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REPRESENTING AND WORKING 
WITH DISTRIBUTIONS
★ For all but the smallest n, the explicit representation of the joint distribution is 

unmanageable from every perspective. 

★ Computationally, it is very expensive to manipulate and generally too large to store 
in memory. 

★ Cognitively, it is impossible to acquire so many numbers from a human expert; 
moreover, the numbers are very small and do not correspond to events that 
people can reasonably contemplate. 

★ Statistically, if we want to learn the distribution from data, we would need 
ridiculously large amounts of data to estimate this many parameters robustly. 

★ These problems were the main barrier to the adoption of probabilistic methods for 
expert systems until the development of the methodologies we now will consider.

SOMATIC EVOLUTION

Fig. 1. Model of clonal evolution in neoplasia. Carcinogen-induced
change in progenitor normal cell (N) produces a diploid tumor cell (T1,
46 chromosomes) with growth advantage permitting clonal expansion
to begin. Genetic instability of Ti cells leads to production of variants
(illustrated by changes in chromosome number, T2 to T6). Most vari-
ants die, due to metabolic or immunologic disadvantage (hatched cir-
cles); occasionally one has an additional selective advantage (for ex-
ample, T2, 47 chromosomes), and its progeny become the pre-
dominant subpopulation until an even more favorable variant appears
(for example, T4). The stepwise sequence in each tumor differs (being
partially determined by environmental pressures on selection), and re-
sults in a different, aneuploid karyotype in each fully developed malig-
nancy (T6). Biological characteristics of tumor progression (for ex-
ample, morphological and metabolic loss of differentiation, invasion
and metastasis, resistance to therapy) parallel the stages of genetic
evolution. Human tumors with minimal chromosome change (diploid
acute leukemia, chronic granulocytic leukemia) are considered to be
early in clonal evolution; human solid cancers, typically highly aneu-
ploid, are viewed as late in the developmental process.

reditary component (such as neurofi-
bromatosis) where a familial gene defect
presumably involves every cell and great-
ly increases its susceptibility to neo-
plastic change (4, 8).
The nature of the alteration from a

normal cell to the first neoplastic cell, as
indicated in Fig. 1, must still be defined
arbitrarily. For the purposes of this mod-
el, "neoplasia" is considered as some
degree of escape from normal growth
control (whether these controls are intra-
cellular, local "chalones," or hormonal)
that provides the cell with a selective
growth advantage over the normal cell
from which it was derived. In some in-
stances, the process may include a latent
period, until the altered cell is triggered
from a resting state (Go) into active prolif-
eration (Gj; in other circumstances, the
initial event may involve a stem cell that
is already dividing, and simply increases
the proportion of progeny remaining in
the mitotic cycle instead of proceeding to
terminal differentiation. The fundamen-
tal nature of this initial step, and degree
to which it is specific for each neoplasm,
remains a basic problem in cancer re-
search.
The biological consequences of the pri-

mary alteration may be illustrated with
various examples-transformed cells in
tissue culture, benign and "pre-
cancerous" solid tumors, certain leuke-
mias-no one of which is completely
satisfactory from a theoretical stand-
point since additional alterations may al-
so have occurred. By definition, the pri-
mary event results in proliferation which
is unrestrained to some degree, and this
may be accompanied, particularly in tis-
sue culture systems, by reasonably con-
sistent morphological and biochemical
alterations in the early neoplastic cells.
Many studies in vitro point to changes in
the external cell membrane as being of
critical importance, causing deficiencies
in normal growth control mechanisms
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mediated through cell-to-cell contact (9). methods, and that structural changes in
The specific gene products that pro- chromosomes need not be involved.

duce these biological consequences re.-- The specific agents that initiate neo-
main uncertain. Equally obscure is the plasia also remain under study. It ap-
specific genetic event which produces pears increasingly likely that ionizing ra-
them. Absence of new gene products in diation, carcinogenic chemicals, and on-
tumor cells and the reversibility of trans- cogenic viruses can interact with the
formation in certain culture systems has host cell genome in a variety of ways to
led some investigators to suggest that bring about the required alterations in
initiation usually involves altered gene gene function (12). Chromosomal break-
expression rather than structural muta- age and rearrangement, point mutations,
tion (10). It is certainly clear that visible and insertion of viral components into
alterations in chromosome structure are the host genome have all been demon-
not essential to the initial change. Trans- strated. In a few instances, viral and
formation can take place in tissue culture chemical carcinogenesis is associated
and certain tumors can develop in vivo with specific chromosomes of the host.
without detectable cytogenetic abnormal- Incorporation of the simian virus SV40,
ities (3), and this has been indicated in for instance, into human cells character-
Fig. 1 by showing the initial neoplastic istically involves chromosome 7 (13),
population (T,) with a normal com- and apparent cytogenetic specificity has
plement of 46 chromosomes. also been demonstrated for certain
There may, however, be occasional chemically induced rat sarcomas (14).

instances in which the first neoplastic In a number of other experimental
event is visible at the chromosome level, systems, however, no such correlation
and the best candidates would appear to has been demonstrable between karyo-
be those few tumor varieties in which the typic changes and particular inducing
same cytogenetic abnormality is present agents (15).
in the neoplastic cells in nearly every For some tumors, inherited gene de-
case. These include the Philadelphia fects may potentiate the action of exog-
chromosome in chronic granulocytic leu- enous carcinogens, including viruses,
kemia (CGL), monosomy for chromo- and increase the probability of neoplastic
some 22 in meningeal tumors, an aber- alteration in the primary cell. A few such
rant chromosome 14 in certain lympho- genetic errors have been elucidated,
proliferative disorders, and other possi- such as defective DNA repair in the rare
bilities currently being revealed by the
new chromosome banding techniques (3,
11). When a cytogenetic abnormality is
as consistent as the Ph chromosome in
CGL (85 to 90 percent of typical cases
are Ph positive), it is not unreasonable to
speculate that this specific translocation
alters the genetic control of proliferation
in the affected cell and thus initiates the
conversion of a normal marrow stem cell
to the progenitor cell of a, leukemic
clone. For most tumors, however, it is
generally agreed that this first neoplastic
step cannot be visualized by available

disorder xeroderma pigmentosum, lead-
ing to multiple skin cancers (16); in most
instances, however, the molecular mech-
anism by which inherited gene defects
increase the probability of neoplasia has
not been defined (17).
Major questions remain concerning

the nature and mediation of the initial
neoplastic event. The significance of
both exogenous carcinogens and inher-
ited gene defects in tumor initiation are
indicated in Table 1, where I have listed
a number of the factors discussed in the
text, which influence one or more stages
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The Clonal Evolution of
Tumor Cell Populations

Acquired genetic lability permits stepwise selection
of variant sublines and underlies tumor progression.

Peter C. Nowell

Whether a tumor develops from one
cell or many, and how changes in the
biological characteristics of a neoplastic
population occur over time, are related
questions of theoretical and practical in-
terest. That neoplasms frequently devel-
op as a clone from a single cell of origin
is a concept gaining increased accept-
ance, and various investigators, begin-
ning with chromosome studies on trans-
planted tumors in the 1950's, have devel-
oped hypotheses of tumor "stemlines"
that describe neoplastic progression in
terms of sequential selection of mutant
subpopulations (1) derived from a com-
mon progenitor (2).

This thesis is still being elaborated,
but, in general, it has been supported for
most neoplasms by evidence obtained
over the last two decades through the
following three approaches. (i) Cy-
togenetic studies have demonstrated that
in many primary tumors all cells show
the same abnormal karyotype, suggest-
ing a unicellular origin; and even when
several chromosome patterns are pres-
ent within a single tumor, marker chro-
mosomes in each cell often indicate that
the different subpopulations derive from
a common stemline (3). (ii) Studies of the
isoenzymes of glucose-6-phosphate de-
hydrogenase in a variety of neoplasms in
heterozygous women have indicated that
typically the same member of the X chro-
mosome pair is functional in all cells of
a given tumor, indicating descent from a
single precursor (4). (iii) The immuno-
globulin produced by plasma cell tumors
(and perhaps other lymphoproliferative
neoplasms as well) has in almost every
case the homogeneity characteristic of a
single clone (4, 5).

Despite this wide recognition that
most neoplasms have a unicellular origin
and clonal growth pattern, relatively
little emphasis has been placed on the
developmental evolution of tumor cell
populations, and the apparent genetic
instability underlying the sequential ac-
quisition of biological characteristics
that we associate with tumor progres-
sion. This article suggests a model for
the evolution of tumor cell populations in
terms of stepwise genetic variation, and
considers some of the evidence that this
model is a valid one for most mammalian
neoplasms. Some of the theoretical and
practical implications of this concept of
tumor development are briefly consid-
ered. It is recognized that in many re-
spects this model derives from formula-
tions previously proposed by others (2,
6), and also that characteristics of certain
tumors can be cited which do not appear
to fit the model. Given the hetero-
geneous nature of what we call "neo-
plasia" and our limited present under-
standing of this general process, some
exceptions to any unitary approach must
be expected.

An Hypothesis ofTumor Evolution

The proposed model is summarized in
Fig. 1. Tumor initiation occurs at the left
of the figure, by an induced change in a
single previously normal cell (N) which
makes it "neoplastic" and provides it
with a selective growth advantage over
adjacent normal cells. Neoplastic prolif-
eration then proceeds, either immediate-
ly or after a latent period. From time to
time, as a result of genetic instability in
the expanding tumor population, mutant
cells are produced [in Fig. 1, genetic
variants (T1 to T6) are indicated by differ-
ences in chromosome number]. Nearly

all of these variants are eliminated, be-
cause of metabolic disadvantage or im-
munologic destruction (for example, T3),
but occasionally one has an additional
selective advantage with respect to the
original tumor cells as well as normal
cells, and this mutant becomes the pre-
cursor of a new predominant subpopula-
tion.
Over time, there is sequential selec-

tion by an evolutionary process of sub-
lines which are increasingly abnormal,
both genetically and biologically. Be-
cause this sequence is not completely
random, certain similarities are acquired
by different tumors as they progress; but
divergence also occurs as local condi-
tions in each neoplasm differently effect
the emergence of variant sublines. Ulti-
mately, the fully developed malignancy
as it appears clinically has a unique,
aneuploid karyotype associated with ab-
errant metabolic behavior and specific
antigenic properties, and it also has the
capability of continued variation as long
as the tumor persists. The relative posi-
tions in this model of human solid tu-
mors, benign and malignant, as well as
certain leukemias, are indicated in Fig.
1, along with several biological character-
istics associated with various stages of
neoplastic development.

In the following sections, particular
aspects of the model are considered in
more detail, with major emphasis on evi-
dence derived from cytogenetic studies
of tumor cell populations.

Initiation of Neoplasia

The implication in Fig. I that tumors
originate from a single cell is not in-
tended to deny that carcinogens can
simultaneously affect many cells in a tis-
sue. It does suggest, however, that even
though a large number of cells may be
affected by a carcinogen, the macroscop-
ic tumor that ultimately develops usually
represents the progeny of a single cell, or
at most, a very few cells. Presumably,
other neoplastic or preneoplastic cells in
the exposed tissue never successfully
proliferate or they are destroyed before
progressing to a fully developed tumor
(7).

For the vast majority of neoplasms,
both the cytogenetic evidence and the
biochemical evidence cited above (3-5)
supports the validity of this unicellular
concept. The few exceptions are primari-
ly tumors of viral etiology (for example,
condylomata acuminata) where there has
possibly been infection of adjacent cells,
or they are neoplasms with a strong he-
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The Clonal Evolution of
Tumor Cell Populations

Acquired genetic lability permits stepwise selection
of variant sublines and underlies tumor progression.

Peter C. Nowell

Whether a tumor develops from one
cell or many, and how changes in the
biological characteristics of a neoplastic
population occur over time, are related
questions of theoretical and practical in-
terest. That neoplasms frequently devel-
op as a clone from a single cell of origin
is a concept gaining increased accept-
ance, and various investigators, begin-
ning with chromosome studies on trans-
planted tumors in the 1950's, have devel-
oped hypotheses of tumor "stemlines"
that describe neoplastic progression in
terms of sequential selection of mutant
subpopulations (1) derived from a com-
mon progenitor (2).

This thesis is still being elaborated,
but, in general, it has been supported for
most neoplasms by evidence obtained
over the last two decades through the
following three approaches. (i) Cy-
togenetic studies have demonstrated that
in many primary tumors all cells show
the same abnormal karyotype, suggest-
ing a unicellular origin; and even when
several chromosome patterns are pres-
ent within a single tumor, marker chro-
mosomes in each cell often indicate that
the different subpopulations derive from
a common stemline (3). (ii) Studies of the
isoenzymes of glucose-6-phosphate de-
hydrogenase in a variety of neoplasms in
heterozygous women have indicated that
typically the same member of the X chro-
mosome pair is functional in all cells of
a given tumor, indicating descent from a
single precursor (4). (iii) The immuno-
globulin produced by plasma cell tumors
(and perhaps other lymphoproliferative
neoplasms as well) has in almost every
case the homogeneity characteristic of a
single clone (4, 5).

Despite this wide recognition that
most neoplasms have a unicellular origin
and clonal growth pattern, relatively
little emphasis has been placed on the
developmental evolution of tumor cell
populations, and the apparent genetic
instability underlying the sequential ac-
quisition of biological characteristics
that we associate with tumor progres-
sion. This article suggests a model for
the evolution of tumor cell populations in
terms of stepwise genetic variation, and
considers some of the evidence that this
model is a valid one for most mammalian
neoplasms. Some of the theoretical and
practical implications of this concept of
tumor development are briefly consid-
ered. It is recognized that in many re-
spects this model derives from formula-
tions previously proposed by others (2,
6), and also that characteristics of certain
tumors can be cited which do not appear
to fit the model. Given the hetero-
geneous nature of what we call "neo-
plasia" and our limited present under-
standing of this general process, some
exceptions to any unitary approach must
be expected.

An Hypothesis ofTumor Evolution

The proposed model is summarized in
Fig. 1. Tumor initiation occurs at the left
of the figure, by an induced change in a
single previously normal cell (N) which
makes it "neoplastic" and provides it
with a selective growth advantage over
adjacent normal cells. Neoplastic prolif-
eration then proceeds, either immediate-
ly or after a latent period. From time to
time, as a result of genetic instability in
the expanding tumor population, mutant
cells are produced [in Fig. 1, genetic
variants (T1 to T6) are indicated by differ-
ences in chromosome number]. Nearly

all of these variants are eliminated, be-
cause of metabolic disadvantage or im-
munologic destruction (for example, T3),
but occasionally one has an additional
selective advantage with respect to the
original tumor cells as well as normal
cells, and this mutant becomes the pre-
cursor of a new predominant subpopula-
tion.
Over time, there is sequential selec-

tion by an evolutionary process of sub-
lines which are increasingly abnormal,
both genetically and biologically. Be-
cause this sequence is not completely
random, certain similarities are acquired
by different tumors as they progress; but
divergence also occurs as local condi-
tions in each neoplasm differently effect
the emergence of variant sublines. Ulti-
mately, the fully developed malignancy
as it appears clinically has a unique,
aneuploid karyotype associated with ab-
errant metabolic behavior and specific
antigenic properties, and it also has the
capability of continued variation as long
as the tumor persists. The relative posi-
tions in this model of human solid tu-
mors, benign and malignant, as well as
certain leukemias, are indicated in Fig.
1, along with several biological character-
istics associated with various stages of
neoplastic development.

In the following sections, particular
aspects of the model are considered in
more detail, with major emphasis on evi-
dence derived from cytogenetic studies
of tumor cell populations.

Initiation of Neoplasia

The implication in Fig. I that tumors
originate from a single cell is not in-
tended to deny that carcinogens can
simultaneously affect many cells in a tis-
sue. It does suggest, however, that even
though a large number of cells may be
affected by a carcinogen, the macroscop-
ic tumor that ultimately develops usually
represents the progeny of a single cell, or
at most, a very few cells. Presumably,
other neoplastic or preneoplastic cells in
the exposed tissue never successfully
proliferate or they are destroyed before
progressing to a fully developed tumor
(7).

For the vast majority of neoplasms,
both the cytogenetic evidence and the
biochemical evidence cited above (3-5)
supports the validity of this unicellular
concept. The few exceptions are primari-
ly tumors of viral etiology (for example,
condylomata acuminata) where there has
possibly been infection of adjacent cells,
or they are neoplasms with a strong he-
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Fig. 1. Model of clonal evolution in neoplasia. Carcinogen-induced
change in progenitor normal cell (N) produces a diploid tumor cell (T1,
46 chromosomes) with growth advantage permitting clonal expansion
to begin. Genetic instability of Ti cells leads to production of variants
(illustrated by changes in chromosome number, T2 to T6). Most vari-
ants die, due to metabolic or immunologic disadvantage (hatched cir-
cles); occasionally one has an additional selective advantage (for ex-
ample, T2, 47 chromosomes), and its progeny become the pre-
dominant subpopulation until an even more favorable variant appears
(for example, T4). The stepwise sequence in each tumor differs (being
partially determined by environmental pressures on selection), and re-
sults in a different, aneuploid karyotype in each fully developed malig-
nancy (T6). Biological characteristics of tumor progression (for ex-
ample, morphological and metabolic loss of differentiation, invasion
and metastasis, resistance to therapy) parallel the stages of genetic
evolution. Human tumors with minimal chromosome change (diploid
acute leukemia, chronic granulocytic leukemia) are considered to be
early in clonal evolution; human solid cancers, typically highly aneu-
ploid, are viewed as late in the developmental process.

reditary component (such as neurofi-
bromatosis) where a familial gene defect
presumably involves every cell and great-
ly increases its susceptibility to neo-
plastic change (4, 8).
The nature of the alteration from a

normal cell to the first neoplastic cell, as
indicated in Fig. 1, must still be defined
arbitrarily. For the purposes of this mod-
el, "neoplasia" is considered as some
degree of escape from normal growth
control (whether these controls are intra-
cellular, local "chalones," or hormonal)
that provides the cell with a selective
growth advantage over the normal cell
from which it was derived. In some in-
stances, the process may include a latent
period, until the altered cell is triggered
from a resting state (Go) into active prolif-
eration (Gj; in other circumstances, the
initial event may involve a stem cell that
is already dividing, and simply increases
the proportion of progeny remaining in
the mitotic cycle instead of proceeding to
terminal differentiation. The fundamen-
tal nature of this initial step, and degree
to which it is specific for each neoplasm,
remains a basic problem in cancer re-
search.
The biological consequences of the pri-

mary alteration may be illustrated with
various examples-transformed cells in
tissue culture, benign and "pre-
cancerous" solid tumors, certain leuke-
mias-no one of which is completely
satisfactory from a theoretical stand-
point since additional alterations may al-
so have occurred. By definition, the pri-
mary event results in proliferation which
is unrestrained to some degree, and this
may be accompanied, particularly in tis-
sue culture systems, by reasonably con-
sistent morphological and biochemical
alterations in the early neoplastic cells.
Many studies in vitro point to changes in
the external cell membrane as being of
critical importance, causing deficiencies
in normal growth control mechanisms
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mediated through cell-to-cell contact (9). methods, and that structural changes in
The specific gene products that pro- chromosomes need not be involved.

duce these biological consequences re.-- The specific agents that initiate neo-
main uncertain. Equally obscure is the plasia also remain under study. It ap-
specific genetic event which produces pears increasingly likely that ionizing ra-
them. Absence of new gene products in diation, carcinogenic chemicals, and on-
tumor cells and the reversibility of trans- cogenic viruses can interact with the
formation in certain culture systems has host cell genome in a variety of ways to
led some investigators to suggest that bring about the required alterations in
initiation usually involves altered gene gene function (12). Chromosomal break-
expression rather than structural muta- age and rearrangement, point mutations,
tion (10). It is certainly clear that visible and insertion of viral components into
alterations in chromosome structure are the host genome have all been demon-
not essential to the initial change. Trans- strated. In a few instances, viral and
formation can take place in tissue culture chemical carcinogenesis is associated
and certain tumors can develop in vivo with specific chromosomes of the host.
without detectable cytogenetic abnormal- Incorporation of the simian virus SV40,
ities (3), and this has been indicated in for instance, into human cells character-
Fig. 1 by showing the initial neoplastic istically involves chromosome 7 (13),
population (T,) with a normal com- and apparent cytogenetic specificity has
plement of 46 chromosomes. also been demonstrated for certain
There may, however, be occasional chemically induced rat sarcomas (14).

instances in which the first neoplastic In a number of other experimental
event is visible at the chromosome level, systems, however, no such correlation
and the best candidates would appear to has been demonstrable between karyo-
be those few tumor varieties in which the typic changes and particular inducing
same cytogenetic abnormality is present agents (15).
in the neoplastic cells in nearly every For some tumors, inherited gene de-
case. These include the Philadelphia fects may potentiate the action of exog-
chromosome in chronic granulocytic leu- enous carcinogens, including viruses,
kemia (CGL), monosomy for chromo- and increase the probability of neoplastic
some 22 in meningeal tumors, an aber- alteration in the primary cell. A few such
rant chromosome 14 in certain lympho- genetic errors have been elucidated,
proliferative disorders, and other possi- such as defective DNA repair in the rare
bilities currently being revealed by the
new chromosome banding techniques (3,
11). When a cytogenetic abnormality is
as consistent as the Ph chromosome in
CGL (85 to 90 percent of typical cases
are Ph positive), it is not unreasonable to
speculate that this specific translocation
alters the genetic control of proliferation
in the affected cell and thus initiates the
conversion of a normal marrow stem cell
to the progenitor cell of a, leukemic
clone. For most tumors, however, it is
generally agreed that this first neoplastic
step cannot be visualized by available

disorder xeroderma pigmentosum, lead-
ing to multiple skin cancers (16); in most
instances, however, the molecular mech-
anism by which inherited gene defects
increase the probability of neoplasia has
not been defined (17).
Major questions remain concerning

the nature and mediation of the initial
neoplastic event. The significance of
both exogenous carcinogens and inher-
ited gene defects in tumor initiation are
indicated in Table 1, where I have listed
a number of the factors discussed in the
text, which influence one or more stages
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Cancer Data
We tested the DiProg algorithm on renal cell carcinoma (RCC)

using the data from [21]. We also compared the results from
DiProg algorithm with the H-CBN algorithm from [10].

Comparing the results with non-probabilistic
methods. In [11] a dataset of 796 RCC tumors with 28
chromosomal aberrations is used. The data was retrieved from
Mitelman Database of Chromosome Aberrations in Cancer [21].

Figure 4. The learned MPN for RCC data with k~3 and e~0:2. + sign stands for gain and 2 sign stands for loss in a chromosome arm. Long
and short arms of each chromosome are denoted by q and p, respectively.
doi:10.1371/journal.pone.0065773.g004
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  = P(D=0)P(I=1)P(G=1|D=0,I=1) P(L=1|G=1)P(S=1|I=1) 
      P(D=0)P(I=1)P(G=2|D=0,I=1)P(L=1|G=2)P(S=0|I=1) 
  = P(D=0)2P(I=1)2P(G=1|D=0,I=1)P(G=2|D=0,I=1)  
     P(L=1|G=1)P(L=1|G=2)P(S=1|I=1)P(S=0|I=1) 

P(D=0,I=1,G=1,L=1,S=1) = 
 P(D=0)P(I=1)P(G=1|D=0,I=1) 
 P(L=1|G=1)P(S=1|I=1)= 
 0.6*0.3*0.9*0.9*0.8

INFERENCE – THE 
CHAIN RULE

★ Assuming binary r.v., p(XV | X[V-1]) has 2V-1 parameters 

★ Total # parameters ∑1≤i≤ V 2i-1 = 2V-1

p( x[V ]����
x1,...,xV

) = p(x1)p(x2|x1)p(x3|x1,x2) · · · p(xV |x[V�1])



EX. WHERE IND. 
OBVIOUSLY FACILITATES

★Assume first order Markov property 

i.e., if time ordered, future independent of past given present 

★Then 

xt � x[t�2]|xt�1

p(x[V ]) = p(x1)
V�1�

t=1

p(xt+1|xt)

p( x[V ]����
x1,...,xV

) = p(x1)p(x2|x1)p(x3|x1,x2) · · · p(xV |x[V�1])

FACTORIZATION OVER 
G

p(x1, . . . , xN ) =
N�

n=1

p(xn|xpa(xn))

p can be factorized over G if it can be expressed as above

CAT – NOTATION
★ For a v ∈ [V], 

values 

combined values 

★  Cat CPDs 

where 

and

k � [Kv] Cartesian product

c � Cv =
�

s�pa(v)

[Ks]

P (xv|xpa(v) = c) = Cat(�vc)

�vck = P (xv = k|xpa(v) = c)

THE LIKELIHOOD 
FACTORIZES

★ Complete data 

★  Likelihood 

where Dv is values of v together with its parents and θv is v’s CPD 

★ Called: decomposable likelihood (factorizes into family-factors)

p(D|�) =
N�

n=1

p(xn|�) =
N�

n=1

V�

v=1

p(xnv|xn,pa(v),�)

=
V�

v=1

N�

n=1

p(xnv|xn,pa(v),�) =
V�

v=1

p(Dv|�v)



THE LIKELIHOOD 
FACTORIZES

★ Complete data 

★  Likelihood 

where Dv is values of v together with its parents and θv is v’s CPD 

★ Called: decomposable likelihood (factorizes into family-factors)

p(D|�) =
N�

n=1

p(xn|�) =
N�

n=1

V�

v=1

p(xnv|xn,pa(v),�)

=
V�

v=1

N�

n=1

p(xnv|xn,pa(v),�) =
V�

v=1

p(Dv|�v)

★ Each                       , i.e., here each  

can be maximized independently 

★ So,  MLE is 

★ where 

MLE FOR CAT CPDS

c

Nvck =
N�

n=1

I(xnv = k, xn,pa(v) = c)

Nvc =
N�

n=1

I(xn,pa(v) = c)

�vck = Nvck/Nvc

P (Dv|�v) �vc = (�vc1, . . . , �vcKv )

BAYESIAN PARAMETER 
LEARNING 

★ Decomposable prior 

★ Gives decomposable posterior 

p(�) =
V�

v=1

p(�v) �v = (�v1 , . . . ,�vKpa(v))where

POSTERIOR

★ αvc is a vector of hyperparameters, prior  

★ The posterior is

�vc = (�vc1, . . . , �vcKv )



MARGINA
LIZE

4 5

2 3

1

X, X �

Xh

Xv

two hidden variables

the other hidden variables

the visible variables

 we want

given

sum out

p(X = k, X � = k�|xv,�)

=
p(X = k, X � = k�,xv|�)

P (xv|�)

=
�

xh
p(X = k, X � = k�,xh,xv|�)

�
x,x�,xh

p(x, x�,xh,xv|�)

MARGINALIZE

• The denominator contains a marginal likelihood 

• Summing out V binary hidden variables – O(2V) 

• K values –  O(KV)

p(Xm|xe,�) =
p(Xm,xe|�)

p(xe|�)
=

�
xV \(m�e)

p(Xm,xe|�)
�

xV \e
p(xe|�)

EXPECTED 
SUFFICIENT 
STATISTICS - ESS

4 5

2 3

1

X, X �

Xh

Xv

two hidden variables

the other hidden variables

the visible variables

 we want

given

sum out
E[Nk,k� ]

=
�

x�D
p(X = k, X � = k�|xv,�)

4 5

2 3

1
DGM

★What is the meaning of the 
underlying DAG? what is the 
semantics? 

★What does a DGM mean? what is 
the semantics? 

★Which DGMs represent a given 
distribution?



EXTENDED STUDENT 
EXAMPLE INDEPENDENCE I-MAP

★ I(G) independences implied by G (not yet defined) 

★ I(P) independences in the distribution P 

★ G I-map for P in I(G) ⊆ I(P)

X Y X Y X Y

p q

INDEPENDENCE I-MAP
★ I(G) independences implied by G (not yet defined) 

★ I(P) independences in the distribution P 

★ G I-map for P in I(G) ⊆ I(P)

★ p: X and Y ind. ex. p(X=1) = 0.48 + 0.12 =0.6, p(Y=1) = 0.8, and p(X=1,Y=1) = 0.48 
★ q: X and Y are dependent

X Y X Y X Y

p q

INDEPENDENCE I-MAP
★ I(G) independences implied by G (not yet defined) 

★ I(P) independences in the distribution P 

★ G I-map for P in I(G) ⊆ I(P)

★ All three graphs are I-maps for p 
★ G1 and G2 are I-maps for q, but G3 is not

X Y X Y X Y

p q

G1 G2 G3



TERMINOLOGY

★ Parent 

★ Child 

★ Family 

★ Root  

★ Leaf 

★Neighbor

4 5

2 3

1
TERMINOLOGY

★ Degree (in and out) 

★ Cycle (directed or not) 

★ Directed Acyclic Graph (DAG)  

★ Topological order (parents < child) 

★ Path (directed or not) 

★ Ancestors

4 5

2 3

1

TERMINOLOGY
★ Tree 

★ Polytree – directed tree with 
multiple parents for some vertices  

★ Forest  

★ Subgraph 

★ Clique  

★ Maximal clique

4 5

2 3

1

4 5

2 3

1

ORDERED 
MARKOV 

PROPERTY
★ The directed local Markov property. 

★ In this case

xt � xV \desc(t)|xpa(t)

p(x[5]) = p(x1)p(x2|x1)p(x3|x1,x2)
p(x4|x1,x2,x3)p(x5|x1,x2,x3,x4)

= p(x1)p(x2|x1)p(x3|x1)
p(x4|x2,x3)p(x5|x3)

p(x[5]) = p(x1)p(x2|x1)p(x3|x1,x2)
p(x4|x1,x2,x3)p(x5|x1,x2,x3,x4)

= p(x1)p(x2|x1)p(x3|x1)
p(x4|x2,x3)p(x5|x3)



4 5

2 3

1

ORDERED 
MARKOV 

PROPERTY
★ The directed local Markov property. 

★In general, if 1,…,V topological order, 
the likelihood is decomposable 
(factorizes)

xt � xV \desc(t)|xpa(t)

p(x[V ]|G) =
V�

t=1

p(xt|xpa(t))
4 5

2 3

1

ORDERED 
MARKOV 

PROPERTY
★ The ordered Markov property. 

★In general, if 1,…,V topological order, 
the likelihood is decomposable 
(factorizes)

xt � xpred(t)|xpa(t)

p(x[V ]|G) =
V�

t=1

p(xt|xpa(t))

has path to t, does not include t

D-SEPARATION
★ A path is d-separated by O if it 
has 

• a chain X → Y → Z where Y ∈ O 

• a fork X ← Y → Z where Y ∈ O 

• a v-structure X → Y ← Z       
where (Y ⋃ desc(Y)) ⋂ O = ∅ 

X Y∈O Z

X
Y∈O

Z

X

Y∉O

Z

 desc ∉O

Chain

Fork

v-struct

D-SEPARATION 
SETS AND CI OF 

DAGS
★ A is d-separated from B given O if 
every undirected path between A and 
B is d-separated by O 

★ In a DAG G,  

A is d-separated from B given O

A B

G
O

xA �G xB |xO



EQUIVALENCE OF 
INDEPENDENCE DEFINITIONS

★ Global (G): d-separation 

★ Local (L):  

★ Ordered (O):  

where pred is according to a topological order  

★ Factorized (F): can be family-factorized  

★ Theorem:  G ⇔ L ⇔ O ⇔ F

SOUNDNESS AND 
COMPLETENESS 
★ Theorem 

If a distribution P factorizes according to G, then I(G) ⊆ I(P) 

★ Theorem  
If X and Y are not d-separated given Z in G, then X and Y are 
dependent given Z in some distribution P that factorize over G.

We cannot have all. Ex. clique and independent distribution

SKELETON AND 
EQUIVALENCE

• The skeleton is the underlying undirected graph 

• Immorality is a pair of unmarried parents  

• Theorem  
Let G1 and G2 be two graphs over X. Then G1 and G2 have the 
same skeleton and the same set of immoralities if and only if 
I(G1)=I(G2) THE END


