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DICE
CONSTRUCTION

X outcome of dice

p=7 op(z)

Can also be used for posterior

.....

Xn ~p(X|D)

MONTE CARLO
BASICS

By sampling ¢Sample size

le:n ~ 7TTL(ZZIS.:n)’ s € [S]

we get the approximation

- s 1
Tn(Z1in) & Tn(Z1,) == g Z 5Z{m (Z1:n)
se(S]

where ¢ is the Dirac delta mass, i.e.,

1 if X=X,
0x,(X) =
xo(X) {0 otherwise




MONTE CARLO BASICS -
o TIMATING EXPECTATION

If ¥n is a real valued function of the r.v. Z7.,, and

Zig:n ~ ﬂ-’ﬂ(Zf:n)’ s € [S]
then

Eﬂ'n[@n(zln)] - /‘pn(zlzn)wn(zl:n) dzl:n

is approximated by
171:/10(9071) :/wn(zln)ﬁ—n(zln) dzl:n

DI

HOW TO
SAMPLE FROM A
DISTRIBUTION?

Theorem

For cdf F, if u~U(0,1), then F(u)~F

“ v Proof: p(F'(u)<x) = p(usF(x))=F(x)
So, to sample from F
0 Y
0 X sample u~U(0,1)

output F'(u)

If we can compute F, F' can be

found with binary search

s€ls]
Pdf
p(X|N) = Ae A
Cdf

F(X|\)=1—e "
Inverse

Ffl(p) _ _ln(l — p)

A

REJECTION SAMPLING

+ We want to sample from Beta(2,2)
+  pdf f(x) is proportional to x(1-x)

notice f has max at 1/2 and where it is 1/4




REJECTION SAMPLING

—target px)

7" %, | = = = = comparison function Mq(x)

xP~ q(x) ]

Want to sample from p, can compute p where p(x)=p(x)/Zp

Use proposal distribution g(x) s/t Mg(x)= p(x) (for known M)

REJECTION
SAMPLING

Algorithm
sample x~q(X)
sample u~U(0,1)

if uUMQ(x) < p(x), accept (and

output x)

CORRECT
CDF

et S = {(z,u) s u < p(x)/(Mq(x))}
= {(z,u) - uMq(z) < p(x)}

zo

p(z < zo,x accepted) = / Pu~t(0,1) ((z,u) € S) q(z)dx

—00

Zo

/ Puntrtony (u < () /Mq(z)) q(x)da

:_Z AI;E;(U;) q(z)dz = J\II_Z p(x)dx

p(z < mg|x accepted)

CORRECT
CDF

Lot S = {(z,u) s u < p(z)/(Mq(x))}
= {(z,u) : uMq(z) < p(x)}

N
1 ~
= x)dx
_ plz < o, x accepted) M ,L B(x)

xr accepted a <
p( pted) ﬁ f plz)dz
zo
Zy [ p(z)dz o
=2 = | px)dz

Zy f p(z)dz 5




HIGHER
REJECTION SAMPLING DIMENSIONS

We want to sample from Beta(2,2)
pdf is proportional to f(x)=x(1-x)

notice f has max at 1/2 and where itis 1/4 Rejection sampling performs

poorly in higher dimensions
To sample from Beta(2,2)

Sample x~ Uni(0,1)
Sample u ~ Uni(0,1) c<1, ¢ = cP

If x(1-x) < u/4 accept x (output it) otherwise try again

Want to compute Want to compute IMPORTANCE

IMPORTANCE AN T P SAMPLING -
o) [f(@)] = [ f(2)p(z)dz UNNORMALIZED
SAMPLING / .

DISTRIBUTIONS

Ep) [f(2)] = /f(;l:')p(lf)d;l?

Sample x',..., x5 ~q(x) Let ws=p(x8)/q(x®) Sample x',..., x5 ~q(x)  Let Ws=p(x5)/q(x°)

We can sample from q, We can compute and

Notice

Ep@) [f(z
/
Z

Pointwise
2 [ 122 C a=GZe

s
A 1
I = . Z we f(2*) but not from p

s=1

Compute sample from ¢, and

compute p
Or g is better

PX)=P(X)/Zp
Notice

()]
f(x)p(z)dx

\

s




Let Ws=p(x3)/q(x®) N/

MPORTANCE
SAMPLING -
UNNORMALIZED
ISTRIBUTIONS

™
L/

V4

5
Eyw) [f(@)] % 2P Y0 f(a%)
75 s=1

We can compute and
Now notice &
sample from g, and

compute p
Integration ~
PX)=p(X)/Zp

Pointwise q=G(x)/Za

Let ws=p(x®)/q(x)

MPORTANCE
SAMPLING -
UNNORMALIZED
JISTRIBUTIONS
We can compute and
sample from g, and
compute p

PX)=P(X)Zp

Biased!

IMPORTANCE
SAMPLING FOR DGM

Easy to sample from p(x|G) - sample roots and continue in topological
order
How to sample from p(xu|xo=y,G)?

“logic sampling” as above, reject if Xozy

not efficient, impossible for continuous values

*

*

L KELIHOOD WEIGHTING
(IMPORTANCE)

Sampling * & weights (for X from q)
sample Xn
p(X)
do not sample Xo, use X)="—""2
ple Xo y w(X) (%)
Xu| Xpa(u XulXpa(u
So, proposal ul;[Hp( [ X pa ))HI;[OP( [Xpacw)

H p(Xu|Xpa(u)) H 1
ueH u€O

= H p(XUIXpa(u))
ue0

q(X) = H p(Xu‘Xpa(u)) H I(Xu = yu)
weEH ueO




CONTINUOUS STATES

STATE SPACE
MODEL SSM

Generic form
transition

Zt = g(ut, Zt—1, €t)
observation

Yz == h(z¢,u, 0t)

STATE SPACE
MODEL SsSM

Generic form

hidden
state

~N

input  system noise

Zt = g(ut,zt—l,ﬁt)

observation

N

Yt = h'(ztv Ut, (St)
observation noise

Estimate belief state

(filtering) P(zt|yr:t, ur, 6)

STATE SPACE
MODEL SsM

Generic form

hidden
state

~N

Zt = Q(W, Zt—1, Gt)

input  system noise

observation

~N

Y = h(2¢, v, 0t)
. :
observation noise

Estimate belief state

(filtering) P(Zt|y1:e, w1, 6)




COMPUTATIONAL
PROBLEMS

t

t
preciction [y

>
smoothing

(L

fixed-lag t T
smoothing
(offline)

-ILTERING &
SMOOTHING

w2 2

L G-S5M
EXAMPLE

.
An object moves in a 2D plane e
' _ o
% coordinates  21t, 22t 10 E'Ecba'ﬂ%p-aﬂﬁp_a%
° o
* velocity ° o~ o
o
6
.
10 12 14 16 18 20 22

Filtering Smoothing
—XANIPLE e

An object moves in a 2D plane o 010 A Joit I O

. ) — oo 10 B4 €3t
% coordinates (21, z2t) Y 00 0 1) \tin) \ew
* velocity (21¢, 22t)
% sampling period A
% system noise ye = Cizitoy

€t NN(OaQ)

. : vl (10 0 0\ |z
% observation noise (y%) = (0 10 o> i,

8 ~N(0,Q)

6”
62{
63{
54!




L G-S5M
—XAMPLE

An object moves in a 2D plane

Initial state
p(z1) = N (21|p1)0, Z1)0)

% coordinates (th, Z'zt) Initial covariance matrix “broad”

% velocity (21, 22t)

% sampling perigd

. Kalman filtering gives belief states
% system noise

& ~ N(0,Q) p(zt|y1:e)
Y observation noise
5t o~ N(Oa Q)

Kalman smoothing gives belief states

p(zt|y1.7)

Prediction step:

P(2e|y1:t—1)

CONSIDER
SIMPLE LG-

:/ N(zt|azi—1, QN (zs—1|p—1,02 1) dzi—1 SSM
v Zt—1

where

t—1 is the filtered expectation on zt-1

2 ) :
01 is the filtered variance on zt.+

this is Gaussian (similar to Gaussian being
self conjugate)

Measurement step (also gives Gaussian):

I)(3t|ylzt) < p(yt \Zt)])(ft|’y1:t—1)

Transition
Zt =azi-1 + €

2t scalar & € ~ N(0,Q)
Observation
Yt = CZ¢ + (St

where

(St NN(O,R)

COMPLEXITY, SMOOTHING,
& PARAMETERS

*  Kalman filtering for MVN involves matrix inversion
*  Complexity O(|y[*+|z]?)
*  Kalman smoothing gives

p(zt|y1:T)

* EM can be used to find parameters

—ND




