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Pulse amplification in homogenous gain media

Approximations

1. Rate equation approximations are still valid, even though 
pulse amplification often involves short pulses with fast time 
variation and high intensities

2. The amplified pulse durations are short enough to neglect 
any pumping effects and any upper-level relaxation effects 
during the transit time of the pulse



Pulse amplification in homogenous gain media

Input signal density
I(z,t)

Output signal 
density
I(z+∆z,t)

Length ∆z
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population 
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∆N(z,t)



Pulse amplification in homogenous gain media

The rate of change of the stored signal in the length ∆z of the 
medium is given bŷ߲߲ݐ ො௘௠ߩ ,ݖ̂ ݐ̂ ݖ̂∆ = 	 መܫ ,ݖ̂ ݐ̂ − መܫ ݖ̂ + ,ݖ̂∆ ݐ̂ + ∆ߪ ෡ܰ(̂ݖ, ,ݖ̂)መܫ(ݐ̂ ݖ̂∆(ݐ̂
Using ܫመ ,ݖ̂ ݐ̂ ො௘௠ߩܿ= ,ݖ̂ ݐ̂ and combining with the rate equation for the 
inverted population߲ܫመ ,ݖ̂ ݐ߲̂ݐ̂ + ܿ መܫ߲ ,ݖ̂ ݖ߲̂ݐ̂ = ∆ߪܿ ෡ܰ(̂ݖ, ,ݖ̂)መܫ(ݐ̂ ∆߲(ݐ̂ ෡ܰ ,ݖ̂ ݐ߲̂ݐ̂ = − ℏ߱ߪ∗2 ∆ ෡ܰ(̂ݖ, ,ݖ̂)መܫ(ݐ̂ (ݐ̂



Pulse amplification in homogenous gain media

Transformation from laboratory coordinates to a coordinate system 
traveling along the pulseݖ ≡ ݖ̂
Previous equations then transform to

,ݖ)ܫ߲ ݖ߲(ݐ = ܰߪ ,ݖ ݐ ,ݖ)ܫ ݐ߲߲ܰ(ݐ = − ℏ߱ߪ∗2 ܰ ,ݖ ݐ ,ݖ)ܫ (ݐ

,ݖ)ܫ (ݐ ≡ መܫ ,ݖ̂ ݐ̂ ݐ ≡ ݐ̂ − ,ݖ)Nܿ/ݖ̂ (ݐ ≡ ∆ ෡ܰ(̂ݖ, (ݐ̂
(1)
(2)



Pulse amplification in homogenous gain media

Integration of (1) over the entire amplifier and pulse

Defining the ”total number of atoms” 

න ܫܫ݀ = නߪ ܰ ,ݖ ݐ ௭ୀ௅ݖ݀
௭ୀ଴

ூୀூ೚ೠ೟(௧)ூୀூ೔೙(௧)
௧ܰ௢௧(ݐ) = න ܰ ,ݖ ݐ ௭ୀ௅ݖ݀

௭ୀ଴
Giving the solutionܫ௢௨௧ ݐ = ௜௡ܫ ݐ ݁ఙே೟೚೟ ௧ = ܩ ݐ (ݐ)௜௡ܫ
Where ܩ ݐ ≡ ݁ఙே೟೚೟ ௧ is the time varying gain at any instant within 
the pulse

(3)



Pulse amplification in homogenous gain media

Integration of (2) over the entire amplifier length

Which simplifies to

ݐ߲߲ න ܰ ,ݖ ݐ ݖ݀ ≡ ߲ ௧ܰ௢௧ ݐ߲ݐ = − 2∗ℏ߱ න ,ݖ)ܫ߲ ௭ୀ௅ݐ߲(ݐ
௭ୀ଴

௭ୀ௅
௭ୀ଴

߲ ௧ܰ௢௧ ݐ߲ݐ = − 2∗ℏ߱ ௢௨௧ܫ] ݐ − [(ݐ)௜௡ܫ
And substituting (3) into this solution gives߲ ௧ܰ௢௧ ݐ߲ݐ = − 2∗ℏ߱ ݁ఙே೟೚೟ ௧ − 1 ∙ ௜௡ܫ ݐ == − ଶ∗ℏఠ 1 − ݁ିఙே೟೚೟ ௧ ∙ ௜௡ܫ ݐ (4)



Pulse amplification in homogenous gain media

Suppose the total inversion before the pulse enters the media is

The single pass power gain of the amplifier is then 

଴ܰ ≡ න ܰ ,ݖ ݐ ௭ୀ௅ݖ݀
௭ୀ଴

଴ܩ = ݁ఙேబ
Also, the pulse energies per area are defined as

ܷ௢௨௧(ݐ) ≡ න ௢௨௧ܫ ݐ ௧ݐ݀
௧బ௜ܷ௡(ݐ) ≡ න ௜௡ܫ ݐ ௧ݐ݀

௧బ
The saturation energy for the atomic medium is

௦ܷ௔௧ ≡ ℏ߱2∗ߪ



Pulse amplification in homogenous gain media

Integration of (4) provides the useful relations

௜ܷ௡ ݐ = ௦ܷ௔௧ ∙ ln 1 − ݁ିఙேబ1 − ݁ିఙே೟೚೟ ௧ = ௦ܷ௔௧ ∙ ln 1 − ଴1ܩ/1 − ܩ/1 ݐ 	
ܷ௢௨௧ ݐ = ௦ܷ௔௧ ∙ ln ݁ఙேబ − 1݁ఙே೟೚೟ ௧ − 1 = ௦ܷ௔௧ ∙ ln ଴ܩ − ܩ1 ݐ − 1

Using these relations one obtain

ܩ ݐ = ଴ܩ଴ܩ − ଴ܩ − 1 ݁ି௎೔೙ ௧ /௎ೞೌ೟ܩ ݐ = 1 + G଴ − 1 eି௎೚ೠ೟(௧)/௎ೞೌ೟ (5)



Pulse amplification in homogenous gain media

The relations (5) can be used to detemine the pulseshape after 
passing though the amplifier



Pulse amplification in homogenous gain media



Pulse amplification in homogenous gain media

The available energy in the amplifier is 
defines as

The energy extracted from the amplifier isܷ௘௫௧௥ = ܷ௢௨௧ − ௜ܷ௡ = ௦ܷ௔௧ ∙ ln	(ܩ଴/ܩ௙)ܩ௙ = lim௧→ஶ(ݐ)ܩ

ܷ௔௩௔௜௟ = ௦ܷ௔௧ ∙ ln ଴ܩ = N଴ℏω2∗



Pulse amplification in homogenous gain media

The pulse energy gain can be defined as

௣௘ܩ ≡ ܷ௢௨௧௜ܷ௡ = ln ଴ܩ − 1 / ௙ܩ − 1ln ଴ܩ − 1	 / ௙ܩ − 1 − ln	(ܩ଴/ܩ௙)
The pulse extraction efficiency

ߟ ≡ ܷ௢௨௧ − ௜ܷ௡ܷ௔௩௔௜௟ = ln ଴ܩ − ln	(ܩ௙)ln	(ܩ଴) 	



Pulse amplification in homogenous gain media

Applications: Short Pulse formation



Pulse propagation in nonlinear dispersive systems

ܲ ,ݎ̅ ݐ = 	 ଴ߝ ߯ ଵ ܧ + ߯ ଶ ଶܧ + ߯ ଷ ଷܧ +	…
When an electric field is applied to a transparent dielectric medium it 
gives rise to a macroscopic polarization in the material

߯ ଵ - linear response. Refractive index & 
Absorption߯ ଶ - SHG, OPO, OPA etc… 

Only in noncentrosymmetric materials e.g. 
KTP, LiNbO3߯ ଷ - THG, FWM, Kerr Effect etc..



Pulse propagation in nonlinear dispersive systems߯ ଷ is present in all optical materials. 
For a strong electric field the total displacement d is ݀ = ଴(1ߝ + ߯ ଵ ܧ( + ߯ ଷ ଷܧ
Resulting in a nonlinear respons of the refractive index ݊ = n଴ + nଶாܧଶ
Can be induced by applying an 
electric field and induce birefringence, 
e.g in Kerr Light Modulators and 
Pockels cells



Pulse propagation in nonlinear dispersive systems
For a Kerr Light modulator voltages in the rage of 25000 V are required 
for a noticable effect 



Pulse propagation in nonlinear dispersive systems

Optical Kerr effect: The optical signal is strong enough to induce the ߯ ଷ ଷܧ term ߯ ଷ ଷܧ
Present in all optical materials

3ω generation (generally weak)

refractive index change ݊ = ݊଴ + ݊ଶூܫ
• Self focusing
• Self phase modulation



Pulse propagation in nonlinear dispersive systems
Self focusing



Pulse propagation in nonlinear dispersive systems

Self focusing



Pulse propagation in nonlinear dispersive systems

Self phase modulation: the temporal analoge to self focusing∆݊ = ݊ ݐ − ݊଴ = ݊ଶூ(ݐ)ܫ
An optical pulse traveling through a nonlinear material will 
then experience a phase shift of݁௝∆థ ௧ = ݁ି௝ଶ୼௡(௧)௅/ఒ = ݁ି௝ଶ௡మ಺ூ ௧ ௅/ఒ
Normally ݊ଶூ ൐ 0 so 

డడ௧ ∆߶ ݐ = ∆߱௜ ൏ 0



Pulse propagation in nonlinear dispersive systems

Assume Gaussian unchirped input pulseܧ ݐ = ଴݁ି௔௧మܧ
Passing through a nonlinear medium of length L it acquires a 
phase shift ߶ ݐ = ߨ2− ݊଴ + ݊ଶூܫ ߣܮ

ܫ ݐ = ଴݁ିଶ௔௧మܫ

With the phase shift derivative being߲߶߲ݐ = ߣܮଶூ݊ߨ2− ݐ߲ܫ߲ ≈ ߣܮ଴ܫଶூ݊ܽߨ4− ଶ௔௧మି݁ݐ
That is, the pulse will acquire significant amount of self phase 
modulation if ଴ܫ = ܮଶூ݊ߨ2ߣ = ܮ = 10	݉݊ଶூ = 3 ∙ 10ିଵ଺	ܿ݉ଶ/ܹߣ = 0.5	μ݉ ≈ ଶ݉ܿ/ܹܯ	30



Pulse propagation in nonlinear dispersive systems

Linear disperion + Nonlinear effect

Positive GVDNegative GVD ᇱᇱߚ = ௚߲߱ݒ߲ ൐ ᇱᇱߚ0 = ௚߲߱ݒ߲ ൏ ௚ݒ0 increases as ω increases
௚ݒ decreases 
as ω increases

Pulse compression Pulse broadening



Nonlinear Schrödinger Equation

ݖ߲߲ + ′ߚ ݐ߲߲ − ݆ ′′2ߚ ߲ଶ߲ݐଶ + ଶߚ݆ ෨ܧ ଶ2 ,ݖ)෨ܧ (ݐ = 0
A pulse propagating in a nonlinear media or along a fiber 
can be described with the nonlinear Schrödinger equation 

Can be expanded to account for various nonlinear effects 
such as Raman scattering, SHG etc. Here only the Kerr 
effect is considered.



Pulse propagation in an optical fiber



Pulse propagation in an optical fiber



Pulse propagation in an optical fiber



Pulse propagation in nonlinear dispersive systems

Application: Pulse compression



Soliton in optical fiber



Soliton in optical fiber

ܧ ݐ = ଴ܧ sech ݐ − ଴ݐ − ௚′߬଴ݒ/ݖ exp ݆(Ωݐ −  Solitons are a solution to the NLSE, and at lower order, N=1, has the(ݖߢ
form



Soliton in optical fiber
Higher order solitons, N>1, reproduce themselves at periodic distances 
along the fiber 


