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METROPOLIS
HASTINGS (MH)

We want to compute p*(x) (typically PR

@ p(x|D))
Implicitly construct Markov Chain M .‘(v I
with stationary distribution p*(x)

Traverse it and sample every k:th visit
Use good or random starting point p*(X) = [ Yilx=x) /S

Discard the first l:th samples

The remaining samples xi,...,Xs is an
approximation of p*(x)

GIBBS SAMPLING

* Pick initial state x1=(x1,1,...,X1K)
* Fors=110S
+ Sample k~u [K]
© Sample Xs+1k ~ P(Xs+1,k| Xs k)
o Lot Xer1 = (Xs,1y000, X1 k1) Xst1 Ky ey XsK)

* If k|s record xs+1 (thinning)

Notation

D=(z1,....,2y), H={(21,...,2x), Npx=Y I(z=k)
= (71, m)s = (i i)y A= (Niy..s M), and A, = 1/07
Hyperparameters 8y = (o, Ao, Ao, Bo, @)

Model
7 ~ Dir(a), pr ~ N(to,Xo), Ax ~ Galag, ), z ~ Cat(w), and

p(xn|Zn = k) = N (g, \x)

GIBBS SAMPLER FOR
GMM




Hyperparameters 8y = (o, Ao, Ao, Bo, @)

A STATE

7 ~ Dir(ex), pr ~ N(uo, o), Ax ~ Ga(ap,Bo), zi ~ Cat(m), and
p(zn|Zn = k) = N(p, Ak)
Likelihood

(H, 7, p, A) p(D. H, 75,1 X) =p(D. Hlre, . Np(m)p(ss. )

= H[ﬂ'kN(man, )\k)]I(Z"zk)Dir(ﬂa)
n,k

TT N (k| 0, Xo) Ga(Ae|exo, Bo)
k

L IKELIHOOD FOR GMM

COLLAPSING COLLAPSING

log p(x | &, 8)
h |

— Standard Gibbs Sampler
—— Rao-Blackwelized Sampler|

—— Slandard Gibbs Sampler

Theorem 24.2.1 (Rao-Blackwell). Let z and 0 be dependent random variables, and f(z,0) be
some scalar function. Then

Integrating out some
components of the state eration
is called collapsing

varg.g [ f(z,0)] = var, [Eg [f(z, 0)|2]] (24.20)
It always improves _

convergence

It always improves
convergence

log p(x I m, 6)
) L
log p(x | 7, 6)
h

“—— Standard Gibbs Sampler
—— Rao-Blackwellized Sampler|

“—— Standard Gibbs Sampler
—— Rao-Blackwelized Sampler|

Iteration

i 10
Iteration




COLLAPSED
GIBBS SAMPLER
FOR GMM

Integrate out m, g, and A from

P(D,H,u,A,m,60)

6o is all the hyperparameters

Only full conditionals on z, remain

Same joint as before except from
conjugate prior on pk and Ak

NEW FULL
CONDITIONAL

p(zn|D, H-y, ©0)
P(2n, D|H_p, ©g)
p(D|H-yn,O0)
& p(#n, D|H_y,,O0)
X p(2n|H-n,©0)p(D|2n, H_p, O0)
X p(2n|H-n, ©0)D(xn|D—n, 2n, H_pn, O0)p(D—pn|2n, H_pn, Op)
X p(zn|Hon, ©0)p(xn|D_p, 20, H_p,, Op)

“easy” with a conjugate prior on pk and Ax
but varies as we vary H

~ULL CONDITIONAL

Recal, 7 ~ Dir(a), pr ~ N(po, o), Ak ~ Ga(ao, Bo), 2 ~ Cat(w), and
(| Zn = k) = N (e, Ar)
l.e., marginal /K)
koK
Py 2nfa) = 7\'+n) H n/]\
So,
1
p(z1:n|a) T(Nta) (N, + a/K)
plzi = klz_;j,a) = = X ~ -
p( I ) TR J—— Y YIS
- T(N4+a—-1)I(Ng—i+1+a/K) Np_i+a/K
~ I'N+a) TI(Np_i+a/K)  N+a-1
where Np_; 2 Ynpillzn = k) = Ny — 1, a= Zak
k

THE COLLAPSED
ALGORITHM

Algorithm 24.1: Collapsed Gibbs sampler for a mixture model

1 for eachi = 1: N in random order do

2 Remove x;'s sufficient statistics from old cluster z; ;
3 for each k = 1: K do

4 |_ Compute py(x;) £ p x;\{xj tzp =k, j#1});

5 Compute p(z; = k|z_;, D) o< (Nj.—i + a/K)pr(x;);
6 Sample z; ~ 1)(~?| )

7 Add x;'s sufficient statistics to new cluster z;




log p(x | T, 6)

log p(x | 7, 6)

— Standard Gibbs Sampler
—— Rao-Blackwellized Sampler]
1

Iteration

— Standard Gibbs Sampler
—— Rao-Blackwelized Sampler]
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Synthetic nucleotide data

5 leaves 10 leaves 20 leaves 40 leaves
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FIGURE 3, Comparison of the convergence time of PosetSMC and MCMC. We generated coalescent trees of different sizes and data sets

of 1000 nucleotides. We computed the L1 distance of the minimum Bayes risk reconstruction to the true generating tree as a function of the

running time (in units of the number of peeling recursions, on a log scale). The missing MCMC data points are due to MrBayes stalling on these

ecutions,




