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The paraxial wave equation
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The paraxial wave equation
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The paraxial wave equation
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The paraxial wave equation
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Validity of the Paraxial Approximation

ez) - T vti(s,2)
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Arbitrary optical beam can be
viewed as a superposition of plane
wave components travelling at
various angles to z axis -z

—J

E’(a:,z) = exp[—jkz sinf — jkzcosf] =

= @iz, z)e Ik




Validity of the Paraxial Approximation
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E(z,z) = exp[—jkzsin® — jkzcosf] =
= @i(z, 2)e Ik << 1
The reduced wave amplitude

Nk
w(x, z) = exp[—jkzsiné + jkz(1 — cosf)] = exp [—jkﬂz +3sz]




Validity of the Paraxial Approximation
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Validity of the Paraxial Approximation
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Validity of the Paraxial Approximation
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The reduced wave amplitude *
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u(x, 2) ~ exp [—Jkﬂm + JkT]
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% 0z 521 ou| |8%u| | 8%
10°% 5. —| < |2k —
—k“0 022 0z | |0z?| | Oy?
u 3.'1?2 y y
10%u _ k*¢° Nt
" —— 02/4<<1, i.e. 6<0.5 rad

w022 4
Paraxial optical beams can diverge at cone angles up to =30 deg

before significant corrections to approximation become necessary




of a spherical wave; the sum of these
secondary waves determines the form

Huygens' Integral: Huygens’ principle

“Every point which a luminous //
disturbance reaches becomes a source /,///

of the wave at any subsequent time”

2
Eo( o Yor %0 ))
L Huygens' -
wavelets E(r; ‘I'g) —
)))>
4 , Where

exp[—jkp(r, ro)]

,O(T', 7‘0) WE

p(r.ro) = /(z — z0)2 + (y — 0)? + (z — 20)2




Huygens' Integral: Fresnel approximation
exp[—jkp(r, 7o)

/E(T;‘Pﬂ) = (1" rﬂ)
A . o X,y

g p—m—— — ————— ——— — — — & —

° /T
Fresnel approximation;
_ (%'~ 20)? + (¥ — %0)?
p(r, rg) z—2z+ 2(7 — 20) +

Paraxial-spherical wave

_ 2 2
E(z,y,z) ~ . _120 exp [—jk(z — 20) — Jk(x ‘”;()z i g) Yo) ]
— 0)* + (y — %0)° =) P\VE
u(z,y,z) = exp [—jk(m m;()z i—iz) Yo) ]
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Huygens' Integral

Huygens’ principle

) . ) k(e
E(s,z) = %f[s Eo(80, 20) exp[p(gr T‘:‘) o) cosB(r, o) dSo

\where p(r,r,) — distance between source and observation points
dS, — incremental element of surface are at (s,,z,)
cos9 (r,r,) — obliquity factor
j/A — normalization factor




Huygens' Integral

Huygens’ integral

i : i —iko(r,
E(s,z) = i‘f[g Eo(80, 20) exp[pgr ,(;f:‘) o) cosf(r, o) dSo

B<<1 » cosB~1

oEls, .
h Spherical wave

Paraxial-spherical wave

(z —x0)® + (y — yo)z]
2(z — )

r

1 exp [—jk(z —29) — jk

zZ— 2

E(z,y,2) =




Huygens' Integral

Huygens’ integral

B(s, ) = i‘f fs Bo(80, z0) ZREIEPT Ol (o coin 7o) S

P(r, 7'0)

6<<1 mp cos6~1
Spherical wave B Paraxial-
spherical
wave

Huygens'’ integral in Fresnel approximation

~ Je IRz m20) (z = z0)* + (y — 30)*
E(r,y,2) ~ (7 =70 fon(cco,yo,zo exp[ gk 202 = 20) dzodyol

, or the reduced wavefunction (with L=z-z,)
' - . (2 — )% + (y — y0)?
i(z,y,z) = -I%\'// o (Zo, Yo, 20) €XP [—Jk(m Zo) 2L(y Yo) ] dzodyo




Huygens' Integral

Huygens’ integral in Fresnel approximation

- Nr—x 2 4+ (y - 2
% /Uo(a’?o,yo,zo)exp —Jk( 0) 2L(y Yo) ] dzodyo

K (r, o) iio(80, 20) dso

~

K(r,r¢) = K\\(z — 29) x Ki(y — o) - Huygens kernel

cilindrical wave an initial phase shift of the Huygens' wavelet compared to
the actual field value at the input point

Then, if u, can be separated

] N _ 7(z — xg)? - 1D Huygens-
u(z,2) = V Zx [“O(xﬂrzﬂ) exp[ T I ] dzo Fresnel integral




Gaussian spherical waves

Paraxial approximation

(Z-25)>>Xp, Y0 X,y 1 2 2
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Phase variations across transversal plane

_(E=x0)+ (y—w0)? _ 7 (x—20)*+ (y — w0)?
bz y,2) =k 2(z — 20) A R(2)

The radius of curvature of the wave plane

Quadratic phase variation represents

R(z) =Ryg+ 2z — 2 paraxial approximations, so it is valid
close to z axis




Gaussian spherical waves

Paraxial approximation

(Z-25)>>Xp, Y0 X,y 1 2 2
_ A B _(z—70)* + (¥ — yo)
~-T =T | u(w,y,z)——z_zOeXP[ ik 20— 20)
-\ 2 5
o == 1 _ o (z—20)* + (y — )
) ! --l....Lj‘} ] ) “R(z)e"p[ 9% 2R(z)

Phase variations across transversal plane

_(E=x0)+ (y—w0)? _ 7 (x—20)*+ (y — w0)?
bz y,2) =k 2(z — 20) A R(2)

The radius of curvature of the wave plane

Quadratic phase variation represents

R(z) =Ryg+ 2z — 2 paraxial approximations, so it is valid
close to z axis

Inherent problem — the wave extends out to infinity in transversal direction!




Gaussian spherical waves: Complex point
source

X, — 0;
The solution — to introduce a complex point source Yo — 0, o - complex
x Zo — Zp=(g
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by complex radius
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Gaussian spherical waves

Convert into standard notation by denoting: ——=———1J

3 1 . m2+y2 :1:2 +y2
i) = g7 =0 | W50y -

the lowest-order spherical-gaussian beam solution in free space

R(z) = radius of +E(2)

R w, = waist size
curvature / ‘/Wz)

= > Z

/ 27> \




Gaussian spherical waves

Convert into standard notation by denoting:

_ 1 z? +y a:

the lowest-order spherical-gaussian beam solution in free space

where R(z) — the radius of wave front curvature
w(z) — “gaussian spot size”

Note, that R(z) now should be derived from / while ¢(2) = go + 2 — 29

The complex source point derivation used is only one of 4 different ways




Gaussian spherical waves: differential
approach

ou(s,z) _

| | | J o2
From Paraxial Wave Equation approach: — —--izvt u(.g, z)

0z

Assume a trial solution

$2+y2]

u(z,y,z) = A(z) X exp [—jk 23(2)

, with A(z) and g(z) being unknown functions

(Y (@) o2t (18] 0=
dj(2) ‘ dA(z) _  A(z)

=1 = —

dz dz q(z)

g(z2) =qo+ 2 — % A ="“""')'




Gaussian spherical waves: differential
approach

| . ou(s, z) ] .
From Paraxial Wave Equation approach: ( ! = —-——VEH(S, z)

N 0z
i(z,y,2z) = A(z) X exp [ $2 (;’)’ ]
A(z) _

_ P
l Ao q(z)
. A o2 4y

Leads to the exactly the same solution for the lowest-order spherical-
gaussian beam

q(z) = go + z — 2




Higher-Order Gaussian Modes #1

Let’'s again use a trial solution approach and restrict the problem to the

1D case
tinm (T, Y, 2) = Un (T, 2) X Gm (Y, 2)
2..-... —~
0%t (2, 2) _ ijaun(a:,z) — 0. the paraxial wave equation in 1D
oz? 0z

Trial solution:;

ity (z,2) = A(4(2)) X hn (ﬁ%) X eXp ["jkzg(;]

Considering the propagation rule dg/dz =1
=2




Higher-Order Gaussian Modes #1

Let’'s again use a trial solution approach and restrict the problem to the

1D case
tinm (T, Y, 2) = Un (T, 2) X Gm (Y, 2)
2..-... —~
0%t (2, 2) _ ijaun(a:,z) — 0. the paraxial wave equation in 1D
oz? 0z

Trial solution:;

ity (z,2) = A(4(2)) X hn (ﬁ%) X eXp ["jkzg(;]

Considering the propagation rule dg/dz =1

p ' kp? 2qdA
27k [q p] zh,, ; [ + — 1 dq h, =0

~ differential equation for the Hermite
H! - 2(z/p)H,, + 2nH, = 0. |
n n n

polynomials




Higher-Order Gaussian Modes #1

k2 2qu
h — = r_J 1 —
27k [q p] zh,, 5 [ + — 1 d h, =0

| HY - 2(z/p)Hl, +2nH, =0

+ =
kp - defines different families of solutions




The "Standard" Hermite Polynomial
Solutions
V2
w(z)
Motivation: solutions with the same normalized shape at every transverse plane z
. \/-éa: —jkx? 2
n\Ly =h -
fin (2, 2) w(z) °xp [ 2R(z) w?(2)

After proper normalization, one gets expression for the set of higher-order
Hermite-Gaussian mode functions for a beam propagating in free space

) (2 1/4 1 1/2 do 2 % §*(2) "/
in(z, 2) = (;l'_) (znn!w‘)) (ﬁ) % g(z) ]

Main assumption —— =
p(2)

V2z . kx?
X Ho (E’(E) P [_’ 24(2)




The "Standard" Hermite Polynomial

Solutions
o= (3)" (o) (i) ($5] " (25 oo [o85]

Rewrite involving the real spot size w(z) and a phase angle y(z)

i [y, ] eliv)
g mww? RX| 4] reason for the choice: y(z)=0 at the waist w(z)=wO0
nw?(z)

tany(z) = R(z) A

“After some algebra”;

(2 Y4 Jexp[—j(2n + 1)(%(2) — o)) V2r kg 2
n(2) = (7,-) \/ H, E(;j exp l:—_']zR(z) - wz(z)]

27 nlw(z)

And the lowest order gaussian beam mode:

,kmz]

) 2\ Jexpilw(x) =] [
= (3)" 1

T




Guoy phase shift
) ) (@) G5 () o [a

(2, 2) = (;r_ 27 nlwg q(z) @ d(z)

Rewrite involving the real spot size w(z) and a phase angle y(z)

o[yt 2 eliv()
g mww? RX| 4] reason for the choice: y(z)=0 at the waist w(z)=wO0
nw?(z)

tany(z) = R(z) A

“After some algebra”;
kx?

2\ /* [exp[—j(2n + 1)(%(2) — %o)] V2z . z?
)"y i, (225 ) 0[5ty - )

lin(z) = (’7; / 2 nlw(z) J(}j

o PO _ o inme) —vall  atn>0 gi hase shift
7 )| =P o] at n>0 — gives pure phase shi

Only half of the phase shift comes from each transversal coordinate




Properties of the "Standard" Hermite
Polynomial Solutions

* Provide a complete basis set of orthogonal functions

/ Up (T, 2) U (Z, 2) dT = b

—

E(z,9,2) = ) > camiin(, 2)iim (y, 2)e 7+

arbitrary paraxial optical beam
And expansion coefficients depending on arbitrary choice of w, and z,

oo oo . Ugix)
Cnm = / f E(z,y, 2)up(z, 2)u, (v, 2) dz dy
-0 -0




Properties of the "Standard" Hermite
Polynomial Solutions

* Provide a complete basis set of orthogonal functions

/ Up (T, 2) U (Z, 2) dT = b
—QQ

E(Z?, Y, Z) = Z Z Cum'&n(ws Z)ﬁm(‘y, z)e—jkz

» Astigmatic modes

unm (X’ Y, Z) — l"In (X1 Z) ) l"Im (y’ Z)

g, (and wy,z,) can have different values in x and y directions of transversal
plane astigmatic Gaussian beam modes




Properties of the "Standard" Hermite
Polynomial Solutions

* Provide a complete basis set of orthogonal functions

/ Up (T, 2) U (Z, 2) dT = b

—

E(z,9,2) = ) > camiin(, 2)iim (y, 2)e 7+

e Astigmatic modes

unm (X1 Y, Z) — l"In (X1 Z) ) l"Im (y’ Z)

g, (and wy,z,) can have different values in x and y directions of transversal
plane astigmatic Gaussian beam modes

e Cylindrical coordinates: Laguerre-Gaussian modes

_ ) 2 expi(ptm+ )((x) o) (V2 \" (2 T
fm{r:6:2) ‘\/(1+60m)7r(m+p)! w(z) (W(z)) b (w(z)z) © p[ 24(z )-H 9]

p=>0 -radialindex m - asimuthal index




Properties of the "Standard" Hermite
Polynomial Solutions

Hermite-Gaussian laser modes Laguerre-Gaussian laser modes




The "Elegant” Hermite Polynomial
Solutions

Lo Ik

p(z) | 24(2)

Motivation: having the same complex argument in Hermite ploynomial and
gaussian exponent

-~ n+1/2 .7 9 2
. . do jkx . kx
ty(x,2) =19 | =—= H — exp [-— — ]
a(n,2) = 1% ( 2(2) bre

Main assumption

. . . A —jk
 biorthogonal to a set of adjoint functions 9,(z,2) = H, ( 2;,* :r:)

/ ﬁvn(x, Z) 'ﬁ;(w, Z) dr = Cﬂ&ﬂ,m

—00

 significant difference in high order modes with “standard” sets




The “standard” and “elegant” sets high-
order solutions

fled bl

-2 -1 o 1 2 w \ 'u l
.k$2 L Il L L

w2 2q xlw
. 2(1 + ja)z? kz?
ta(Z) = const x [ " — 1] exp —3—2?
2
with o =2%




Gaussian beam propagation in ducts

Duct — is a graded index optical waveguided

1
n(r) = ng — —ngr?
'-'[:.,; " ....‘ 2

L 0 .
[Viy — k?na(z® + %) — 23’65;] i(z,y,2) =0

Solution:

% + 92 .Az]

o) = o[- 2
9 A
wy, =

/T2

Gaussian eigenmode of the duct

w<< 1/n}?




Gaussian beam propagation in ducts

Duct — is a graded index optical waveguided n(r) = ng — %ng?“z

- - 2+9% Az
i(z,y, z) = g exp [_T +mef]

Beating of excited lower and E(r) E(r)
higher-order eigenmodes
propagating with different phase

velocities




Numerical Beam Propagation Methods

1. Finite Difference Aooroach
ou(s, z
(3,7) =L y2 ¢u(8, 2)

0z 2k
Beam propagation through inhomogeneous regions




Numerical Beam Propagation Methods

1. Finite Difference Aooroach

(s, z)
92 = —EV u(s,z)

2. Fourier Transform Interpretation of Huygens Integral

/ ] w(x — 2q)?
’&((L‘,Z)= Lil\/ﬁg(mg,z(})exp ["‘J ( A 0) ] d..”}g

i(z, 2) = ilo(zo) * exp[—jmzg/(z — z0)A]

XN FFT / x1 FFT

fxg= -7'—_1{-7:{}(} -F{g}}% remains a Gaussian




Numerical Beam Propagation Methods

3. Alternative Fourier Transform Approach

ii(z,2) = exp (-—m ) ‘/‘ / @ (0, 20) % explj(2m/LA)zxo) dzo

ﬁ:)(xo, 2-’0) = ’&Q(LED, Zﬁ) euj“w‘}/LA

the Huygens-Fresnel propagation integral appears as a single (scaled)
Fourier transform between the input and output functions u, and u

single FT, but applied to a more complex input fucntion




Paraxial Plane Waves and Transv
Spatial Frequencies

erse

FT — expansion of the optical beam in a set of infinite plane waves

traveling in slightly different directions

/ I Set of infinite plane waves
ksin 8
Upw (T, Y, 2) = exp[—jk - 7] = exp [—j(ksz + kyy + k. 2)]

kcos 8
ke = ksinf, = 2ms,
k—
ky = ksinb, = 2ws, GX,Gy_ or .
spatial frequencies: s,, S

=k —TA(s2 + sg)

y

g (2,4, 2) = Tpu(2,,0) X expl[—jkz + jrA(s? + 52)2]

i(z,y,2) = / [ Opi(52,54, 2) x e72res2+549) ds, d,
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Outline

« (Gaussian beam propagation
o Aperture transmission
 Beam collimation
« Wavefront radius of curvature
e (Gaussian beam focusing
e Focus spot sizes and focus depth
* Focal spot deviation
 Lens law and Gaussian mode matching
e Axial phase shifts
* Higher-order Gaussian modes
 Hermite-Gaussian patterns
« Higher-order mode sizes and aperturing
« Spatial-frequency consideration




Gaussian beam

I3

Beam waist
Wy Ry=inf

: “Standard” hermite-gaussian solution (n=0)
, - _ 2 1/2 EI'O ) ) :32 +y2
‘ u(:c,y, Z) = (;) m €Xp [_sz —Jk 2&-(2) ]

- (2)" ey [ 2

w(z)

, Where
1 1 A

i(z) _ R(z) ‘7wz

~ ~ . - ,ﬂ-wO .
§(z)=Go+2=2+jzr do = j—— = j2Rr




Gaussian beam

Beam waist
Wo: Ro=inf -\ “Standard” hermite-gaussian solution (n=0)
, - _ 2 1/2 EI'O ) ) :32 +y2
3 How ) = (F) wod(2) [""’“"" 24(2) ]

Q)" 2

, Where
1 1 A

i(z) _ R(z) ‘7wz

2 - ~ . ~ .TWy .
F4 §(z)=Go+2=2+jzr do = j—— = j2Rr
w(z) = w41+ ol I A
R




Aperture transmission

The radial intensity variation of the beam

I(T) — __2_5 6—21'2/102

ww?
circular equivalent
gaussian A Ifr) “top hat”
beam /beam

|
I
|
I| 3 dTHzﬁw

Appy= TW2/2




Aperture transmission

The radial intensity variation of the beam

2 @ 0n2 .2 5,23
power transmission = — [ 27re /0 g =1 — 720 /w
Tw 0
power
transmission
10 9%%_____ § “top hat" diameter
. ] : \d= viw
ek i |
! I H 1/e point
i I P | { 3= 2w
- i {d" i wr) by | 7~ 86%
I
' ! '
i | | () o d=mw
0.5} ' : I : T =~ 99%
' id=2w | v Ripple =~ +17%
- " I / \ i
] i \ | |
R i l |
| : \ 5 { d=48w
i i | : \ I U Ripple ~ 1%
1 1 N |
! I PR [ |
I | LL 1 e )
%% 1 2 2 1 0 1 2

a/w riw




Aperture transmission

The radial intensity variation of the beam

a

2 02 J2 5242
power transmission = — [ 27re /0 g =1 — 720 /w
Tw 0

4 “top hat” diameter
Ld= viw

+ diffraction on aperture
sharp edges

’ 1/e point
d=2w
| 7~86%

odd Fresnel
number

d=7nw
T = 99%
Ripple =~ £17%

d=46w
Ripple ~ +1%

riw




Gaussian beam collimation

confocal parameter b= 2Z, W( Z ) =/ 2 W

| 2

—_— e Tw .
— ; z=zp = — = “Rayleigh range.”
V2w, wo V2w,

t

. o s < S ' T =
Rayleigh ; Rayleigh
range H range
2z
R wa‘lst %A

Z, characterizes switch from near-field (collimated beam) to far-field
(linearly divergent beam)




Collimated Gaussian beam propagation

Wo ng

Z=1zp = = “Rayleigh range.”

2mwi  D?

. -
'.-l-"-__ — —_—
N 1 4 collimated range = 2z N
vosnm:bea:z;ange D=r 2WO (99% criterion)

100 km —

10 km—

1km—

100m —

0om —

1mm 1cm 10 cm im
aperture diameter D




Far-field Gaussian beam propagation

2> ZR e rw?
z=2p = —5‘-—9 = “Rayleigh range.”
Wz Az
z wz) R —m = —
> (2) ZR Twg
Az
X ~ —
wp X w(z) -
1. The “Top-hat” criterion
2P P
I = ~
axis(2) rw?(z)  A222/2rwd
2 2 2
Qry = Tw”(2) = A L= ™o _ effective source aperture area
222 27 2




Far-field Gaussian beam propagation

2> ZR e rw?
z=2p = —5‘-—9 = “Rayleigh range.”
: g(n) s WOE A2
> Zn  Twp
wo X w(z) = %‘E
1. The “Top-hat” criterion
/\ 2
Aty X Qrn = (5)
2. The 1/e criterion
w(z) A A2
AI/E = ﬂ-wg Blfe - zli{go ~ Qlf& = ﬂ-glfe ;r:u;

Arjefy e = TwE x ﬂ-aue — A2 f[A (Q) dQ = \? | - Antenna theorem




Far-field Gaussian beam propagation

2> ZR e rw?
z=2p = —X—‘—' = “Rayleigh range.”
z w(z) = Woz _ Az
> Zn  Twp
wp X w(z) = %‘E
1. The “Top-hat” criterion
A 2
Arn X Qrn = (5)
2. The 1/e criterion
A1jeye = Twf x 763, = A2
3. The conservative criterion far-field beam angle

A, = (g)4A2 ~ 612




Far-field Gaussian beam propagation

Wavefront radius of curvature

[ o0 for z <« zp

R(z)=z+££m{ 2zp for z=2zp

z for 2> zp

\

R(z) = radius of +E(2)

== , 2
/*_ZZR_* \




Far-field Gaussian beam propagation

Wavefront radius of curvature

[ o0 for z <« zp

R(z)=z+-——m{ 2zp for z=2zp

z for 2> zp

\

Put two curved mirrors of radius R at the points
+7, to match exactly the wavefronts R(z)

'—confocal spacing——l
/ \ \

A=y =b




Gaussian beam focusing

d, = 2w,
1/e criterion A
wgy X tU(f) ~ —

/
/
:'
? % Lens is in the far-field
i
\
\
\
\
S B
D=lzw(f) |= z~f
.. w(h wo
99% criterion lens radius a
1. Focused spot size
2fA =L do ~ 2%
©~p D
F= 77X D ~ 2N;

Larger gaussian beam is required for stronger focusing




Gaussian beam focusing

—
” wg X tU(f) ~ f—A-
| b .

D i 1. Focused spot size

! 2fA
\\\\ do =~ N

—

D =lzw(f) | z~f——

. w() wo
99% criterion

2. Depth of focus
- Region in which the beam can be thought collimated
do

m

2
depth of focus = 225 = ZTI‘f#zz\ N3 (—i—) A

The beam focused to a spot NA in diameter will be N2A in length




Gaussian beam focusing

. - A
,: 1o wo x w(f) & =
/ |
' -

{ e — 1. Focused spot size
\ I do ~ 212
| °~D
pe—Af
— ! 2. Depth of focus
i
| ' do\?
E__' 2 . :{ depth of focus = 225 = 27rf#2A ~ g (—Xq) A

f -
. Focal spot deviatio

R(z)=z+zR/2=f
.&fN 1
Af—zf—z=z?z/zmz§l/f‘ 7 NQN_?

Af << depth_of _ focus - The effect is usually negligible (zg<<f)




Gaussian Mode Matching

The problem: convert w, at z, to w, at z,

Thin lens law

A//' J\ 1 11

— R2=Rl ?

The lens law for gaussian beams
1 1 1

—— S

G2 @ f




Gaussian Mode Matching

The problem: convert w, at z, to w, at z,

Thin lens law:

A//v A 1 _1___1

> R2 B Rl f
The lens law for gaussian beams
1 1 1 Lo AN
el ]hh"“---l--""" "-..___ll
@ o f ) o= S R
=gt z2—2n o :
0 1 23 4




Gaussian Mode Matching

I
The problem: convert w, at z, to w, at z, h ,1{
| .

] I - __._I L

L |

A/ J\ 0o 1 23 4
> Gaussian-beam (Collins) chart
4 1VR

The lens law for gaussian beams ////
1 1 1 ’,”
@2 @ f [

1 1 A \




Axial phase shifts

Cumulative phase shift variation on the optical axis:
Goe k= e Jkz _ expl—-jkz +j1£(z)]

u(z) x — = . = <
q(z) 1—-jz/z w(z2)
/ Ad

Plane wave phase shift

hase shift
712 whenz — 40

— /2 whenz — —©

3'&(.’.’8,9‘,2) — ..? 2 -~
Oz - 2kvmyu($ayaz)

i
' I
:D The phase factor yields a phase shift relative
| to the phase of a plane wave when a Gaussian

VEwg O VEwg beam goes through a focus.




Axial phase shifts: The Guoy effect

Valid for the beams with any reasonably simple cross section

.. point

More pronounced for the higher modes:
, (n+m+1)x¥(2)
\/\ T 1D (n 4+ 1/2)9(2)

interference
fringe region

Each wavelet will acquire exactly 11/2 of extra phase shift in diverging
from its point source or focus to the far field




Higher-Order Gaussian Modes

Hermite-Gaussian TEM,,,

in(z, 7) = (3)1’4 (epr(2n+1)w(z)])”2Hn (_@g) o [__jkz k2?2 }

T 27 nlw(z) w(z) K 2R(z) w?(z)

, Where /(z) =arctan(z/ z;)

vn
| ' N ' I ': T]
n=10 I:
t -
-
ﬂ YL
N VA ] 7 i
/7
| A I i
\_.1.“.. ! _ : |
I
i
| .
1
| A Il I | o S
-2 0 2 4

x/w




Hermite-Gaussian TEM,,,

Higher-Order Gaussian Modes

it (2, 2) = (3) i (epr(2n+1)w(z)])” "u. ( Voz ) o :_jkz k2?2 o2 }

g 2" nlw(z) w(z)

, Where /(z) =arctan(z/ z;) n=0

” \
e B L A
i \ /\}\
| I

I
\ [
{

ﬂﬂﬂ’}ﬂﬂﬂ 7




The intensity pattern of any given
TEM,,,, mode changes size but
not shape as it propagates
forward in z-a given TEM,,, mode

looks exactly the same GEN
i e At B A

;% o ol L
8l S35 W wesws
e ] A o i
A 02 N B

Inherent property of the ’ muw

“Standard” Hermite-Gaussian 2,8

solution
ol s e BEasLH
m % 4@.’ % %% B Wom @ wm
o Gud :‘m e & BS : ow e : : x
o b - WEW mevisssem
W 22 QEFIIN P

7,6




Higher-Order Mode Sizes

mode
half-width
Xn/w

A,, &= —= - spatial period of the ripples
n \/ﬁ p p PP

mode index n

e An aperture with radius a

In < a

a2 ,
N < Nmax & (;;) - works well for big n values
Common rule: 2a = 7w




Numerical Hermite-Gaussian Mode
Expansion

N
f($)= chﬁﬂ(x;w): —a<z<a

n=0

= [ 1@ i (o)de



Numerical Hermite-Gaussian Mode

Expansion
N
f(il?) = chﬁﬂ(x; T.H), —a<zr<a

n=0

= [ 1@ i (o)de

1.0

e

a/w=5

%\ 10
X N

expansion cosfficient |Cp|
(=]
-

I ' )
|
{ | u(x)
|
I i 0 s,
] A
I ﬁ ! 7 L
| ! 7w s
| x
| ] -a
|
[ I ll
|
|
.01 ! I .
) 20 40 60 80 100

mode index n




Numerical Hermite-Gaussian Mode
Expansion

N
f($)= chﬁﬂ(x;w): —a<r<a

o >N & Npax = (a/w)?
cn = [ f(z)ug(z)de

—

1.0

e

a/w=5

=
o 7.07
3 = 10 0¥/
g X —| E /P
] ] L
g 01 : ; N F 2 a X
S } ) —
| u{x) [
|
E‘ ! ! o) LN A i
) I ! s ’ l
| | B DS 2 S (R X | S L :
| -a a — |
i | — | | |
.01 H ] > 1
0 20 40 60 80 100 0 20 40 60 80 100

mode index n truncation index N




Spatial Frequency Considerations

Expand arbitrary function f(x) across an aperture 2a with a finite sum of
N+1 gaussian modes iy (z;w): W, N ., -7
1. Calculate maximum spatial frequency of fluctuations in the function f(x)
variations slower than = cos 2wz/A
2. Select w, N so that the highest order TEM: IN\2
« atleast fill the aperture N = Npax = (‘*“)

w 4w
« handle the highest spatial variation in the signal N="IN

U

<A

4

4




Thank you for
the attention!
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