + fm(1)g(n-1,m) (4.15) 

This recursion is simpler than the one for the state dependent case. 
The computation can also be illustrated in a tabular form. From Table 4.2 
it can be seen that each entry is a function of the entry to the left and the 
entry above. Again, only N+l memory locations are actually needed to 
implement the algorithm. 

What can be said .of the computational complexity in time of this 
algorithm! It involves approximately MN additions and MN multiplica­
tions. For the state dependent recursion of Table 4.1 there are approxi­
mately N 2/2 additions and N 2/2 multiplications per column. The entire 
table thus requires approximately MN2/2 additions and MN2/2 multiplica­
tions. For the previous example of ten queues and twenty-five customers 
this results in 3125 multiplications rather than the half a billion mentioned 
before! 

4.2.3 Performance Measures from Normalization Constants 

Performance measures can be expressed as functions of the equilibrium 
state probabilities. Unfortunately this approach can lead to the same 
problems of excessive computation that were encountered in the calculation 
of the normalization constant. Fortunately, a number of important perfor­
mance measures can be computed as functions of the various normalization 
constants which are a product of the cODvolution algorithm. In this section 
it will be shown how this can be done. 

Marginal Distribution 0 f Queue Length 

Following Buzen's 1973 paper, let: 

p (nj = n) = L:; P (nJ (4.16) 
.!!.,S(N,M) 

ni = n 

Consider the state independent server first. To arrive at the marginal dis­
tribution it will be easier to first calculate 

P (nj ~ n) = L:; P (n..) (4.17) 
.!!.,S(N,M) 

nl ~ n 

or 
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(4.18) 

where from before 

f ·(n·) = _J_ f o· )n; 
J J ~ f.tj 

(4.19) 

and the OJ'S satisfy the traffic equations: 

M 

OJ= .E0krkj j=1,2'" M (4.20) 
k=l 

(
0. )n 

Now every term has a factor -i: and this can be factored out: 

( O)n 1 M 
p(ni ~ n) = +-,. -- .E II f j(nj) 

,- G(N)!L<S(N-n,M)j=l 
(4.21 ) 

This summation is simply the normalization constant with N-n customers. 
Thus: 

(n. > n) = _'_ G(N-n) ( 0 )n 
p t - f../.. G(N) 

(4.22) 

Now the key to calculating the marginal distribution is to recognize that 

p (ni = n) = p (nj ~ n) - p (nj ~ n +1) (4.23) 

so: 

p(ni = n) = (~)n_1~_[G(N_n) - f~)G(N-n-1)l (4.24) 
f.ti G(N) l f.ti 

Once G(l), G(2), ... G(N) are computed the marginal distributions can 
be found. Note that p (ni = n) depends on the non-unique OJ. Thus the 
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(also non-unique) G's work in conjunction with 8i in the previous equation 
to produce the actual value of p (ni = n). 

Perhaps the most useful statistic that can be derived from the distri­
bution is its mean. A little thought will show that 

N N 
iii (N) = :E np (ni = n) = :E p (ni ~ n ) 

n=1 n=1 

so substituting for p (ni ~ n): 

iii(N) = :E _. G(N-n) N (8- )n 
n=1 Il-i G(N) 

(4.26) 

What of the case of state dependent servers? One can start with 

p(nM = n) = :E p(nJ 
ll..€S(N,M) 

1 M 
p(nM = n) = :E --II Ij(nj) 

ll..€ S(N,M) G(N) j=1 
RM = n 

where from before 

8 _ nj 

Ij(nj) = _....::J __ 
nj 

llll-j(n) 
n=1 

(4.25) 

(4.27) 

(4.28) 

(4.29) 

and the 8 j 's are the solutions of the traffic equations. Each term in the 
above summation has a term I M( n) which can be factored out. This 
leaves 

p(nM = n) = (4.30) 

or 
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( ) f M(n) (N-n M-{M}) (4.31) p nM = n = G(N) 9 , 

m 
g(n,m-{i}) = I.; IT fj(nj) (4.32) 

11- ( S(N,M)j=l 
n,=N-n joli 

is an auxiliary function defined in [BRUE 80]. The notation -{ i } indicates 
that the ith queue has been removed. The function g(N-n,M-{M}) can 
be calculated using the convolution algorithm where the queue of interest, 
M, is associated with the last column. This is possible as 
9 (n ,M - {M}) = 9 (n ,M -1). In other words the normalization constants 
that are generated after processing the first M-1 columns are the same as 
those generated for the network of all M queues with the Mth queue 
removed. If one wants the marginal distribution for a different queue, the 
queue must be reordered so that it is associated with the last column 
[BUZE 73]. Bruell and Balbo provide an alternative to this expensive pro­
cedure [BRUE 80]. Since 

N 
I.;p(n; =n)=l (4.33) 

n=O 

or: 

(4.34) 

This can be rewritten as 

N 
I.; fi(n)g(N-n,M-{i}) = G(N) (4.35) 

n=O 

or 

N 
g(N,M - {i}) = G(N) - I.; fi(n)g(N-n,M-{i}) (4.36) 

n=l 
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where the initial condition is: 

g(O,M - {i}) = 1.0 = G(O) 

This equation can be used to recursively compute 9 (N ,M - {i}). One 
then has 

f;(n) . 
p(nj = n) = G(N) g(N-n,M-{z}) (4.37) 

where 9 (n, m - {i}) is defined as before. This calculation can be carried 
out for the ith queue without having to order the queues. 

What of the expected number of customers for this state dependent 
case? In general it must be calculated from its definition [BRUE 80]: 

N 
n; (N) = ~ np (nj = n) (4.38) 

n=l 

On the other hand, the computation of the Mth queue turns out to be 
similar to that of the normalization constant, G(N). One starts out with 
the definition of the expected number of customers 

N 
nM(N) = ~ np(nM = n) (4.39) 

n=l 

and substitutes in the previous expression for the marginal probability: 

_ N fM(n) 
nM(N) = ~ n ( ) g(N-n,M-{M}) 

n=l G N 

or since g(n,M-{M}) = g(n,M-l) one has: 

_ 1 N 
nM(N) = -(-) ~ nf M(n)g(N-n,M-l) 

G N n=l 

(4.40) 

(4.41 ) 

This equation is very similar to the previous convolution expression for 
g(n,m). Bruell and Balbo [BRUE 80] suggest performing the calculation of 
these two quantities together to minimize the amount of calculation. 
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Mean Throughput 

The mean throughput for state dependent servers, is defined from first 
principles to be 

(4.42) 
n=l 

where p'j~) is the state dependent service rate of the ith queue. The depen­
dence of T j (N) on the number of customers in the system, N, is explicitly 
shown. Using the previous expression for p (nj = n ): 

- N /j(n) . 
Tj(N) = I: ~( ) (N-n,M-{t})p,j(n) (4.43) 

n=l G N 

Following [BRUE 80J from the definition of / j (n) one has: 

N O· / ·(n-l) 
T;(N) = I: .(') ~(N) g(N-n,M-{i})p,dn) (4.44) 

n=l p" n 

Now this can simplified and rearranged to 

or with a change of variables: 

- O· N-l 
Tj(N) = -(' -) 1; /;(n)g(N-n-l,M-{i}) (4.46) 

G N n=O 

This last summation can be identified as being simply G(N-l) so: 
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T.(N) = (). G(N-1) 
I I G(N) ( 4.47) 

Again, the non-unique (}j and the non-unique normalization constants 
combine to form the actual mean throughput. 

Utilization 

For a load dependent queue one can clearly write: 

(4.48) 

However we can find p (nj =0) from the previous expression for the margi­
nal distribution [BRUE 80]: 

U.(N) = 1 _ g(N,M-{i}) 
I G(N) (4.49) 

The numerator can be computed using the previous recursive expression for 
the auxiliary function. If M is the last queue in the ordering this becomes 
simply: 

U (N) = 1 _ g(N,M-1) 
M G(N) (4.50) 

A more specific expression can be found when the service rate is state 
independent. From [BUZE 76] 

as it is evident that 

1 -
Uj(N) = -XTj(N) 

J.t; 

T;(N) = U;(N)XJ.ti 

Using the previous expression for throughput: 

(4.51) 

(4.52) 
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(4.53) 

Examples of the Use of the Convolution Algorithm 

Example 1: 

A Convolution Algorithm Example: State Independent Servers 

In this example we will consider a cyclic queueing system of three 
queues. The service rates are III = 112 = 113 = Il. The mean throughput of 
each queue is equal and (Jl = (J2 = (J3 = 1.0 as the queues are in series. 
This example will be solved again, later, using the Mean Value Analysis 
algorithm. The table can be filled in as shown below: 
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Table 4.3 
Stations 

Loads 1 2 3 

0 1.0 1.0 1.0 

1 1 
-+IX-= 

2 1 
-+ lX-= 

fL fL fL fL 

1 2 3 
1 f 1(1)= - - -

fL fL fL 

1 2 1 3 3 1 
-+-X-= -+-X-= 
fL2 fL fL fL2 fL fL 

1 3 6 
2 f 1(2)= - - -

fL2 fL2 fL2 

] 3 1 461 
-+-X-= -+-X-= 
fL3 fL2 fL fL3 fL2 fL 

1 4 10 
3 f 1(3)= -3- - -

fL fL3 fL3 

141 5 + 10 X 1 _ -+-X-= 
fL4 fL3 fL 7 --;;- --;;-

1 5 15 
4 f 1(4)= ~ - -

fL4 fL4 fL4 

151 
-+-X-= 
fL5 fL4 fL 

6 15 1 
-+-x-= 
fL5 fL4 fL 

1 6 21 
5 f 1(5)= - - -

fL5 fL5 fL5 
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From the right most column in the table we can read off 

G(1) = ~ 
f.L 

G(5) = ~ 
p,5 

and so we can infer that: 

G(N) = (N+1)(N+2) 
2f.LN 

Some performance measures that will also be computed later using the 
Mean Value Analysis algorithm will now be calculated. The mean 
throughput of the network as a function of the number of customers will 
first be calculated. The expression for this is 

1.(N) = e. G(N-1) 
I I G(N) 

so 

1.(1) = e· G(O) = 1 X ~= L 
• • G(l) 3/p, 3 
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T.(4) = (). G(3) = 1 X lO/p,3 = 4p, 
• • G(4) 1S/p,4 6 

T.(S) = (). G(4) = 1 X 1S/p,4 = Sp, 
• • G(S) 21/p,5 7 

or in general: 

T.(N) = Np, 
• N+2 

The mean throughput can be seen t,o approach a value of p" the ser­
vice rate of the queues. 

The mean number of customers in each queue can be calculated using: 

iii(N) = L; _' G(N-n) N ((). )n 
n=l p,; G(N) 

Thus for one customer: 

n.(1) = (~1 G(O) = ~ ~= .333 
• p,j J G(1) p, 3/p, 

For two customers: 

n.(2) = (~) G(l)_+ (~)2 G(O) 
• p,j J G(2) p,; J G(2) 

= .S + .166 = .666 

And finally for three customers: 

iii (3) = 

_ (()j ) G(2) + (()j )2 G(l) (()j)3 G(O) 
- ~J G(3) ~J G(3) + ~ G(3) 
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= .6 + .3 -/- .1 = 1.0 

So we may deduce that: 

iii(N) = .33XN 

Finally, the mean waiting time spent in each queue can be calculated 
from Little's Law as: 

_ iii(N) 
r;(N) = Tj(N) 

.33(N +2) 
/-l 

We will next do two numerical examples using the convolution algo­
rithm. One involves state independent servers and the other involves state 
dependent servers. In the process we will calculate even more performance 
measures than in this example. 
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Example 2: 

A Convolution Algorithm Numerical Example: State Independent Servers 
Consider a cyclic queueing system of three queues. The service rates 

are /1-1 = 2.0, /1-2 = 3.0 and /1-3 = 6.0. Naturally, the mean throughput of 
each queue is equal and 81 = 82 = 83 = 1.0. The normalization constants 
table can be filled in as shown below: 

Table 4.4 
Stations 

Loads 1 2 3 

0 1.0 1.0 1.0 

1 1 
.5+1X-= .833+1X-= 

3 6 
1 

1 f 1(1)= -=.5 .833 1.0 
2 

1 1 
.25+.833 X - = .527+1X-= 

3 6 
1 

2 f 1(2)= - =.25 .527 .694 
4 

1 
.125+.527 X - = 

3 
1 

.3+.694X 6 = 

1 
3 f 1(3)= -=.125 .300 .416 

8 

1 
.0625+.3 X 3 = 

1 
.1625+.416 X 6 = 

1 
4 f 1(4)= - =.0625 .1625 .232 

16 

1 1 
.03125+.1625 X - = .0854+.232 X 6 = 

3 
1 

5 f 1(5)= - =.03125 .0854 .124 
32 
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From the right most column in the table we can read off: 

G(I) = 1.0 

G(2) = .694 

G(3) = .416 

G(4) = .232 

G(5) = .124 

Weare now in a position to determine a number of performance meas­
ures from the normalization constants in the table. The mean throughput 
of the network as a function of the number of customers will first be calcu­
lated. The expression for this is 

T.(N) = O. G(N-1) 
, I G(N) 

so: 

T.(1) = O· G(O) = 1 X 1.0 = 1.00 
, , G(I) 1.0 

T·(2) = O· G(1) = 1 X ~= 1.44 
, I G(2) .694 

T.(3) = O· G(2) = 1 X .694 = 1.67 
I , G(3) .416 

T.(4) = O· G(3) = 1 X .416 = 1.79 
, , G(4) .232 

T.(5) = O· G(4) = 1 X .232 = 1.87 
, I G(5) .124 
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As the number of customers increases the throughput levels off at just 
under a value of two as this is the service rate of the slowest queue. 

We will first calculate the marginal queue length distribution when 
there are four customers in the cyclic queueing network using the equation 
for state independent servers: 

p(nj = n) = (~)n_1 -[G(N-n) - (~)G(N-n-1)] 
fJ-j G(N) fJ-j 

Using this equation we have: 

r 0 [ ] 
83 1 83 

p(n3 = 0) = -) -- G(4) - -XG(3) 
tfJ-3 G(4) fJ-3 

= (~)O_1 [232 _ ~X .416] 
6 ,232 6 

= .700 

83 1 83 
1 [ ] p(n3 = 1) = (~) G(4) G(3) - ~X G(2) 

= (~)1_1_[4]6 -~X.694] 
6 .232 6 

= .216 

= (~)2_1 [.694 -~X 1.0] 
6 .232 6 
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= .0631 

= (~)3_1 rI.O -~X 1.0 1 
6 .232 l 6 

= .0166 

83 1 83 

( ) 4 [ 1 p (n3 = 4) = --,;; G(4) G(O) - --,;;X G(-I) 

= (~)4_1 rI.O -~X 0.0 1 
6 .232 l 6 

= .0033 

We can also use the equation that was developed for the case of state 
dependent servers for this state independent server example. After all, state 
independent servers are a specialization of state dependent servers. We 
first need the auxiliary function: 

N 
g(N,M-{i}) = G(N) - I: fdn)g(N-n,M-{i}) 

n=l 

We will assume that the the i=3rd queue is removed from the net­
work. The specific values, when there are four customers, are: 

g(0,M-{3}) = 1.0 

g(I,M-{3}) = G(I) - f 3(I)g(0,M-{3}) 
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1 5 = 1.0 - -X 1.0 = -
6 6 

g(2,M-{3}) = G(2) - f 3(1)g(l,M-{3}) - f 3(2)g(0,M-{3}) 

1 5 1 = .694 - --- -1.0 = .527 
6 6 36 

g(3,M-{3}) = 

= G(3)-f 3(1)g(2,M-{3}) - f 3(2)g(1,M-{3}) - f 3(3)g(0,M-{3}) 

1 1 5 1 = .416 - -.527 - --- --1.0 = .3 
6 36 6 216 

g(4,M-{3}) = G(4) - f 3(1)g(3,M-{3}) 

- f 3(2)g(2,M-{3}) - f 3(3)g(1,M-{3}) - f 3(4)g(0,M-{3}) 

1 1 1 5 1 = .232 - -.3 - -.527 - ---- --1 = .1625 
6 36 216 6 1296 

These values can be seen to match the entries in the middle column of 
the normalization constants table. This is because the results from the 
columns for stations 1 and 2 are equivalent to results for the network of 
three queues without the third queue. That is g(n,M-{M}) = g(n,M-1). 
With these values of the normalization constants calculated we can now 
use the expression 

fi(n) . 
p(ni = n) = G(N)--g(N-n,M-{t}) 

to calculate the marginal state probabilities for "the third queue. That is: 

f 3(0) 1.0 
p(n3 = 0) = ~() (4,M-{3}) = --.1625 = .700 

G 4 .232 

f 3(1) 1/6 
p(n3 = 1) = ~() (3,M-{3}) = --.3 = .216 

G 4 .232 
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f 3(2) 1/36 
p(n3 = 2) = ~() (2,M-{3}) = --.527 = .0631 

G 4 .232 

(n = 3) = f 3(3) (1 M -{3}) = 1/216 ~ = .0166 
p 3 G(4) g , .232 6 

f 3(4) 1/1296 
p(n3 = 4) = G(4) g(0,M-{3}) = .232 1.0 = .0033 

A quick check will show that these marginal state probabilities do 
indeed sum to one. 

The utilization of each queue may be calculated using: 

Uj(N) = 

Specifically for four customers: 

(Jj G(N-l) 
G(N) Ji-j 

U (4) = ~ .416 = .90 
1 2 .232 

U (4) = ~ .416 = .60 
2 3 .232 

U 3(4) = ~ .416 = .30 
6 .232 

As one might expect, the queue with the slowest service rate has the 
highest utilization and the queue with the fastest service rate has the 
lowest utilization. 

The average number of customers in each queue can be calculated 
using: 

n;(N) = r; _i G(N-n) N ((J )n 
n=l Ji-i G(N) 

We will calculate this quantity for the third queue (and with four cus­
tomers in the network): 
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1 .416 1 .694 1 1.0 1 1.0 
= "6 .232 + 36 .232 + 216 .232 + 1296 .232 

= .299 + .083 + .02 + .0033 

= .405 

AI; a check, the average number of customers in queue three can be 
calculated using the marginal probability distribution that we have already 
calculated for the third queue: 

n3(4) = 1X.216 + 2X.0631 + 3X.0166 + 4X.0033 = .405 

The results can be seen to match. 

Finally, the mean waiting time spent in the third queue can be calcu­
lated from Little's Law as: 

7;(4) = n3(4) = .405 = .226 
13(4) 1.79 

The mean delay in the third queue consists of the mean service time of 
.166 seconds and the mean queueing time of .0593 seconds for a total mean 
waiting time of .226 seconds. 
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Example 3: 

A Convolution Algorithm Numerical Example: State Dependent Servers 

In this example we will consider a cyclic queueing system of three 
queues. Naturally, the mean throughput of each queue is equal and 
(}l = (}2 = (}a = 1.0. The service rates for queue 1 are: 

Queue 1 
=# Customers Service Rate 

1 5 
2 6 
3 7 
4 8 
5 9 

The service rates for queue 2 are: 

Queue 2 
=# Customers Service Rate 

1 4 
2 8 
3 12 
4 16 
5 20 

Queue 3 has a state independent server of rate six. 

The normalization constants table can be filled in as shown below: 
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Table 4.5 
Stations 

Loads 1 2 3 

0 1.0 1.0 1.0 

1 .2X1+1X~= 1 f 1(1)= -= .45X1 + 1X""6= 
5 

1 .2 .45 .616 

.0333X1 + .1146X1 + 
1 

.45X ! + .2X-+ 
4 

1 1 1 1 1xlxl= f 1(2)= --= 1X-X-= 
5 6 4 8 6 6 

2 .0333 .1146 .217 

.00476 X 1 + .0219X1 + 

.0333Xl+ 
4 

.1146X l+ 
6 

.2xlxl+ 
8 4 

.45Xlxl+ 
6 6 

111 1 1 1 111 f 1(3)= ---= 1X-X-X-= 1X-X-X-= 
567 12 8 4 666 

3 .00476 .0219 .0581 

f 1(4) = 

1 1 1 1 
-----
567 8 

4 .000595 .00351 .0132 

.-

f 1(5) = 

1 1 1 1 1 
------
5 6 7 8 9 

5 .0000661 .000491 .00269 
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From the right most column in the table we can read off: 

G(l) = .616 

G(2) = .217 

G(3) = .0581 

G(4) = .0132 

G(5) = .00269 

A number of performance measures can now be determined from the 
normalization constants in the table. First we will calculate the mean 
throughput as a function of the number of customers. The expression for 
this, for both the state independent and state dependent cases, is 

T.(N) = e. G(N-1) 
• I G(N) 

so: 

T·(l) = e· G(O) = 1 ~= 1.62 
I • G(l) X .616 

T.(2) = e· G(l) = ] X .616 = 2.84 
• I G(2) .217 

T·(3) = e· G(2) = 1 X ~= 3.73 
, • G(3) .0581 

T.(4) = e· G(3) = 1 X .0581 = 4.40 
• I G(4) .0132 

T.(5) = e· G(4) = 1 X .0132 4.91 
I • G (5) .00269 
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Next we will calculate the marginal queue length distribution when 
there are four customers in the cyclic queueing network. We first need the 
auxiliary function: 

N 
g{N,M-{i}) = G{N) - ~ f;{n)g{N-n,M-{i}) 

n=l 

We will assume that the the i=3rd queue is removed from the net­
work. The specific values, when there are four customers, are: 

g{0,M-{3}) = 1.0 

g{1,M-{3}) = G{I) - f 3{I)g{0,M-{3}) 

1 = .616 - -X 1.0 = .45 
6 

g{2,M-{3}) = G(2) - f 3{I)g{I,M-{3}) - f 3(2)g{0,M-{3}) 

1 1 
= .217 - -.45 - -1.0 = .114 

6 36 

g{3,M-{3}) = 

= G(3)-f 3{I)g{2,M-{3}) - f 3(2)g(I,M-{3}) - f 3(3)g{0,M-{3}) 

1 1 1 
.0581- -.114 - -.45 - --1.0 = .0219 

6 36 216 

g{4,M-{3}) = G(4) - f 3{I)g{3,M-{3}) 

- f 3(2)g{2,M-{3}) - f 3(3)g{I,M--{3}) - f 3(4)g{0,M-{3}) 

111 1 
= .0132 - - .0219 - - .114 - --.45 - --1 = .0035 

6 36 216 1296 



211 

Again, these values can be seen to match the entries in the middle 
column of the normalization constants table. This is because the results 
from the columns for stations 1 and 2 are equivalent to results for the net­
work of three queues without the third queue. That is 
g(n,M-{M}) = g(n,M-1). With these values of the normalization con­
stants calculated we can now use the expression 

fj(n) . 
p (ni = n) = G (N) 9 (N -n ,M -{ t } ) 

to calculate the marginal state probabilities for the third queue. That is: 

f 3(0) 1.0 
p(n3 = 0) = G(4) g(4,M-{3}) = .0132 .0035 = .265 

f 3(1) 1/6 
p(n3 = 1) = G(4) g(3,M-{3}) = .0132 .0219 = .277 

f 3(2) 1/36 
p(n3 = 2) = ~G() (2,M-{3}) = -- .114 = .240 

4 .0132 

f 3(3) 1/216 
p(n3 = 3) = ~() (1,M-{3}) = --.45 = .158 

G 4 .0132 

f 3(4) 1/1296 
p(n3 = 4) = ~G(4) (0,M-{3}) = 1.0 = .0585 

.0132 

A quick check will show that these marginal state probabilities do 
indeed sum to one. 

The utilization of each queue may be calculated using: 

U.(N) = 1 _ g(N,M-{i}) 
I G(N) 

For the third queue and four customers this is: 

U (4) = 1- g(4,M-{3}) = 1 _ .0035 = .735 
3 G(4) .0132 
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To calculate the utilization for the 1st or 2nd queue would require us 
to reorder and recompute the normalization constants table so that the 
desired queue would be associated with the last column. 

For the expected number of customers for the Mth queue 

1 N 
nM(N) = -(-) :E n/ M(n)g(N-n,M-l) 

G N n=l 

and so for four customers and the third (last) queue: 

_ 1 4 
n3(4) = -( -) :E n/ 3(n )g(4-n,2) 

G 4 n=l 

= G~4) [1/ 3(I)g(3,2)+2! 3(2)g(2,2)+3/ 3(3)g(I,2)+4! 3(4)g(0,2)] 

= .0:32 [1 ~ .0219 + 2 316 .114 + 3 2~6 .45 + 4 12196 1.0 1 

= 1.46 

AB a check, the average number of customers in queue three can be 
calculated using the marginal probability distribution that we have already 
calculated for the third queue: 

n3(4) = lX.277 + 2X.240 + 3X.158 + 4X.0585 = 1.46 

The results can be seen to match. 

Finally, the mean waiting time spent in the third queue can be calcu­
lated from Little's Law as: 

7;(4) = n3(4) = 1.46 = .332 
T3(4) 4.40 

The mean delay in the third queue consists of the mean service time of 
.166 seconds and the mean queueing time of .166 seconds for a total mean 
waiting time of .332 seconds. 
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4.3 Mean Value Analysis 

Mean Value Analysis uses a number of fundamental queueing relation­
ships to determine the mean values of throughput, delay and population 
size for closed product form queueing networks. It does not make use of the 
normalization constant, as does the convolution algorithm. MY A was 
developed by M. Reiser and S. Lavenberg of IBM (see [REIS 80,81,82]). 

4.3.1 State (Load) Independent Servers 

For simplicity let us consider a closed cyclic network consisting of M 
queues with N customers. The ith queue will have a service rate of J1-i. 
Suppose that we write an expression for Ti, the average delay that a custo­
mer experiences at the ith queue. This has two components, the service 
time of that customer and the service time for all the customers before it. 
This is: 

(4.54) 
1 1 -+ - X (average number of customers present upon arrival) 

J1-i J1-i 

Note that we do not worry about the residual service time of the cus­
tomer in service because we are dealing with a Markovian system. What do 
we know about the average number of customers present upon arrival? 
According to the Arrival Theorem ([LAVE 80]) for closed exponential net­
works the number of customers present upon arrival has the same distribu­
tion as the equilibrium distribution for the network with one customer less. 
Intuitively, this follows from the Markovian nature of the network. Thus 
the previous equation becomes: 

Ti(N) = _1_ + _1_ X iii(N - 1) 
J1-i J1-j 

(4.55) 

where iii (N) is the average number of customers in the ith queue when 
there are N customers in the network. 

The second half of the MY A algorithm depends on Little's Law being 
applied first to the entire network of queues and then to the ith queue: 

M 
T(N) I: Ti(N) = N (4.56) 

i=1 
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T(N)r;(N) = n;(N) (4.57) 

Here T(N) is the average throughput in the network with N customers. 
With some simple manipulation these three equations can now be listed in 
an algorithmic form: 

MYA Algorithm (State Independent Servers) 

n;(O) = 0 i = 1,2 ... M 

r;(N) = _1_+ _1_ Xn;(N - 1) i = 1,2 ... M 
f.Li f.Li 

T( N) = -M".-;--N_­

L; r; (N) 
i=1 

n;(N) = T(N)r;(N) i = 1,2'" M 

These algorithm equations are repeatedly solved for increasing popula­
tion size. 

Examples of the Use of the MY A Algorithm 

Example 1: M Cyclic Queues 

We will examine a very natural example that appears in [SCHW 87J 
which consists of an M queue cyclic network with 
f.Ll = f.L2 = f.L3 = ...... = f.LM = f.L. This is the same example which we did 
before using the convolution algorithm for a three queue cyclic network. 
The MY A algorithm will allow us to solve for the M queue case. 

The assumption that the queues are arranged in a cycle assures that 
the throughput of each queue is identical. The assumption that all the ser­
vice rates are the same will also simplify matters since the mean number in 
each queue and the mean time delay through each queue will be identical. 

For one customer over the queues i=I,2 .... M: 

n;(O) = 0 

r;(I) = : 
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- 1 f..L 
T(l)=-=-

M~ M 
f..L 

For two customers over the queues i=1,2 .... M: 

T.(2)=-+ -X- = --- 1 (1 1) ~M+l) 
• f..L f..L M f..L M 

T(2) = ___ 2 __ _ 

MX~x(M;l) 

- 2f..L 1 M+l 2 n·(2) = --X-X--= -
• M+l f..L M M 

For three customers over the queues i=1,2 .... M: 

T' -+ -X- - --- (3) _ 1 ( 1 2) _ ~ M +2 ) 
• - f..L f..L M f..L M 

n.(3) = ~x~x(M+2) = ~ 
• M+2 f..L M M 

Finally, one can deduce a pattern ill the answers so that for N custo­
mers over the queues i=1,2 .... M: 

r;(N) = ~ M +;-1 ) 
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NJ.l 
T(N) = M+N-l 

1ti(N) = ; 

These results can be seen to match those obtained previously with the 
convolution algorithm when M=3. 

Example 2: Cyclic Queueing Network Numerical Example 

We will now re-solve the numerical problem for state independent 
servers that we worked out using the convolution algorithm. Again, the 
closed cyclic queueing network consists of three queues with service rates of 
J.ll = 2.0, J.l2 = 3.0 and J.l3 = 6.0. The algorithm is initialized with: 

For one customer: 

For two customers: 

1ti(O) = 0 i=I,2,3 

~(1) = .500 

7=;(1) = .333 

Ta(1) = .166 

T(I) = 1 1.0 
.5 + .333 + .166 

nl(l) = 1.0 X .500 = .500 

n2(1) = 1.0 X .333 = .333 

n3(1) = 1.0 X .166 = .166 

~(2) = .500 + .500 X .500 = .75 

7=;(2) = .333 + .333 X .333 = .444 

Ta(2) = .166 + .166 X .166 = .194 
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2 Y(2) = ------= 1.44 
.75 + .444 + .194 

111(2) = 1.44 X .75 = 1.08 

112(2) = 1.44 X .444 = .639 

113(2) = 1.44 X .194 = .279 

For three customers: 

For four customers: 

7;.(3) = .500 + .500 X 1.08 = 1.04 

7;(3) = .333 + .333 X .639 = .546 

7;(3) = .166 + .166 X .279 = .212 

3 Y(3) = ------= 1.67 
1.04 + .546 + .212 

111(3) = 1.67 X 1.04 = 1.74 

112(3) = 1.67 X .546 = .912 

113(3) = 1.67 X .212 = .354 

7;.(4) = .500 + .500 X 1.74 = 1.37 

7;(4) = .333 + .333 X .912 = .637 

7;(4) = .166 + .166 X .354 = .225 

Y(4) = ___ 4 __ _ 
1.37 + .637 + .225 

1.79 

111(4) = 1.79 X 1.37 = 2.45 

112(4) = 1.79 X .637 = 1.14 

113(4) = 1.79 X .225 = .40 

The values of mean throughput can be seen to match those generated 
previously by the convolution algorithm. Moreover the value 113(4) also 
matches. 
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4.4 PANACEA: Approach for Large Markovian Queueing Net­
works 

4.4.1 Introduction 

PANACEA is a software package and associated mathematical tech­
nique developed by J. McKenna (now at Bell Communications Research), 
D. Mitra and K. G. Ramakrishnan of AT&T Bell Laboratories that is able 
to solve Markovian queueing networks which are significantly larger than 
those which can be handled by other computational techniques. The pack­
age can solve multi-class, closed, open and mixed queueing networks. The 
basic idea used is to express the normalization constant as an integral 
which is in turn approximated by an asymptotic power series. Thus 
PANACEA produces approximations - though very accurate ones - along 
with bounds (see section 4.4.9). Like the convolution algorithm the key is 
to efficiently calculate the normalization constant, though by a radically 
different means. 

The asymptotic power series used are generally power series in liN, 
where N is a generic large parameter. The number of terms required to 
produce a desired accuracy decreases with increasing N. Moreover, multiple 
classes can be handled with only incremental increases in computing time. 

In what follows we will very closely follow the exposition in [McKEN 
82]. It deals with the specific case of closed networks of state independent 
servers which are not heavily loaded. This material is among the most 
advanced in this book. However it is well worth reading as it represents a 
unique approach to the problem of queueing network calculation. 

4.4.2 The Product Form Solution 

There are p classes of customers and j is implicitly used for indexing 
class. That is, j (l:S;j:S;p) will not be explicitly written under summations 
or product. 

First, we will consider some nomenclature. There are s service centers 
of the BCMP types 1,2,3,4 (see section 3.2.5). It turns out that the P ANA­
CEA approach requires a type 3 (infinite number of servers) service center 
in each route. This is not that overly restrictive as terminals, which are 
well modeled by type 3 service centers, appear throughout computer sys­
tems models. It thus becomes convenient to say that service centers 1 
through q will be type 1,2 and 4 centers while service centers q+ 1 through 
s will be type 3 centers. When class and center indices appear together, the 
first symbol refers to class. 

Next, the product form solution will be considered. The equilibrium 
probability of finding nji customers of class at center i, 
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1 ~ j ~ p, 1 ~ i ~ s, is 7r(lL l1lL 2& 3' . . . lL 5) where: 

The product form solution is then 

where 

where 

1 5 

7r(lL1&2&3," 'lLs) = aIl7r j (lLi) 
;=1 

Pj; = 

expected # of visits of class j customers in center 
service rate of class .i customers in center i 

(4.58) 

(4.59) 

(4.60) 

(4.61 ) 

( 4.62) 

The numerator here is equivalent to the solutions of the traffic equa­
tions, the 0i's, discussed in chapter three. Rather than phrasing the physi­
cal meaning of the 0i's as throughput, it is phrased here, equivalently, as 
the number of visits. 

It follows from the normalization of probability that the normalization 
constant, or partition function as a physicist would call it, is 

5 

G(K) = ~ Il7ri (lL ;) (4.63) 
l'R p=Kpi=l 

where K j is the constant customer population of the jth class and K is the 
s 

vector of these populations. Also l'. ILl is a vector representation of ~ nji' 
;=1 

Expanding the above equation yields: 
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4.4.3 Conversion to Integral Representation 

The first step in the PANACEA technique is to represent the normali­
zation constant as an expression involving integrals. Beginning with Euler's 
integral: 

(4.65) 

This representation is used to write: 

00 

CE njd! = J e -uTI ut,· dUj i=1,2,3 ... q (4.66) 
o 

Substituting this into equation 4.64 and bringing the integrals out 
results in: 

00 00 

G = J ... J exp(- t Uj) :E (4.67) 
o 0 i=1 ~11-1=Kl 

x [n{II (p ji ~i r;' }] [. IT {II Pj!: }]dU 1 ••. dUq 
.=1 nJ•• .=q+l nJ1 • 

We will now express G in several alternate forms. First, using the 
multinomial theorem: 

00 00 q 

G = (IIKj !tl J ... J exp(- :E ui) (4.68) 
o 0 i=1 
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The notation may be simplified by: 

s 
PjO = I: Pji 

i=q+l 

j=1,2,3 ... p (4.69) 

Now the service center index i ranges only over the centers 1 ~ i ~ q. 
The quantity PjO is a weighted combination of the mean "think times" of 
the infinite service centers in routing the jth class. That is, the reciprocal of 
the service rate is the mean time a customer spends "thinking" at a termi­
nal between the time a prompt appears and the time he or she types 
return. 

If the routing of the jth class contains at least one infinite service 
(type 3) center then Pjo>O, otherwise Pjo=O. Then let the collection of 
indices of classes of the former case be I and let the collection of indices for 
the latter case be 1*. That is: 

(4.70) 

In this notation G becomes: 

00 00 

G = [TIp fd ITI K j !J J ' , . J exp-(I: Uj ) (4.71) 
j£1 j 0 0 

{ }
K' p.., K· Xn l+I:~i TI{I:PjiUi}' dUl ... dUq 

j£1 i PJo j£1' j 

In vector notation, which will be used below, 

G=[TIPj~ ITIKj !] J e-l'.!!.TI(8j [+.r..' j!L)K; d!L (4.72) 
jEl j Q+ j 

where 

!L = (ul,u2,u3' ... uq )' 

1.. = (1,1,1, ... 1)' 

rj = (rjl,rj2, •.• rjq)' l~j ~p 

r ji = P jil P j 0 if j d 

r·· = p .. ifJ'd* 
)1 )1 
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0jl = 1 if jEf 

0jl = 0 if j Eft 

Q+ = {g-' ui >0 for all i} 

At this point in their exposition McKenna and Mitra introduce a large 
parameter N: 

(4.73) 

(4.74) 

Generally (J j is close to zero and the r ji are close to one. While many 
choices of N are possible, McKenna and Mitra suggest: 

1 
N = max{-} 

ij r ji 
(4.75) 

Substituting these expressions for (Ji and 4 into the last expression 
for G and changing variables &..=y,j N results in: 

where 

G(K) = [I1P~ II1Kj !] J e-l'.!LI1(Ojl+L / Jl.fi d1L 
j El . Q+ . 

G(K) = [NqI1pj~ IIIKj !] J e-Nf(;Jd&.. (4.77) 
JEI j Q+ 

p 

f (&..) = ~&..- ~ (Jjlog(OJl+[/ &..) 
j=l 

(4.76) 

(4.78) 

In all of what follows, it will be necessary to assume that the route for 
each class contains an infinite server center. That is: 

PjO> 0 j=1,2 ... p (4.79) 
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Thus the set I' is empty and I contains the whole set. 

4.4.4 Performance Measures 

Such important performance measures as average throughput and 
average delay are simply related to utilization [BRUE 80]. Therefore we 
will concentrate on utilization. Let u".;(K) be the utilization of the ith 
processor by customers of the 17th class for a population distribution, by 
class, in the network described by K = (K r,K2,K3, ••• Kp), as before. 
Then, from [BRUE 80]: 

G(K-L".) 
J.l".;(K) = P".i G (K) (4.80) 

Here L- is a vector with all components zero except for the ath component, 
which is one, as before. With some manipulation, see [McKEN 82], this 
can be rewritten as: 

(4.81 ) 

A technical note is warranted. In a typical large network under nor­
mal (see below) operating conditions r".i can be expected to be on the order 
of liN, because of the normalization used. Also, K". is on the order of N 
and the term in braces is either close to 0 or 1. 

More generally, what has been accomplished is to represent a basic 
performance measure as a ratio of integrals. This alone would not lead to 
a computational savings. What helps further is that these integrals can be 
approximated quite accurately by simple asymptotic series. 
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4.4.5 "Normal Usage" 

The asymptotic expansions that will be developed are for a network 
under "normal usage". Intuitively this is a network that is not too heavily 
loaded, say with loads under 80%. More precisely, define: 

In terms of the original network parameters: 

I;Kj Pji 

PjO 
i=I,2,3 ... q 

(4.82) 

(4.83) 

Because of the multiplication of fJ j and 4' a is independent of N. 
Physically, a; is a measure of the unutilized processing capability of the ith 
service center. Positive a; corresponds to less than "normal" processor 
utilizations and negative values to very high utilizations. In what follows 
it is assumed that a; >0, i =1,2,3 ... q. This is normal usage. Qualitatively 
different expansions are needed when some of the a; are negative (very 
high utilization). 

We close this section by noting that it is shown in [McKEN 821 that, 
asymptotic with network size, and for all a; > 0: 

Ui = utilization of ith processor ~ I-a; (4.84) 

This expression directly relates the parameters ai's to the actual utili­
zation. 

4.4.6 Some Transformations 

We will now look at a transformation of the previous integral, one of 
whose purposes is to bring the expression for utilization into a form that is 
amenable to an asymptotic expression. We start by adding and subtract­
ing terms in the exponent: 

J e-Nf k)d~ = J e -Nf (£)+NL;,BjCL/ £)-NL;,Bj(r.../ £) d~ 

Q+ Q+ 

J e-Nf(£)d~ = 
Q+ 

J e-Nli£exp-[NI;fJj{L/ ~-log(1+L/ ~)}Id~ 
Q+ j 

(4.85) 

( 4.86) 
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J e-Nf(!£)d~ = 
Q+ 

N-q J e-Jiltexp-[I;,Bj{L/ .lL-Nlog(1+~Nl _/ .lL)}]d.lL 
Q+ j 

Here .lL =N~. Next let's make a change of variables: 

Let's also normalize r ji : 

Note that: 

From the immediately preceding integral: 

where: 

1 P - 1 -s(N- v) - -- '" f.l,{r t v-Nlog(l+~ " v)} ~ 6~J -J - N-J -
J=l 

( 4.87) 

(4.88) 

( 4.89) 

(4.90) 

(4.92) 

(4.93) 

The other reason for making this transformation is that H(N-1&) will 
make it possible, later, to determine error bounds for the asymptotic series. 

Repeating the transformation for the integral J(Lo-' ~)e-Nf (!£)d~ 
results in a final expression for the utilization 

(4.94) 
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f e-.r..!1.(f u'l!JH(N-l,JlJd1L 
X l+~~Q:...-+--------

N f e-.r..!1.H(N-1,1L)d1L 
Q+ 

(4.95) 

where IJl) (N) and I(N) are the integrals of the numerator and denomina­
tor, respectively. 

4.4.7 Asymptotic Expansions 

The PANACEA procedure is to first obtain the power series 

H(N-1,1L) = :E hd~) (4.96) 
k=O N 

and integrate to obtain: 

Ak = f e-.r..!1.hd1L)d1L (4.97) 
Q+ 

These Ak can be used so that the previous integral is: 

00 Ak 
I(N) R:j I; -k (4.98) 

k=oN 
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Now 

1 8 k 
hk(v) = H(O,v) k=0,1,2... (4.99) 

- k! 8(1/ N)k -

and recall that: 

(4.100) 

From the earlier definition of s it can be noted that for fixed .!L€Q+, 
s(N-1,Q.) and thus H(N-1,Q.) are functions of N-1 and are analytic in 
Re (N-1) > €(.!L) where €(.!L)<O. 

We can write 

k=1,2,3 ... (4.101) 

where 

h (.!L) = (_~)k ~f3 j (t/ .!L)k 
1 

k=1,2,3 ... (4.102) 

The derivatives of H can be expressed as: 

H(k+l)(N-1,Q.) = (4.103) 

t (!)s(k+1-m)(N-1,Q.)H(m)(N-1,Q.) k=0,1,2 ... 
m=O 

From the above the {hk (.!L)} can be generated recursively: 

hO(.!L) = 1 (4.104) 

Specifically: 

(4.105) 
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h1Cl!J = -/2C!2J 

h 2(1ZJ = -I 3C12J+ ~ 1 i (lL) 

h 3(lL) = -I 4 (lL)+ 1 2(lL)1 3(lL)- ~ 1 t (lL) 

To summarize 

00 Ak 
I(N) ~ ~-k 

k=O N 
(4.106) 

where the J e -l!. !Lhk (lL)dlL and the {hk (lL)} are obtained recursively 
from the above equation. The calculation of IJl) (N) is quite similar 
[McKEN 82]. But the calculation of the Ak's can be put into a quite 
interesting context: 

4.4.8 The Pseudonetworks 

It turns out that the compositions of the coefficients {Ak} and {AJ1J} 
are related to the normalization constant of a certain network called the 
pseudonetwork. To compute the first few elements of {Ad and {A J~2} it is 
only necessary to consider the pseudonetwork with small populations. 
Thus one can use an efficient algorithm for small populations, such as the 
convolution algorithm, in the process of calculating the coefficients of the 
asymptotic series. 

For example: 

A = J e-l!.!Lh (v)dv 3 3- - (4.107) 
Q+ 

( 4.108) 

Let's call the third term A 33' Using the earlier expansion for 12(lL): 

A l "'f3 3 [ -l l "(r- , )6d 33 = -4:8.0 j. e -- =-i lL lL 
J 

= __ 1_", f32f3 Je-l!.!L(f.' v)4(f ' v)2dv 
16 .0 J k "-J - W< - -

jof.k 

(4.109) 
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1 "a.aaJe-~!L{rJv)2{r/v)2{r/v)2dv 48 L...J ,., J ,., k ,., I "'-1 - !-Ie - !...J - -
j¥k¥l 

The subscripts range over [l,pj. The typical integral in the composi­
tion of the asymptotic expansion coefficients is, within a multiplicative con­
stant: 

(4.110) 

This should be familiar since if we take equation 4.76 for the partition 
function, assume no infinite service centers (I is empty) it becomes the simi­
lar: 

(4.111) 

Because of this similarity, g{m) is the normalization constant of a cer­
tain network, the "pseudonetwork". The pseudonetwork is closed and has 
no infinite service centers . .A13 in the original network there are exactly q 
processing centers and p classes of customers. The service rate of jth class 
customers in the ith service center is r ji. The population distribution by 
class in vector form is (m l ,m 2,ma, ... mp). 

Thus we can generate the {A k } as functions of the normalization con­
stants of the pseudonetwork: 

Ao = 1 

Al = -1":/3jg{2·1..j) 
j 

Aa = -61":/3j g(4·1..j )-201":/3Jg{5·1; )-151":/3;g(6·1;) 
j j j 

(4.112) 
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Here j,k,l are class indices in the range [l,pl. 

It has been found that the above four terms yield a reasonable approx­
imation to I(N). In the above at most three classes have a non-zero 
number of customers and the total population is at most 6 (for the similar 
{AJ1l} it is 7, see [McKEN 82]). The small population sizes involved make 
the ~se of the convolution algorithm practical. 

4.4.9 Error Analysis 

In a practical sense, it is importan t to know how accurate the P ANA­
CEA approximation is. It turns out that the errors in estimating the 
integral from the use of m terms is of the same order as the (m+l)th term 
as N-+oo. 

That is [McKEN 821: 

m=l,3,5 ... (4.113) 

m-l Ak Am 
0< I(N)- ~ -< -- m=2,4,6 ... 

k=O N k N m 

This is a consequence of H being cOlllpletely monotonic with derivatives 
alternating in sign. 

We end here by noting that the cOllvolution algorithm actually is used 
in the PANACEA package to calculate the normalization constants of the 
pseudonetworks. Under normal usage it is found that only four leading 
coefficients give high accuracy estimates. 

4.5 Discrete Time Queueing Systems 

In all the queueing systems that have been discussed so far, time has 
been assumed to be continuous. That is, arrivals and departures may take 
place at any instanL of time. Certain practical systems operate in a 
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different mode involving discrete time. Here events may only be allowed to 
occur at periodic, equi-spaced instants. 

AB an example, consider two stations (Figure 4.1a) connected to a 
common communication medium such as a coaxial cable or radio channel. 
Assume that time is "slotted", being comprised of equi-width slots (Figure 
4.1b). Packet length, slot width and channel speed are such that one 
packet can be transmitted by one station on the bus during one slot. 

A packet will arrive at a station during a slot with probability a. For 
the purposes of this example we will assume that each station can hold 
only a single packet. Once a packet is in a station, further arrivals are 
blocked. 

If a station has a packet it transmits it during each slot with probabil­
ity s. A packet can only be transmitted successfully during a slot by one 
of the stations if the other station does not transmit a packet at the same 
time. If packets are transmitted by both stations during the same slot 
they overlap ("collide") and become garbled so that neither is successfully 
transmitted. Both must be retransmitted later. 

Even though the protocol being described results in occasional colli­
sions, it has the virtue of being decentralized and straightforward to imple­
ment. 

We will take a numerical approach that involves calculating the state 
probabilities of the system and then calculating performance measures from 
these state probabilities. As an example, the state transition diagram of 
this system is shown in Figure 4.2. There are clearly four states and a 
number of transitions between them. 

This state transition diagram is different from the ones that have been 
seen before as time is now discrete. The values associated with the transi­
tions are not rates but the probabilities of making each transition during 
each slot. Put another way, each slot finds the system in some state. At 
the end of the slot the system must transit one of the transitions leaving 
the state so that it can enter a state (perhaps the same one) for the next 
slot. Some transition must be chosen and the sum of the probabilities of 
all the outgoing transitions must equal one. 

Note that whereas in a Markovian continuous time queueing system 
the time spent in a state is an exponential random variable, for this 
discrete time system it is a geometrically distributed random variable. 

Let's examine some of the transitions in Figure 4.2. If both buffers are 
empty, each may receive a packet with probability a 2 to push the system 
into state 3. If during the next slot there is either a collision (with proba­
bility s2) or no attempted transmissions (with probability (l-s )2), the sys­
tem will remain in the same state. Perhaps then station B will successfully 
transmit its packet with probability s(1-s) followed by a successful 
transmission by station A with probability s(1-a). 
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Fig. 4.1: Two Station Slotted Network 

Fig. 4.2: Two Station State Transition Diagram 
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We can write balance equations for such discrete time Markov chains 
as 

(4.114) 

(4.115) 

where Pij is the probability of going from state i to j and 7r j is the equili­
brium probability of state j. In matrix form this can be written as 

(4.116) I 

where '£= [7ro 7rl 7r2 ••. ] and P is the transition matrix. That is, the ijth 
entry of P is Pij. 

A different and computationally prefarable solution [WIES] solution 
approach goes as follows. Let BiO) be the state probabilities at slot o. 
Then the state probabilities can be generated at each slot through the 
recursion: 

(4.117) 

If the recursion is run long enough it will converge to the equilibrium 
state probabilities. A test for convergence such as 

I 7r i (n ) - 7r i (n -1) I :::; 10-5 for each 

can be used [WIES]. Work by J.E. Wieselthier at the U.S. Naval Research 
Laboratory and by A. Ephremides at the University of Maryland [WIES] 
on discrete time models of multiple access protocols has used this solution 
method for state spaces of up to 700 states. It was found that a renormali­
zation of the probabilities should be performed each iteration to prevent 
round-off errors from becoming a problem. 

As is often the case, performance measures can be calculated for the 
simple model of Figure 4.2 as functiolls of the state probabilities. As an 
example, a little thought will show that the throughput of the channel is: 
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(4.118) 

The following section on the simulation of communication networks is 
authored by James F. Kurose of the University of Massachusetts, Amherst, 
and by Hussein T. Mouftah of Queen's University, Kingston, Ontario. It ori­
ginally appeared as part of (KURO), copyright 1988 IEEE, and is reprinted 
here with the permission of the authors and the IEEE. 

4.6 Simulation of Communication Networks 

By J. F. Kurose and H. T. Mouftah 

4.6.1 Introduction 

As seen in the previous sections, a tractable analytic model often res­
tricts the range of system characteristics that can be explicitly considered in 
a performance model. For example, systems with complex job scheduling 
policies, finite buffers (which cause blocking), simultaneous resource posses­
sion by a job, complex timing constraints, or tightly coupled interactions 
between various parts of the model cannot be explicitly modeled using the 
general-purpose queueing paradigm of the previous sections. In such cases, 
approximate analytic models may sometimes be adopted [LAVE 83], 
[SAVE 81] or simulation may be used to solve a performance model. 

The tradeoffs between an analytic and a simulation approach towards 
modeling are in the relative amounts of time spent on model formulation 
and model solution. Since analytic models require a higher degree of 
abstraction, considerable effort and skill may be required on the part of the 
network modeler to develop a performance model which accurately reflects 
the system under study. The analytic model itself, however, can generally 
be solved rather quickly. In a simulation approach, the system may be 
modeled to any arbitrary degree of detail; the process model formulation 
thus becomes a more straightforward task, although it remains advanta­
geous from a solution standpoint to a.bstract out as many secondary sys­
tem details as possible. The solution of a simulation model requires 
significantly more computer time. In some cases, however, simulation is 
the only viable approach. 
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The simulation technique typically used to solve a model of a com­
munication network or protocol is stochastic discrete event simulation. In 
discrete event simulation, various components of the actual network under 
study (e.g., the communication links, buffers, access strategies, network 
control structures) are represented within a computer program. The events 
that would occur during the actual operation of the network (e.g., the 
arrival, transmission, routing, and departure of messages, error conditions 
such as message loss or corruption, link/node failures and recovery) are 
then mimicked during the execution of the program. The function of the 
simulation program is thus simply to generate events and then simulate the 
network's response. (The simulation program typically also performs other 
ancillary tasks such as recording and later analyzing performance data as 
well. ) 

Our goal in this section is not to provide a tutorial introduction to the 
topic of discrete event simulation; several excellent texts are readily avail­
able on both the general topic [FISH 78a], [LAVE 83], [LAW 82], as well as 
on the use of discrete event simulation for performance modeling, analysis, 
and design of computer networks [SAUE 83], [SCHO]. Moreover, as dis­
cussed in Section VI there are many software tools available which free the 
practicing modeler from the lower level details of discrete event simulation. 
Instead, our goal is to provide an overview of several current research areas 
that are currently advancing the state-of-the-art in using simulation in 
communication network design and performance analysis. 

4.6.2 The Statistical Nature of a Simulation 

The generation of events by the simulation program is driven by a 
stream of pseudorandom numbers. These random numbers might be used, 
for example, to generate the lengths of messages, interarrival times of mes­
sages at a given node, time between failure.s of a link, or probability of a 
transmission error. Since the event generation process depends on the 
pseudorandom number stream, the performance measures output by the 
model (e.g., queueing delays, device utilizations, buffer occupancies, message 
loss, etc.) are themselves random in nature. 

A simulation thus represents a statistical experiment [WELC] and the 
performance results should thus be subjected to careful statistical analysis. 
For a given sequence of random numbers, a particular set of values is 
obtained for the performance measures of interest (e.g., message delay, 
buffer occupancies, device utilization, throughput, etc.). If the simulation 
had been run for either more or less time, or if a different stream of ran­
dom numbers had been used, different values would have been obtained for 
these performance measures. How then does one determine whether the 
performance values obtained from a particular run are in some sense the 
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true or correct values? 

1) Transient Versus Steady-State Performance Values: In some cases, 
the network modeler is interested in performance measures such as the 
average delay of the first 100 messages through a node (e.g., following a 
simulated link failure) or the buffer occupancy statistics over some rela­
tively short period of time. In such cases, the performance results may 
depend quite strongly on the initial conditions of the simulation, e.g., the 
number of messages initially in the node or buffer when the simulation 
begins. Performance measures which depend on the initial state of the 
simulation are referred to as transient measures. In general, the amount of 
simulated time needed to obtain these transient statistics is well-defined (as 
above) by the nature of transient measures of interest. 

In other cases, a modeler may be interested in the long-term or 
steady-state results of a simulation. In this case, the simulation must typi­
cally be run long enough so that the effects of the initial state of the simu­
lation on the performance measures of interest are negligible. Alterna­
tively, the transient portion of a simulation run may be discarded and per­
formance statistics collected only after the simulation has reached steady 
state. The problem of determining the end of the transient phase is a 
difficult one, since there is no well-specified point in time at which the tran­
sient phase ends. Rather, the effects of the initial configuration become less 
important as the length of the simulation increases. The problem of identi­
fying the transient phase of a simulation is addressed in [SCHR] and 
[WELC]. 

2) Confidence Intervals: Since the performance results predicted by 
one run of the simulation depend on the particular stream of pseudoran­
dom numbers used to drive the simulation, the results of a performance 
model will typically vary from one run to another. If we were to run the 
simulation ten times and obtain ten different values, all within one percent 
of each other, our confidence in that value would be high. On the other 
hand, if the ten values obtained varied greatly, our confidence in anyone 
value, or even in the average of the ten values, would be small. In a simu­
lation experiment, confidence interval techniques are used to quantify such 
confidence in a performance estimate. Roughly speaking, if some interval 
(a,b) is an X percent confidence interval for the performance measure /1-, 
then if the simulation were to be independently repeated some number of 
times, the estimated value for /1- obtained from the simulation would fall in 
the interval (a,b) in approximately X percent of these runs. 

Several techniques have been devised for generating confidence inter­
vals. In the method of independent replications, the simulation is run n 
independent times and n estimates are thus obtained for each performance 
measure of interest. Each set of n values thus represents n independent 
samples of the quantity to be estimated and standard statistical techniques 
can be used to construct a confidence interval [LAW 83], [WELC]. Note 
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that in the case of steady-state performance measures, the transient portion 
of each of the n simulation runs must be discarded, thus making the 
method of independent replications a potentially expensive confidence inter­
val technique. In the method of batch means, a single run of the simula­
tion is divided into N equal-length periods of time (after discarding the ini­
tial transient phase). The values of the performance measure during each 
of these N periods are then taken as N (approximately) independent sam­
ples and a confidence interval can again be constructed for this perfor­
mance measure using standard statistical techniques. Note that this tech­
nique has the advantage of discarding just a single transient phase. How­
ever, the problem of determining an appropriate value of N is crucial, yet 
difficult [FISH 78bJ, [WELC]. If N is too small, the samples will be corre­
lated; if N is too large, an excessive amount of simulatio~ time will be 
used. 

A third technique for generating confidence intervals is known as the 
regenerative method. This technique is also based on partitioning a single 
simulation run into independent subruns; it thus also enjoys the advantage 
of requiring that only a single transient phase be discarded. In the regen­
erative approach, the simulation run is partitioned on the basis of a 
modeler-defined regeneration state, a state such that the future evolution of 
the simulation is statistically identical following each entry into this state. 
For example, in an open queueing model of a network with Poisson 
arrivals, the regeneration state might be the state with no messages in the 
system. The regeneration state thus serves to divide the simulation into 
independent and identically distributed partitions of time of random 
length. The technique for generating confidence intervals using the regen­
erative method is described in [eRANJ. One drawback of this method is 
that a regeneration state may be hard to identify. Also, large models may 
require an excessive amount of simulation time to pass through enough 
regeneration points to produce valid confidence intervals. 

The three confidence interval techniques discussed above are based on 
partitioning the overall simulation and obtaining (at least approximately) 
independent and identically distributed values of performance measures 
from the partitions. A fourth confidence interval technique, known as the 
spectral method [HElD 81J, is a single run method and explicitly takes into 
account the correlation between data gathered by the simulation (e.g., 
between successive queueing times at a queue). 

4.6.3 Sensitivity Analysis of Simulation Results 

An important part of any modeling study is that of sensitivity 
analysis--determining how changes in model parameters affect system 



238 

performance. For example, a network modeler might be interested in the 
effect of an increased arrival rate or a decreased channel capacity on the 
average message delay. Sensitivity analysis also helps identify both critical 
model parameters, as well as those which have relatively little influence on 
performance. It thus also provides an indication of the quality and general 
validity of the model. If performance is extremely sensitive to a certain 
parameter value, the model may not be applicable over a wide range of 
parameter value. On the other hand, if performance is insensitive to cer­
tain parameters, this would suggest that the model may be needlessly com­
plex and that these parameters might possibly be abstracted out of the 
model with no loss of applicability. 

The most straightforward (and common) approach towards sensitivity 
analysis is to first run the simulation to determine the baseline performance 
for the given parameter values. The simulation is then run again several 
times, each time with a slightly perturbed value of a single model parame­
ter. Clearly, if there are a large number of parameters, this can be a very 
costly process--if there are N parameters, the simulation must be run N 
times to determine model sensitivity for the baseline parameter values. 

Recently, two approaches have emerged for estimating such sensitivity 
or gradient information from a single run of a simulation. Although their 
applicability is often restricted to certain classes of models or simulation 
techniques, they offer a promising methodology for efficiently obtaining sen­
sitivity information. The first approach is known as perturbation analysis 
(PA) [CASSJ, [HO 83aJ, [SURI87J. One version of this approach, known as 
infinitesimal perturbation analysis (JP A), is based on the assumption that 
if an extremely small change had been made in a parameter value before a 
simulation run, the timing, but not the relative ordering of the simulation 
events, would have changed. IPA routines can be incorporated into a 
simulation to track these relative timing changes as the simulation 
progresses and then produce a sensitivity estimate at the end of the single 
simulation run. PA has been studied both in the context of single queue 
systems [SURI 84J, [ZAZAJ and networks of queues [HO 83bJ, [HO 84J. 
Some potential limitations of perturbation analysis are discussed in [HEID 
86J. 

A second approach for obtaining sensitivity estimates from a single 
simulation run is based on the use of likelihood ratios [REIMJ. This tech­
nique, which requires only that the occurrence of certain events be counted 
during the simulation, utilizes the natural variation in the random 
processes underlying the parameter of interest to generate the sensitivity 
estimate. In [REIMJ, it is noted that the likelihood ratio method has an 
advantage over PAin that sensitivities can be computed with respect to 
any parameter in a simple and uniform manner. It has the disadvantage, 
however, of being applicable primarily to regenerative simulation and gen­
erally providing sensitivity estimates with a higher variance than those 
produced using P A. 
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AB discussed above, sensitivity estimates provide important informa­
tion about the robustness of the simulation results. An additional use of 
these estimates is in the automated Monte Carlo optimization of the net­
work designs. Typically, network performance results from a complex 
interaction among many parameters, or design variables, and an explicit 
closed-form expression seldom exists for the performance measures of 
interest, much less their derivatives. In such cases, one possible approach is 
to use simulation to optimize system performance with respect to the 
design variables. In this case, the system is simulated, sensitivities with 
respect to the design variables are determined, and the model parameters 
are then changed in the direction for which the performance increase is 
greatest. The system is then simulated again and this iterative process 
repeated until the design has been optimized. Note that the optimization 
process is complicated by the fact that the gradient values computed via 
simulation represent noisy estimates of the true gradient values. Hence, a 
stochastic approximation (optimization) method must be used [GL YN 86b j. 
A probably convergent simulation-based optimization algorithm is given in 
[GL YN 86aj which obtains sensitivities using a likelihood ratio approach. 
The use in optimization of sensitivity estimates via perturbation is studied 
in [HO 83bj. 

4.6.4 Speeding Up a Simulation 

The major disadvantage of a simulation (as opposed to analytic) 
approach towards network performance modeling is the amount of time 
needed to simulate a model. Generally, as network protocols become more 
sophisticated and complex, so too do their performance models. Moreover, 
rapidly increasing computation, communication, and switching speeds of 
communication networks are resulting in ever-increasing message traffic 
rates. For example, the designs of some fast packet switches, (e.g., 
[TURN]) permit up to 1.2 million packets to be switched per second. 
Clearly, simulating the operation of even one such switch for any nontrivial 
amount of time is a formidable computational task. 

1) Distributed and Parallel Simulations: One approach towards 
decreasing the amount of time needed to perform a simulation study is to 
distribute the computational burden of simulation among several proces­
sors in a distributed or parallel multiprocessor system [CHAN 79j, [CHAN 
81j, [COMFj, [DA VIj, [DECEj, [JEFFj, [MISRj, [PEAC]. In this approach, 
the simulation is partitioned into numerous logical processes, each of which 
is responsible for simulating one or more of the physical processes in the 
system being modeled. For example, the operation of each network node 
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might be simulated by a different logical process; in a high-speed packet 
switch, a logical process might be responsible for simulating the packet pro­
cessor for a specific input line, or an element within the switching fabric. 

In a multiprocessor environment, different logical processes may be 
executed in parallel on different processors, with the goal of decreasing the 
time required until the simulation completes. Of course, processes may not 
proceed completely asynchronously, since causal interactions between 
processes in the physical system must also be maintained between the logi­
cal processes of the simulation. The manner in which this synchronization 
is maintained in the simulated system is of fundamental importance, since 
it is this which prevents a K-fold speedup from being obtained when a 
simulation is distributed over K processors. Synchronization is typically 
implemented via message passing between the logical processes. In [DECE], 
[JEFF], an optimistic approach towards synchronization is taken. Logical 
processes are permitted to continue a simulation (assuming the absence of a 
synchronization message) even though a later-arriving synchronization mes­
sage may require a process to resimulate a previous part of the simulation. 
This resimulation is accomplished using a simple method for rolling-back 
the state of the logical process' simulaLion and undoing its effects on other 
processes. The experimental results reported in [DECE] suggest that this 
method yields a linear increase in effecLive computing power as the number 
of nodes increases. 

In [CHAN 79], [CHAN 81], [MISRj, and [PEAeJ, less asynchrony is 
permitted but rollback is not required. This approach has been reported to 
produce significant speedups in the simu lation of acyclic queueing networks 
[MISR]. However, recent studies of actual implementations on a multipro­
cessor system have shown that for queueing networks in which customer 
feedback is important (e.g., as in a central server model [SAUE 81]), the 
synchronization overhead of certain distributed simulation techniques may 
be so high that simulation distributed over five machines runs several times 
slower than if the simulation had been run on but one of these machines 
[REED]. A third approach towards distributing a simulation has been 
investigated in [LUBAj. In this work, a time-driven (as opposed to event­
driven) approach was taken, i.e., the si mulation clock was incremented by 
fixed-length time intervals rather than on the basis of event times. For 
synchronous networks, this was shown to result in a significant speedup of 
the simulation. 

An alternative to distributing a single simulation over K processors is 
to run K independent copies of the simulation in parallel, one on each of 
the K proca'lsors. In this case, no synchronization is required among the K 
processors. At the end of the simulation, the results of the K simulations 
are averaged and the statistical significance of these results determined. As 
shown in [HElD 85j, the simulation termination criteria must be carefully 
chosen in order to avoid introducing sampling bias into the estimates of 
the performance measures. A model is also developed in [HElD 85] for 
comparing distributing a single simulaLion over K processors with running 
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K independent copies of simulation on K processors. The purpose of this 
comparison is to determine which approach is statistically more efficient, 
i.e., produces performance estimates with a smaller mean squared error for 
the same amount of computing resources. It is shown that if the run 
length is long or the initial transient period is short, replicating a simula­
tion is statistically more efficient than distributing a simulation. The ques­
tion of combining the two methods of simulation is also investigated. 

2} Hierarchical Decomposition and Hybrid Techniques: Hierarchical 
decomposition is a modeling technique for speeding up a simulation. In 
this approach, portions of the model are grouped into submodels and each 
submodel is replaced by a single composite queue with a queue-length 
dependent service rate. If the submodel has a product form solution (see 
Section II above), this reduced model is statistically identical to the original 
model [CHAN 75]. In the case of nearly decomposable systems [COUR 77], 
the decomposition is approximate, but often quite accurate (see, e.g., the 
model of SNA virtual route pacing in [SCHW 82]). 

The potential speedup results from the fact that the submodel need 
only be solved once (for each possible customer population) in order to 
determine the service rates of the composite queue. Then, in the simulation 
of the entire model, the potentially large number of events that would have 
occurred when a customer passed through the submodel are replaced by 
only two events: the arrival and eventual departure of the customer from 
the composite queue. Experimental results of decomposing extended queue­
ing network models are reported in [BLUM] and several rules of thumb are 
given for cases in which decomposition would be advantageous. 

Note that the submodel itself may be solved either through simulation 
or analysis, even if the overall model requires a simulation solution. The 
possibility of such a hyhrid approach towards modeling [SHAN], i.e., COlll­

bining both analysis and simulation in a single model, may result in even 
further reduction in model solution time. Studies examining the use of 
hybrid models in network modeling can be found in [BHAT], [FROS 86], 
[SAUE 76], and [VANS]. A hybrid model for studying file transrer proto­
cols in token ring networks was studied in [WONG]. The hybrid model 
was found to produce performance results typically within 5 percent of 
those found via a detailed simulation, and did so on the average 50 times 
faster than the detailed simulation. In the hybrid model of CSMA/ CD in 
[OREI], the operation of a few of the network stations was simulated in 
detail, while the effects of the remaining stations were modeled by an ana­
lytic algorithm which produced sequences of channel busy/idle times. This 
approach was shown to be more efficient than a detailed simulation of all 
stations when the overall number of stations in the network was large. 

3} Variance Reduction: A third method for decreasing the run time of 
a simulation is the use of variance reduction techniques. These techniques 
exploit known statistical properties of the system being modeled in order to 
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reduce the amount of time needed to obtain performance estimates of a 
given accuracy. While these techniques have been extensively studied in 
the literature, they have not often been used in real applications [HEID 84]. 
An overview of the application of variance reduction techniques in com­
puter network modeling is given in [FROS 88]; a general discussion of vari­
ance techniques can be found in [LAW 82]. A promising recent variance 
reduction technique which has been applied to the simulation of queueing 
networks is based on the theory of large deviations and is described in 
[WALR]. 

To Look Further 
The book by Bruell and Balbo [BRUE 80] is an excellent introduction 

to the convolution algorithm for closed queueing networks. It includes a 
variety of specialized expressions not covered here as well as performance 
measures for multi class networks. 

The paper by Reiser [REIS 81] describes the Mean Value Analysis 
algorithm for state dependent servers. It also relates it to the LBANC 
algorithm of Chandy and Sauer [CHAN 80] and to the convolution algo­
rithm. The occurrence of overflows in the algorithms is discussed. 

Conway and Georganas [CONW 86, 89b] have developed an exact 
algorithm for multiple chain closed queueing networks which is known as 
RECAL. It's basis is a new recursive expression which relates the normali­
zation constant of a network with r closed routing chains to those of a set 
of networks with r-l routing chains. This algorithm's advantage is that 
the time and space requirements of the algOJ'ithm are polynomial in the 
number of chains. The algorithm is efficient when there are a large number 
of chains. By way of contrast, MY A and the convolution algorithm have 
time and space requirements which increase exponentially with the number 
of chains. However RECAL's requirements are combinatorial in the number 
of service centers. The implementation of RECAL on a shared memory 
multiprocessor is discussed in [GREE]. 

More recently, Conway, De Souza E Silva and Lavenberg [CONW 89] 
have developed an algorithm called Mean Value Analysis by Chain 
(MY AC). The recursion used in this algorithm is different from that used 
in Mean Value Analysis but similar in structure to the recursion used in 
RECAL. MY AC does not compute the normalization constant and so it is 
felt that it avoids the underflow /overfiow problems associated with imple­
menting RECAL (or the convolution algorithm for that matter). The com­
putation and storage costs of MY AC are similar to those for RECAL, but 
different compared to MVA. 

Another recent algorithm is Distribution Analysis by Chain (DAC) by 
De Souza E Silva and Lavenberg [DESO]. It computes joint queue length 
distributions for product form queueing networks with single server fixed 
rate, infinite server and queue dependent service centers. It also computes 
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mean queue lengths and throughputs somewhat more efficiently than 
RECAL and MY AC. 

The usefulness of the PANACEA approach has been extended in a 
number of papers. State dependent service rates are covered in [McKEN 
86J. The calculation of mean queue lengths is discussed in [McKEN 84J. 
Finally, the use of the PANACEA technique in calculating sojourn time 
(i.e. time delay experienced by a customer) distribution function is 
developed in [McKEN 87J. A different piece of work that makes use of 
asymptotic expansions is [KOGAJ. 

A recent paper of interest on distributed simulation is [WAGNJ. 
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Problems 

4.1 Consider the convolution algorithm for a single class of customers. 
Show, as is done in [BRUE 80], that only N+1 memory locations are 
needed for the operation of the algorithm for both the cases of state 
dependent and state independent service rates. 

4.2 Derive the boxed equation for g(n,m) for state independent servers 
from the boxed equation before it for state dependent servers. 

4.3 Prove that 
N N 

E [ni] = :E np ( nj = n) = :E p ( nj 2 n) 
n=I n=I 

You can prove this graphically. 

4.4 Prove that g (n,M - {M}) = g (n,M -1). It should only take two or 
three lines to do this. 

The following problems are designed so that the results can be cross 
checked with one another. 

4.5 Use the convolution algorithm to calculate performance measures for a 
cyclic network of three queues where /hI = /h, /h2 = 2/h and /h3 = 3/h. 
Specifically: 

a) Calculate the normalization constants table and calculate G(N) for 
N=1,2 ... 5. 

b) Calculate the mean throughput, lj(N) for N = 1,2 ... 5. 

c) Calculate the mean number or customers, n;(N) for i=1,2,3 and 
N=1,2,3. 

d) Calculate the mean time delay through each queue, r;(N), for 
i=1,2,3 and N=1,2,3. 

4.6 Use the MY A algorithm to calculate performance measures for the net­
work of the previous problem. Specifically, calculate for i=1,2 ... 5: 

a) The mean number in each queue. 

b) The mean time delay through each queue. 

c) The mean throughput in each queue. 

4.7 Use the convolution algorithm to calculate performance measures for a 
cyclic queueing network of three queues where /hI = 1.0, /h2 = 2.0 and 
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/-L3 = 3.0. Specifically, calculate: 

a) The normalization constants table and the normalization constants 
G(N) for N=1,2 ... 5. 

b) The mean throughput Tj(N) for N=1,2 ... 5. 

c) The marginal queue length distribution when there are four custo­
mers in the network using the equation for state independent servers. 

d) The marginal queue length distribution for (c) using the equation 
for state dependent servers. You will need to first calculate 
g(N,M-{i}) for N=O,l ... 4. 

e) The utilization, Uj (4) for each queue in the network with four cus­
tomers. 

f) The mean number in the third queue, n3(4) when there are four cus­
tomers. 

g) Check (f) using the marginal probability density. 

h) The mean waiting time for the third queue with four customers. 

4.8 Use the MY A algorithm to compute performance measures for the net­
work of the previous example. Specifically, calculate: 

a) The mean number in each queue. 

b) The mean time delay through each queue. 

c) The mean throughput in each queue. 

4.9 Use the convolution algorithm for state dependent servers to calculate 
various performance measures for a three queue cyclic network where 
the service rates for queue 1 are: 

Queue 1 

# Customers Service Rate 
1 1 
2 5 
3 8 
4 10 
5 11 

The service rates for queue 2 are: 
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Queue 2 
#- Customers Service Rate 

1 3 
2 5 
3 7 
4 9 
5 11 

Queue 3 has a state independent server of rate eleven. 

a) Calculate the entries of the normalization constants table. Then cal­
culate G(N) for N=1,2 ... 5 

b) Calculate the mean throughput, TdN) for N=1,2 ... 5. 

c) Calculate the marginal queue length distribution for the third queue 
when there are four customers. 

d) Calculate, U3(4), the utilization of the third queue when there are 
four customers in the network. 

e) Calculate, n3(4), the mean number in the third queue when there 
are four customers in the network using the state dependent formula. 

f) Confirm (f) using the marginal state probabilities. 

g) Calculate 7;(4), the mean time delay in the third queue when there 
are four customers in the network. 

4.10 Compare the computational requirements of the solution techniques of 
equations (4.116) and (4.117) for solving for the equilibrium state pro­
babilities of discrete time queueing systems. Note that solving N gen­
erallinear equations requires time proportional to the cube of N. 

4.11 Computer Project: Write and execute a computer program that exe­
cutes the convolution algorithm for state independent servers. You 
should be able to input the number of queues in a closed loop and 
numerical values for the service raLes. The program should print out 
all the performance measures discussed in this chapter. Hand in a 
report consisting of a program flow chart, the code listing and an 
example of the program's use. 

4.12 Computer Project: Write and execute a computer program that exe­
cutes the convolution algorithm for state dependent servers. You 
should be able to input the number of queues in a closed loop and 
numerical values for the service rates. The program should print out 
all the performance measures discussed in this chapter. Hand in a 
report consisting of a program flow chart, the code listing and an 
example of the program's use. 
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4.13 Computer Project: Write and execute a computer program that exe­
cutes the mean value analysis algorithm for state independent servers. 
You should be able to input the number of queues in a closed loop and 
numerical values for the service rates. The program should print out 
all the performance measures discussed in this chapter. Hand in a 
report consisting of a program flow chart, the code listing and an 
example of the program's use. 

4.14 Computer Project: Write and execute a computer program to solve 
the system of Figure 4.2 for the equilibrium state probabilities using 
equation (4.117). Assign initial probabilities to each state uniformly. 
Include code to renormalize the state probability vector after each 
iteration. Have the program calculate the throughput of equation 
(4.118). Produce graphs of throughput for a from .1 to 1.0 in steps of 
.1 with s=.25,.50,.75. Hand in a report consisting of a program flow 
chart, the code listing and the graphs. 



Chapter 5: Stochastic Petri Nets 

5.1 Introduction 

Petri Nets provide a means for modeling and graphically representing 
the possible behavior of systems in which concurrency, serializability, syn­
chronization and resource sharing are important considerations [PETE], 
[FILM]. They can be used for the understanding and prediction of the 
behavior of computer systems, communication protocols, biological, 
economic and other complex systems. 

Petri Net models originated from the doctoral dissertation of C.A. 
Petri [PETR], written in 1962 at the University of Bonn, West Germany 
and have been extended over the years [BRAU], [DENN], [HOLT]. Such 
aspects of Petri Nets as determining the set of reachable states have 
received considerable attention. More recently attention has been given to 
including appropriate timing mechanisms in Petri Net models. 

Stochastic Petri Nets (SPN's) [FLOR] [MOLL 82] are based on the 
assumption that the time between successive events can be modeled as a 
random variable. Most work to date has assumed a Markovian statistical 
framework. We will refer to such Stochastic Petri Nets as Markovian Petri 
Nets (MPN's). We do not consider the immediate firing transitions of Gen­
eralized Stochastic Petri Networks [MARS 84]. 

The major approaches for the numerical solution of arbitrarily 
configured Stochastic Petri Nets are the use of a Markov chain solver or 
simulation. In [DUGA] the features of Lhree existing Stochastic Petri Net 
solution packages are described and combined into the design of a unified 
solution package. This package can solve ergodic or transient problems. 
This includes phase type timing [MARS 85]. The use of regeneration in 
simulation is discussed in [HAAS]. 

Work has also been conducted on state aggregation [AMMA], calculat­
ing cycle time [WONG CY] and throughput bounds [BRUE 86] [MOLL 86]. 
Stochastic Petri Net models of data link protocols [MOLL 82], local area 
networks [GRES] and bus oriented multiprocessor systems [MARS 83] 
[MARS] have appeared in the literature. 

A major difficulty encountered in modeling systems using the Petri 
Net representation is that the network schematic often becomes unwieldy 
as the complexity of the system increases. This gives rise to dauntingly 
large state transition diagrams [DIAZ]. Analytical or even numerical 
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calculations of equilibrium probabilities become difficult. The actual 
difficulty, however, is not the large state transition diagram itself, but 
rather dealing with state transition diagrams with an arbitrary structure. 
For instance, as we have seen in chapter 3, the state transition diagrams of 
certain classes of queueing networks [BASK 75], [GORD], [JACK 57], 
[KELL] exhibit enough structure so that simple product form solutions 
exist for the equilibrium state probabilities. Yet, the state transition 
diagram can be arbitrarily large or even infinite in extent. 

In this chapter a class of Markovian Petri Net models with relevance 
to practical applications is analyzed. For this class, the state transition 
diagram of the associated Markov chain exhibits a rich algebraic topologi­
cal structure that can be readily characterized. Geometrically, the state 
transition diagram can be embedded in a toroidal manifold. This embed­
ding alleviates the visual clutter of the usual Petri Net schematic diagram. 
In addition, the equilibrium probabilities satisfy local balance equations 
and, therefore, exhibit the classical product form. This will serve to rein­
force some of the concepts of chapter 3. These results first appeared in, and 
this chapter follows closely, [LAZA 86, LAZA 87b (copyright 1987 IEEE)]. 

The chapter is organized as follows. In section 5.2 MPNs are 
motivated by means of an example of a multiprocessor bus oriented inter­
connection network. In section 5.3 the general algebraic topological struc­
ture of this class of resource sharing protocols is presented and the product 
form of the equilibrium probabilities derived. In section 5.4 a steady state 
version of the well known dining philosophers problem is investigated. An 
aggregate CSMA protocol model appears in section 5.5. The alternating 
bit protocol is modeled as a Petri Net in section 5.6. Although shorter in 
length, sections 5.4, 5.5 and 5.6 discuss for their respective settings the 
theoretical issues raised in the previous sections. 

6.2 A Bus Oriented Multiprocesso, Model 

Consider a dual processor computer system as shown in Figure 5.1. It 
consists of two processors, P I and P 2' £l.nd a common shared memory, CM. 
PI or P 2, or both, may attempt transfers to CM through the bus. 
Conflicts occur as only one processor may utilize the bus, and hence access 
memory CM, at one time. 

We note that this, and the other bus oriented multiprocessor example 
in this chapter, are based on a modified version of the TOMP architecture 
[MARS 83]. TOMP is the TOrino MultiProcessor developed at the Politec­
nico of Torino in Torino, Italy. 

A Markovian Petri Net model of this system appears in Figure 5.2. 
Formally, the MPN is defined as the sixtuple: 

P = (P,T,I,O,M,Q) (5.1) 
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P is a set of places (drawn as circles) and T is a set of transitions 
(drawn as horizontal bars). I is an input function which maps each transi­
tion to one or more places (drawn as directed arcs) and 0 is an output 
function which maps each place to one or more transitions (drawn as con­
tinuous or dotted directed arcs). A marking, M, is an assignment of a non­
negative number of tokens (drawn as dots) to individual places. For a 
given Petri Net, the marking defines the state of the system. Q is the set 
of rates associated with the transitions. 

The rules of Petri Net operation are simple. If there is at least one 
token in each place incident (through solid or dotted arcs) to a transition, 
that transition is enabled for firing. This invoives removing one token 
from each place incident to the transition (except from places connected to 
the transition with dotted arcs) and adding one token to each place con­
nected to the transition by an outgoing arc. The use of these non-standard 
dotted arcs will become clear as we proceed. For a MPN the time between 
an enabled transition and its firing is an exponentially distributed random 
variable. In a deterministically timed Petri Net this time would be a deter­
ministic quantity (zero for an "immediate" transition [MARS 84]). 

Note that the presence of a small circle where an arc meets a transi­
tion indicates a complemented dependency. For instance, in Figure 5.2 one 
can move to a BUS REQUEST place only if PI is ACTIVE and there is no 
ongoing eM ACCESS. 

The class of MPN's considered in this chapter is safe, that is, a place 
may hold at most one token at any given time. As we are interested in 
steady state solutions all transitions also exhibit liveness, i.e., deadlock 
cannot occur. 

In the dual processor MPN model of Figure 5.2 one can see a total of 
two linear sequences of events originating from the places indicating that 
the processors are internally active (externally idle). Each such sequence 
will be referred to as a task sequence and the events which comprise it as 
sub-tasks. The first state is often an idle event (i.e. , task waiting to be ini­
tiated). The two tasks of Figure 5.2 thus correspond to PI or P 2 attempt­
ing to perform a transfer with CM. 

Generally, one can distinguish between places which represent sub­
tasks and those which represent resources (e.g., GB FREE). The essence of 
the Petri Net paradigm is that a task .5equence may be blocked (temporarily 
or permanently) if resources are not alla.£lable. The resource places and asso­
ciated transitions could be replaced by a set of control rules making enable­
ment dependent on the state of selected task sequences. In [GRAN] a simi­
lar distinction is made between "job tokens" and "control tokens" . 

In Figure 5.2, qkl is the exponential rate associated with the I th sub­
task (I = 0,1,2) of the k th task sequence (k=I,2). The Petri Net transi­
tions should not be confused with the transitions of the state transition 
diagram of the Markov process associated with the Petri Net. The 
corresponding state transition diagram appears in Figure 5.3. The 
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horizontal axis corresponds to P I and task sequence 1 while the vertical 
axis corresponds to P 2 and task sequence 2. The equilibrium state proba­
bilities are given below for all states (i,j) of the indicated task sequences: 

(5.2) 

Note that these probabilities have the characteristic product form 
which is known to exist for certain classes of queueing networks. 

Consider now the more sophisticated multiprocessor system shown in 
Figure 5.4. It consists of two processors, P I and P 2 and the corresponding 
memories, MI and M 2• PI (or alternately, P 2) may attempt transfers to 
M 1(M2) through the local memory bus MB 1(MB 2) connected to the private 
processor bus PB 1(PB 2). Alternatively, P 1(P 2) may attempt transfers to 
M 2(M1) via the global bus (GB) and the local memory bus MB 2(MB 1). 

Conflicts occur as only one processor may utilize the local bus or the global 
bus at a time. Note that the processor memories, PM1 and PM2, are only 
accessible from their respective processors on the private busses PB I and 
PB 2, respectively. Unlike in [MARS 83J, we assume that processor P 1(P 2) 

attempts an access only when the local bus, and if necessary the global bus, 
are free. As will be seen, this necessary to guarantee the existence of the 
product form solution. 

In the multiprocessor MPN model of Figure 5.5 one can see a total of 
four task sequences of events originating from the places indicating that 
the processors are (internally) active or idle with respect to the rest of the 
system. The four task sequences of Figure 5.5 correspond to P I or P 2 

attempting to perform a transfer with M] or M 2• 

In Figure 5.5, qkl is the exponential rate associated with the I th sub­
task (I = 0,1,2, ... ) of the k th task sequence (k=1,2,3,4). The correspond­
ing state transition diagram appears in Figure 5.6. The horizontal axis 
corresponds to PI and task sequence 1 and 3 while the vertical axis 
corresponds to P 2 and task sequence 2 and 4. The equilibrium state proba­
bilities, for each quadrant of the diagram, are given below for all states of 
non-zero probability. For all states (i, .7) of the indicated task sequences we 
have: 

p(£,j) = qlO q20 
p(O,O) (5.3) 

qli q2j 

for tasks 1 and 2, 

p(i,j) = 
q30 q40 

p(O,O) 
q3i q4i 

for tasks 3 and 4, 
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p(i,j) = 
qlO q40 

p(O,O) 
qli q4 j 

for tasks 1 and 4, and 

p(i,j) = 
q20 q30 

p(O,O) 
q2i q3 j 

for tasks 2 and 3. 

Note that these probabilities have the characteristic product form 
which is known to exist for certain classes of queueing networks. The basis 
of the surprising result of (5.2) and (5.3) will be explained in the next sec­
tion in terms of the algebraic topological structure of the state transition 
diagram of the Markov chain. 

6.3 Toroidal MPN Lattices 

To understand why the MPN of Figure 5.2 and Figure 5.5 has a pro­
duct form solution, consider two independent task sequences. That is, 
sufficient resources exist so that the state of each sequence does not affect 
the state of the other sequence. This leads to a state transition diagram 
like that of Figure 5.7. Let task 1 correspond to the horizontal axis and 
task 2 correspond to the vertical axis. 

While the position of the states appears to conform to a rectangular 
geometry, when one considers the "wrap around" character of the boun­
dary transitions it becomes apparent j,hat the natural topological space 
[MASS] for embedding the state transition diagram is the surface of a 
torus. This toroidal embedding is natural in that it is symmetrical and 
planar. The class of MPNs that can be naturally embedded on a torus will 
be referred to as Toroidal Markovian Petri Networks. 

The torus, a two dimensional manifold [MASS], can be thought of as 
a smooth surface without a boundary. The state transition diagram of the 
dual processor system of Figure 5.1 and Figure 5.2 embedded in a torus in 
R3 is shown in Figure 5.8. The embedding of the four quadrant state tran­
sition diagram of Figure 5.6 into torii is shown in Figure 5.9. Only the 
cycles used for pasting torii together are shown here. In this pasting the 
top and bottom torii rest upon each other and the left and right torii pass 
partially through each other. 

It is apparent in Figure 5.7 that the global balance equations at each 
point in the state transition diagram are structurally the same. Boundary 
states, which often appear in queueing based state transition diagrams, 
need not be considered separately. 

While any state may be chosen as a reference state, in applied terms 
the natural choice is the state which corresponds to both independent tasks 
being active (idle). With this state being given by the coordinates (0,0), we 
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seek an expression for equilibrium probabilities p (i ,i). The global balance 
equation for the conservation of probability flux at vertex (i ,j) is: 

.As has been mentioned in chapter 2, previous work [LAZA 84a,b,c], 
[WANG 86] on the algebraic topological structure of queueing network 
state transition diagrams has shown that the classical Jackson-type pro­
duct form solution of the equilibrium probabilities can be traced back to a 
decomposition of the state transition diagram into elementary building 
blocks. For a class of state transition diagrams [WANG 86], cyclic flows 
can be associated with these building blocks. A cyclic flow is associated 
with the transitions of each building block and has equal magnitude of pro­
bability flux on each transition. Note that, the state transition diagram 
structure in Figure 5.7 suggests the presence of cyclic flows about the torus 
(e.g., (0,0), (1,0), (2,0), (3,0), (4,0) to (0,0)). It will be shown that these 
cycles are the fundamental building blocks [LAZA 84a] of the state transi­
tion diagram. 

This observation is equivalent (Duality Principle [WANG 86]) to the 
hypothesis that the following local balance equations are satisfied : 

(5.5) 

These local balance equations are suggestive of a natural recursion for 
p(i,j): 

(5.6) 

This does indeed satisfy the global balance equations (5.4). For N 
independent tasks the expression can be generalized in a straight forward 
manner to: 

(5.7) 

where k/ is the k/ th sub-task of the I th task sequence. That we have 
achieved a product form solution is not surprising at this point since task 
independence was assumed. 
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This is indeed the case in the lower left quadrant of Figure 5.6 which 
corresponds to concurrent access by e3.ch processor to its corresponding 
memory. What of the other quadrants? Each can be seen to have the 
same structure as the state transition diagram of Figure 5.7 with specific 
cyclic building blocks removed. The removal of a building block{s) does not 
affect the form of the solution, except to cause a renormalization of 
p(O,O, ... ,O). Consistency of the local balance equations is preserved since a 
form of geometric replication applies [LAZA 84a,c). Therefore, as has been 
discussed in chapter 2, the flow on a cycle is isolated [WANG 86), i.e., it 
neither contributes nor removes probability flux from the other parts of the 
state transition diagram. 

The remaining question to be answered is why the pasting (an alge­
braic topological concept) of the four quadrant state transition diagrams of 
Figure 5.6 preserves consistency and the product form solution. Note that 
the boundary between any two quadrant state transition diagrams consists 
of a cycle (see Figure 5.9). For each of the quadrants taken in isolation, 
the equilibrium probabilities of the states of this cycle have the same pro­
duct form when expressed as a function of an arbitrary state of the cycle. 
This property preserves, therefore, the continuity of the form of the state 
probabilities. Thus, when two quadrant state transition diagrams are 
pasted together (see Figure 5.9), the form of the solution of the equilibrium 
probabilities for each quadrant remains the same, except for the renormali­
zation factor. 

We can summarize the properties of the MPN investigated above as: 

Theorem: A safe MPN consisting of a number of task sequences that are 
comprised of a series of sequential sub-Lasks has a product form solution 
for the equilibrium state probabilities if the state transition lattice can be 
naturally associated with a Cartesian coordinate system (alternatively: 
naturally embedded into an aggregation of toroidal manifolds) and if the 
state transition lattice is comprised of integral building blocks and 
corresponding consistent set of local balance equations. 

Proof: As explained above, the assumed solution form is verified to be a 
solution of the system's local balance equations. 

The properties of the MPN investigated above have been characterized 
in terms of the algebraic topological structure of the state transition 
diagram of the associated Markov chain. This characterization can be 
translated into the Petri Net schematic representation as follows: 

Theorem: Consider a safe Markovian Petri Net consisting of a number of 
task sequences that are comprised of a series of sequential sub-tasks. The 
product form solution for the equilibriuIIl state probabilities exists, if and 
only if, a task sequence is only allowed to proceed if there is a non-zero 
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probability that it can return to its current state without the need for a 
state change in other task sequences. 

Proof: This characterization is equivalent to the state transition lattice 
being comprised of integral building blocks. 

Essentially, the characterization precludes the possibility of a form of 
blocking. It is well known that the product form solution does not exist in 
blocking environments. This is a fundamental limitation that the algebraic 
topology of the state transition lattice imposes. In short, this characteriza­
tion is useful for determining which models do and do not have a product 
form solution. 

As an example, note that the MPN of Figure 5.5 differs from the more 
practically oriented one in [MARS 83] in the presence of the dotted arcs in 
the Petri Net schematic. These provide additional restrictions on when the 
task sequence is allowed to proceed. Without this restrictions the state 
transition diagram of Figure 5.6 gains six transitions: 

(3,0)-+(3,1) 

(2,0)-+(2,1) 

(3,0)-+(3,-1) 

(0,3)-+(1,3) 

(0,2)-+(1,2) 

(0,3)-+(-1,3) 

which do not belong to a cycle and do not fit into the above characteriza­
tion. These transitions modify the circulatory pattern of the state transi­
tion diagram and the classical Jackson-type product form solutions does 
not hold for this case. 

The discussion so far, pointed out a general methodology for determin­
ing whether the equilibrium probabilities have a product form that can be 
obtained by inspection. Consequently, the set of equations (5.7) holds for a 
multiprocessor system with an arbitrary number of processors, as long as 
its state transition diagram can be constructed using the previous simple 
rule. 

In short, this characterization is useful for determining which models 
do and do not have a product form solution. It is somewhat disappointing 
that the product form solution does no I; exist in the presence of blocking, 
but this is also the same situation that occurs in queueing networks. This 
is a fundamental limitation that the algebraic topology of the state transi­
tion diagrams imposes upon us. 

6.4 The Dining Philosophers Problem 

This well known model, due to Dijkstra [DIJK], is a good example of a 
distributed protocol for shared resources and has often appeared in Petri 
Net form [PETEj, [ZENlj. A number of philosopher's, say five, are seated 
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around a circular table and are dining with chopsticks. A single chopstick 
is placed on the table between each philosopher. Naturally, if a philoso­
pher picks up the chopsticks on either side of him (her) to dine with, the 
philosopher's neighbors may not dine. 

A MPN model of the dining philosophers problem, with five philoso­
phers, is depicted in Figure 5.10. This is a steady state version and is thus 
deadlock free. The task sequence for each philosopher can be seen to con­
sist of simply an idle and a dining state. 

In the state transition diagram of the associated Markov chain (see 
Figure 5.11) there are five states which correspond to a single philosopher 
dining and five states which correspond to the maximum of two philoso­
phers dining. The reference state of the state transition diagram 
corresponds to all philosophers being in the thinking state. This is a 
sufficient state description since the system is memory less. 

In states which correspond to only one philosopher dining, the only 
task sequences which may be initiated are those which correspond to the 
other two allowable philosophers making a transition into the dining state. 

Let qkO be the rate at which the k th philosopher makes a transition 
to the dining state and qkl be the rate at which the same philosopher 
leaves it. Then, over the set of allowable states: 

(5.8) 

for all k, 1 ~ k ~ 5, where ± is modulo 5 addition and subtraction. 

This result is the direct consequence of the algebraic topological struc­
ture of the state transition diagram. The "wrap around" character of the 
state transition diagram depicted in Figure 5.11 leads to an embedding of 
it into a five dimensional toroidal manifold. 

(An N-dimensional manifold exhibits locally the properties of the N­
dimensional Euclidean space. A standard technique to visualize a multidi­
mensional torus is by topological identification. For example, a 2-
dimensional torus can be obtained by identifying opposing sides of a square 
as being equivalent. A 3-dimensional torus is equivalent with a cube with 
the opposite planes identified as being equivalent [MASS], [FIRB].) 

Generalization of the dining philosDphers problem to an arbitrary 
number of philosophers is straightforward. The natural space to embed 
the state transition diagram is the N-dimensional toroidal manifold, where 
N is the number of philosophers. Sinee geometric replication applies, a 
simple product form solution of the type given by equation (5.8) holds. 
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5.5 A Station Oriented CSMA Protocol Model 

Since bus oriented multiprocessor architectures can be modeled by 
Petri Nets, the modeling of bus type local area networks is another poten­
tial application. Petri Net models of bus type local area networks have 
appeared in [GRES], [MOLL 84]. 

Bus type local area network models may either attempt to model the 
various stations and their interaction in detail or to model the behavior of 
a single station in the context of the aggregate statistical behavior of the 
remainder of the network. A CSMA model of the latter type will now be 
introduced. It should be noted that the difficulty in taking the former 
approach for local area networks, as opposed to multiprocessor bus inter­
connections, lies in the non-negligible propagation delay along the bus. 

A MPN of the LAN station appears in Figure 5.12 and the 
corresponding state transition diagram in Figure 5.13. Messages originate 
at the station with rate qlO. They are transmitted after an average time of 
1/ qIl spent in channel scanning. Once transmission has been initiated, col­
lisions occur with probability E [SHAP] after an average time of 1/ q12. 

The average duration of a successful transmission is 1/ q12 + 1/ q13. The 
average collision resolution time is l/T. 

Note that the qIl transition in the Petri Net does not depend on the 
bus availability. While, bus availability could be modeled stochastically, 
more correctly it depends on the states of other stations and their connec­
tion through the bus with significant propagation delay. The simplified 
model of Figure 5.13 will be used to illustrate some relevant ideas concern­
ing the toroidal class rather than as a detailed representation of the system 
operating under the CSMA protocol. 

The equilibrium probabilities of the states along the state transition 
diagram's main loop are: 

10 
p(k) = ~(O) 

aq 
(5.9) 

where a is (I-E) when k represents the MESSAGE READY and START 
TRANSMIT states and 1 otherwise. One way of viewing the state transi­
tion diagram of Figure 5.13 is as a cycle embedded in a one dimensional 
toroidal manifold with a "feedback" loop attached which corresponds to 
the possibility of collisions. The product form is maintained since the split 
of probability flux between the two loops is proportional to 1-E and E. 

However, when searching for a natural topological space for embed­
ding the entire state transition diagram must be considered. While this 
state transition diagram can be embedded on a 2-d torus, this could also be 
accomplished using a 2-d spherical manifold. A circle is a one dimensional 
toroidal manifold as well as a degenerate one dimensional spherical 
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Fig. 5.14: Alternating Bit Protocol Petri Net 
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manifold. 

The key point in the analysis above is the random bifurcation of 
flows. Thus it would seem most appropriate to view the state transition 
diagram as being embedded on a manifold obtained by the "pasting 
together" (an algebraic topological concept) of two 1-d toroidal manifolds. 
The pasting occurs along shared transitions and has been previously noted 
for queueing networks with random routing [LAZA 86]. A detailed exam­
ple of pasting along nodes appears in [LAZA 84a,b,c], [WANG 86]. 

5.6 The Alternating Bit Protocol 

The alternating bit protocol has been previously modeled in state 
machine [KRIT] and Petri Net form [MOLL 82]. A bit is alternatively set 
to 0 or 1 in successive packets in an acknowledgement and time-out based 
link. The alternating bit allows the receiver to disregard packets which are 
erroneously retransmitted due to acknowledgement loss. 

A MPN of the protocol appears in Figure 5.14 and the corresponding 
state transition diagram in Figure 5.15. Note that the state transition 
diagram consists largely of a single cycle with some minor feedback loops. 
Token movements off the main cycle occur with probability 1~€p and 1~€A 
[SHAP]. Here the probability of packet loss is €p and that of acknowledge­
ment packet loss is €A' The nominal task sequence consists of starting 
from the idle state (with the acknowledgement bit at 0 or 1) and then 
sending the packet, checking the correctness of the received packet, sending 
an acknowledgement packet and checking the correctness of the ack­
nowledgement packet. These tasks are then repeated with the bit comple­
mented. 

The loops are due to either the loss in transit through the packet net­
work of either the packet or the acknowledgement packet. In the alternat­
ing bit protocol a timer at the transmitter, started after packet transmis­
sion, indicates when an acknowledgement is overdue ("time out"). After 
time out a retransmission occurs. The states off the main cycle help to 
model this timeout mechanism. 

Let Tp and T A be the rate modeling the average timeout duration for 
message and acknowledgement packet, loss, respectively (see Figure 5.14). 
In Figure 5.15, Tp originates from a state corresponding to packet loss; 
there is also a state with outgoing rate TA modeling timeouts due to ack­
nowledgement packet loss. The transmitter timer can not distinguish 
between message packet and acknowledgement packet loss so that the aver­
age timeout setting must be the same in either case. Thus I/Tp = l/TA + 
1/ q12 + 1/ q13. 

The equilibrium probabilities along the main cycle have the form: 

10 

p(k) = ~(O) 
a q 

(5.10) 
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where 0: is equal to (l-fp)X(l-fA) or (I-fA)' depending whether the state 
k represents the SENDING PACKET, or the PACKET CHECK and 
SENDING ACK states, respectively. For all other states belonging to the 
main cycle 0:= 1. 

The equilibrium probabilities of the states in the feedback loops in 
Figure 5.15 can be also easily found. The product form of a single cycle is 
maintained, in spite of the feedback loops, because the splits of flow are 
proportional to fp and (l-fp) and to fA and to (I-fA)' Again, a number 
of one dimensional toroidal manifolds are pasted together to embed the 
state transition diagram. Although the two outer feedback loops in Figure 
5.15 change the character of the embedding manifold, the product form of 
the equilibrium probabilities still applies. 

5.7 Conclusion 

A class of Markovian Petri Net models with equilibrium probabilities 
that can be expressed in the classical product form has been described. 
Examples have been given involving resource sharing (a bus oriented sys­
tem and the dining philosophers problem) as well as communication proto­
col problems (the alternating bit protocol) that arise in practical applica­
tions. 

The results obtained here have been based on the algebraic, geometric 
and topological properties of the associated state transition diagrams. The 
basic principle derived represents a structural result characterizing the 
existence of Markovian models for resource sharing having simple product 
form equilibrium probabilities. 

The wide spread use of Petri Net models has been somewhat inhibited 
by a perceived unwieldiness of the Petri Net schematic. It has been found 
by the authors of [LAZA 86,87b] that drawing the task sequences in a 
linear form and not completely drawing directed arcs to and from resource 
places tends to enhance the clarity and readability of Petri Net schematics. 
While such a structured approach has sometimes been implicit in previous 
work, this work provides an explicit basis for its use. 

To Look Further 

The characterization of the product form solution for stochastic Petri 
Nets discussed in this chapter can be extended to the case where the 
enabled transitions fire after a time that is a sum of exponential random 
variables [WANG 89]. 

An excellent source for material concerning timed Petri nets are the 
proceedings of a series of international workshops that have been held on 
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the subject. The first was the International Workshop on Timed Petri 
Nets, held in Torino, Italy during 1985 (IEEE Computer Society Press). 
The second is the '87 International Workshop on Petri Nets and Perfor­
mance Analysis held in Madison, Wisconsin USA in 1987 (IEEE Computer 
Society Press). The last is the 3rd International Workshop on Petri Nets 
and Performance Models held in Kyoto-shi, Japan during December 1989 
(IEEE Computer Society Press). 

A recently developed package for numerically solving stochastic Petri 
Net problems is SPNP (Stochastic Petri Net Package). It was developed at 
the Computer Science Dept. of Duke University, Durham N.C., by G. 
Ciardo, J. Muppala and K.S. Trivedi. Based on C, it runs on a variety of 
systems. It is capable of solving generalized stochastic Petri nets in both 
the transient and steady state case. For details see [CIAR]. This article 
includes a comparison with two other packages: GreatSPN [CHIO] from 
the University of Torino, Italy and METASAN [SAND] from the Univer­
sity of Michigan at Ann Arbor and Industrial Technology Institute, Ann 
Arbor. These latter two packages have simulation capabilities. 



Appendix: Probability Theory Review 

A.I Probability 

Probability theory is ultimately concerned with the results of statisti­
cal "experiments". An experiment will be assumed to have a number of 
outcomes which can not be further decomposed [FELLj. For instance, if we 
pick a card from a randomly shuffled deck of cards there are 52 possible 
outcomes. Each such outcome is a sample point. The collection of such 
sample points is the sample space, S. It is assumed that the sample 
points are mutually exclusive. 

Sample points can be aggregated into subsets of the sample space 
called events. For instance, in picking a card in the previous example, two 
potential events are the selection of a red card and the selection of a black 
card. 

A probability measure defined on S is an association of real 
numbers to the events, which satisfies the following axioms [TEOMj [KLEI 
75j: 

P(S) = 1.0 (A.1) 

o :::; P(A) :::; 1 for any event A (A.2) 

and if A and B are mutually exclusive: 

P(A + B) = PtA) + P(B) (A.3) 

These equations are the axiomatic way to define probability [P APOj. 
One can also define it, intuitively, in terms of relative frequency. If an 
event A occurs nA times out of n tries then: 

nA 
P(A) = lim-

n-----"(X) n 
(A.4) 
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Let P{AIB) be the conditional probability of event A occurring in 
an experiment given that B has occurred. Let P{AB) be the probability of 
the intersection of events A and B. Then: 

P{AB) = P{A)P{B IA) = P(B)P(A IB) (A.5) 

Two events are statistically independent if: 

P{BIA)=P{B) and P(AIB)=P(A) (A.6) 

This, together with (A.5), implies that for two statistically indepen­
dent events: 

P{AB) = P{A)P{B) (A.7) 

For instance, let A be the event of drawing a diamond and B be the 
event of drawing a red card. Clearly, P(A)=.25, P(B)=.5, P{AIB)=.5, 
P(BIA)=1.0, P(AB)=.25. However, P(AB)~P(A)P{B) as these events are 
not independent. 

In general, for independent events A,B,C ... 

P(ABC ... ) = P(A )P(B)P(C) ... (A.8) 

P(ABC ... ) is known as the joint probability and P{A) is an example of a 
marginal probability. 

A.2 Densities and Distribution Functions 

Suppose that we are interested in a continuous random variable, X, 
that assumes real values. Then the cumulative distribution function 
[THOM] is F (a) = P (X ~ a) for argument a. Among the properties of the 
cumulative distribution function are: 

F(a) ~ 0 (A.9) 

F(-oo) = 0, F(oo) = 1 (A.I0) 
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(A.l1) 

Finally, the cumulative distribution function is non-decreasing as a 
function of a: 

F( a +L\) 2:: F( a) if L\>O (A. 12) 

A probability density function is related to the cumulative distri­
bution function by 

or: 

f(x) = dP(X) 
dx 

F(x) = J f(y)dy 
-00 

For a continuous probability density function: 

f(x) 2:: 0 

00 

J f(x)dx = 1 
-00 

a, 

(A.I3) 

(A.I4) 

(A. IS) 

(A.I6) 

(A.I7) 

Now consider a probability density function on a discrete state space. 
Then: 

(A.I8) 

I; f (x;) = 1 (A.I9) 
x"s 

a, 
Pla 1 :::;x:::;a 2] = I; f (x;) (A.20) 

i=al 
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Example: The negative exponential density is used throughout this 
text: 

!(X) = P[J.'X X >0 

The cumulative distribution function is: 

z 

F(x) = JP,e-J.'Ydy = 1- e-J.'z, x>O 
o 

A.3 Joint Densities and Distributions 

The joint distribution function of random variables X I and X 2 is 

(A.21) 

for arguments xl and x2 and the joint density function is: 

(A.22) 

These two expressions can be extended, in the natural way, to situations 
involving more than two random variables. 

The marginal density function is related to the joint density func­
tion through: 

00 

f (Xl) = J f (XI,x 2)dx2 (A.23) 
-00 

That is, if the joint density function is integrated out over X2, what is left 
is f (Xl)' For a joint distribution of n variables, one integrates out over all 
but the ith variable to obtain f (Xi)' 

The conditional probability density is related to the joint and 
marginal probability densities through: 

(A.24) 
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A collection of n random variables XvX 2' ... Xn is said to be 
independent if the joint probability density function is equal to the pro­
duct of the marginal probability density functions: 

(A.25) 

A.4 Expectations 

The expectation of a random variable, X, is: 

00 

E(X)= Jx/(x)dx (A.26) 
-00 

Intuitively, the expectation is an integration (averaging) of x weighted 
by the probability of x occurring, f(x). It is simply the mean or average 
value of a random variable, X. For the discrete case: 

In general: 

E(X) = ~x;! (x;) 

E(X]+X2+ ... +Xn) = 

E(X1) + E(X2)+ ... +E(Xn) 

(A.27) 

(A.28) 

More specifically, if there are n independent random variables, 
XVX2' ... XI" then [DEGR): 

" n 
E(I1Xi ) = I1E(X;) (A.29) 

i=l i=l 

This is a consequence of / (xl,X2, ... x,,) = / (x l )/ (x 2) ... / (xn ). 

The nth moment of a probability density is 

00 

(A.30) 
-00 
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for the continuous case and 

(A.31) 

for the discrete case. Moments can be used to characterize a probability 
density function [TROM]. Usually, though, only the lower moments playa 
significant role. For instance, the variance of a random variable, a2, is a 
measure of the "spread" of a density about its mean: 

(A.32) 

00 

(A.33) 
-00 

or for the discrete case: 

(A.34) 

The variance is related to the 2nd moment through: 

(A.35) 

A.5 Convolution 

Suppose Y=XI +X2 where the random variables Xl and X 2 are 
independent with marginal densities f I(x I) and f 2(X2)' Then [PAP 0] 
[KLEI 75] the density of Y, f y(y) is given by: 

00 

(A.36) 
-00 

This function is called the convolution of f I and f 2' Convolution 
operations are used in circuit theory, signal processing, and queueing 
theory. 
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A.6 Combinatorics 

The number of combinations of n elements taken m at a time is: 

( n) n! 
m = (n-m)!m! (A.37) 
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