Pumping and population inversion

Laser amplification
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4-level laser

N Rate equations:
E, 7/ pump J Pumping - Decay
) A=—mm N,
dt — Wp(N1 — Ny) — Ny/Tyq
75, (fast)
e, [7777773" Ny — Ny _ N3 Decay In/Out

dt Ty3 T3

pumping sz — N4 -+ N3 _ NZ Same
We dt T4y T3z T2
TE, (slow)
Atom conservation:
N1+N2+N3+N4 =N
N vs
% (fast) “Optical approximation”,

hw/kgT <1  Nothermal occupancy

N,

EVW/ LSS L LA




4-level laser

N At steady state:
‘ ———————————
v L
“ g .,
_____________ A--_- N3 - _N4_
Y., (fast) t43
32 .
Define beta
T Ty3T
N 21 43721
&, (7777772 N, = < + N3 = N3
T32  Ta273
Sumping For a good laser: No direct decay into lev2
e Ya2= 0 (i.e. T4y = ),
Y, (slow)
T
2> B ~ Z21
132
N,
E, V7] . .
Fluorescent quantum efficiency,
%o (tast) T4 T3

T43 Trad

Useful photons: from 4 -> upper laser
%k

N,

EVW/ LSS L LA

From upper laser that lase



4-level laser

Calculate the pop. Inv.
Population inversion,

N3 — NZ . (1 - ,B)UVVpTrad
N - 2T
1+ (1 + [ + TT:Z’) Wy Traa

For a good laser:

T43 K Trad - Short lev 4 lifetime
f = T,1/T3, = 0 - Short lower lev lifetime
n-1 - High fluorescent quantum efficiency

N3 - N2 - I/VpTrad

i ~y
N 1+ VVPTTCWL Red curves
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3-level laser
As before, for 3-level

Rate equations: Pumping — decay

dN,

BUT lower level is GROUND level
N;
= Wp(Nl — N3) - —

‘F,
dt T3
% dN, N3 N, decays
‘B dt B T32 T21
R; e _/
R, ™ Atom conservation:
N1+ Nz + N3 =N 55 pefore
Optical
pumping

T2 T
3 21 As before
132 Trad

n:

= & = Tiz Different!
Ny 121

B



3-level laser .
No pumping

NEGATIVE pop. Inv.
At steady state, S

Ny— Ny (1= B)W,Traq — 1

Normalized Population Inversion

N A+ 28nWytrq + 1

Requirements for pop. inversion:

p<1 As before =

1 08
W, t
plrad = _
(1 'B) New "o 0‘5 1 15 > 2‘5 é 3I5 4
| Normalized Pump Rate |
p=0

For a good laser,
-0
n-1

NZ - Nl . VVpTrad —1
N VVpTTad +1

Red curves

Normalized Population Inversion
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Population inversion
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Upper-level laser

X, (fast)
N,

T

Rt T

i

W
N.
Efﬁ-t _____ -
< v,
E S S SS S S S S

Lasing between two levels high above ground-level

dN3 Pump into upper lev.
T = Wp(No - Ns)

Assuming, Ny = N > N3 and pump efficiency, 1y,
dN, most atoms in ground-

dt ~ anpN = Rp state
pump

Rate equations:

dN, Signal included
dt Rp = Wsig(Nz = N1) = ¥2 Ny
dN

1
P Wsig(Ny — Nq) +y21N, — v Ny



Upper-level laser

T

X, (fast)
N,

No~N

EWLLLLLLLLLLLL L L LY

At steady state:
Wsiq +
N, = sig T V21 R,
Wisig(V1 + ¥20) + 7172
Weiq +
N2 _ sig T V1 Rp

- Wsig(V1 + v20) + 7172

No atom conservation!

For example, changing pump changes N



Upper-level laser
The pop. Inv. Saturates as the signal

o _ increases
Population inversion:

— R
1+

Y1Y2 m‘ W..
V1Y2 g
Define the small-signal population inversion, AN, = y;_;:“ R, and the effective
172
recovery time, Torf= T, (1 + ;—1) the expression becomes:
20
AN AN !
21 = AlNg
1+ Wsngeff

For a good laser:

V2 = V21

Y20 = 0
1

1+ Wyt

— ANy = Rp(Tz —Tq)

Prop. To pump-rate and lifetimes,
saturation behavior



Upper-level laser

e Condition for obtaining inversion,
T1/Ty1 <1

i.e. fast relaxation from lower level and slow relaxation from upper level

* Small-signal gain,
12

AN, ~ R, -
0 P 1—11/791

i.e. small-signal gain is proportional to the pump-rate times a reduced upper-level
lifetime

* Saturation behavior,

ANZl - ANO .
1+ WsigTeff

i.e. the saturation intensity depends only on the signal intensity and the effective

lifetime, not on the pumping rate.



Upper-level laser: Transient rate equation

As for instance before a Q-switched pulse
Assume: No signal (Wy;, = 0), fast lower-level relaxation (N; = 0),

dN
jt(t) = Ry(t) = vz N (1)

Pump Efficiency

The upper level population becomes,
t 09

N,(t) = j R, (e 72(t=tqr’
) 0.7+

Applying a square pulse,

N2 (Tp) = RpoTz(]. — e_TP/TZ)

061

& 05F

0.4}
Define the pump efficiency,

N(t=T,) 1-—e /%
n — —
p RpOTp Tp/TZ

031

0.2F

01+

APop. In upper lev per

0 02 0.4 0.6 0.8 1 1.2 1.4
pump-photon T e




3-level laser: pulses

Assume: No signal (Ws;, = 0),

3-level laser from prey,
no signal

Fast upper-level relaxation (t3 = 0),

Pumped gain

dN, dN, N, (t)
—=———= —W,(t)N
dt dt p(ON; 1.0
d 1 1
ZaN@ = W0 + | AN + [0 - N s
dt T T
Integrate to get pop. Inv:
Square pulse: 0
AN(t) (Wt —1) — 2W, T - exp [—(W,T + 1)t /7]
N Wt + 1
—05
If pump pulse duration is short (T}, < 1),
~1.0

and the pumping rate is high (W, 7 > 1

AN( )

Unpumped loss

o
’O

& \
Theoretical

curve

1.0 2.0 3.0 4.0
Pump energy (arb. units)

4 Experimental points
for 3-in. ruby

¢ Expenmental points
for 1-mn. ruby

Simple model-agrees with experiment!

— 2 WpTp



Summary

Steady state laser pumping and population inversion

4-level laser
Ny =Ny  WpTraa Difference between three
N 1+ WpTraa and four-level systems, and
3-level laser why four-level systems are
Np=N: o WpTraa =1 superior
Laser gain saturation Saturation intensity is
Upper-level laser, saturation behavior independent of the
AN+« = AN- - 1 PUMPINgG-rate “ie. he signal intensity
21 0 1+WsigTeff needed to reduce the pop. Inv. To half its initial
value doesn’t depend on the pumping rate”
Transient rate equations Short pulses are needed to
Upper-level laser obtain high pumping
N, (t = Tp) 1—e To/T2 efficiency
np — —

Three-level laser : :
These simple models give

good agreement with

AN(T,
AN(Ty) ~1—2e Wlp reality

N
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Wave propagation in an atomic medium

Maxwell’s equations:

VxE = —jwB
VxH = J + jwD

o _ Material parameters:
Constitutive relations: 1 — magnetic permeability
B = pH o —ohmic losses
J =0k € — dielectric permittivity (not counting
D = €E + Py = €[1 + xot]E atomic transitions)

w) — resonant susceptibility due

Vector field of the form: i(oaic(ise)r transitions

e(r,t) = %[E(r)ej“)t + c.c]

Assume a spatially uniform material (V - E = 0),
and apply VV X to get the wave equation:

o\ ~
[\72 + w?ue (1 + ¥ar — t)] E(x,y,z) =0



Plane-wave approximation

Consider a plane wave, <- Ok approx. If
wavefront is flat

0%E| |0%E « 0%E

0x?|’ [0y? 0z2

: d?

ie. V2 > —

amplitude profile

The equation reduces to:
5 Jjo\1 =
[d; + w?ue (1 + Xat — E)] E(z)=0




Plane-wave approximation

Without losses: First, no losses
[dZ + w?uelE(z) = 0,

Assume solutions on the form:
E(2) = const - e 1%

e

= [[? + w?uelE =0

The allowed values for I' are,
[ = tjwyHE = +jp

With the solution,
€(z,t) = . [E e/ (@t=F2) + pre~(@t=F2)] 4 L |[E_e/(@t+h2)  pxe=i(wt+h)]
) 2 2 —_ —

The free space propagation constant, 5, may be written:
w 27 Different beta

'Bz(‘)“EZFZT from last
chapter



Plane-wave approximation
Put losses back

With laser action and losses:
B Jo\] ~
[d§ + B* (1 + Xar — E)‘ E(z)=0

Assuming E (z) = const - e~1%, as before:

[=jBJ1+ 7 (0) + i (w) — jo/we

Normally, )Zat(a)),i < 1: Expand the sqrt
§ T~j [1+1'()+j " () =20 =

= JjB + jABm (W) — ap(w) + aq

Define four terms

The final solution becomes:

€(z,t) = ReEO exp[i(‘)t _][.B + A.Bm(a))]z + [am(a)) - aO]Z]




Propagation Factors
€(z,t) = ReEO expljwt — j[B + 4Bm(w)]z + [ap (@) — ap]Z]
Phase-shift loss/gain

Linear phase-shift (Red)
f — Plane-wave propagation constant,

-
fundamental phase variation, 2l
o '
Nonlinear phase-shift (Blue) 5;"5 or
AB,,(w) — Additional atomic phase- & -~
shift due to population inversion 2r
%3 2 | 0 % 2 3
- Total phase-shift (Green) Frequency
.
=
Gain ( ) & o5t
a,, (w) — Atomic gain ?
or loss coefficient (due to transitions) EIC“_S oF
o L J . /

Background 5, > . . 1 2 3
o — Ohmic background loss Frequency



Exceptions

Larger atomic gain or absorption effects For expanTing the sqrt

The results so far are based on the assumption that|y,; — ﬁ « 1, however, there are a

few situations of interest where this doesn’t hold:

- Absorption in metals and semiconductors, at frequencies higher than the bandgap
energy, the effective conductivity, ¢ can become very large

Big sigma

- Absorption on strong resonance lines in metal vapor, the transitions are very strongly

allowed giving a high absorption per unit length
Big chi



The paraxial wave equation o
Want to handle transverse variations

The full wave-equation,

[\72 + p? (1 + Xar — %)] Er)=0

New ansatz,
E(r) = ii(r)e 7P% change const -> u(r)

Insert into the wave equation,
021 0% . 0°%u ., 0U 2~] i
- - —_— —],BZ =
0x2 + 0y?2 t 0z2 2]’3 0z ﬁ uje

Assume that 7i(r) changes slowly along the z-direction,

021l « |2 o0l
072 'Baz
and
021l 02| |02
— K ,
0z> 0x?|’ [0y?

”Paraxial wave equation”
g o, 00 O
:>‘7tu—21,3£+,3 Xar = — |

0



Diffraction- and propagation effects

Re-write the equation

o)
0z __ﬁ

Rewrite:

Vtzﬁ(r) - [ao_am +jAﬂm]ﬁ(r)

@y, Ay (W), and jAB,, (w) are defined as before

Four terms, same as before
Two terms:

Diffraction, — = 2

Ohmic and atomic gain/loss, —[ag—a,, + jALH]

Separate terms —> Independent to first order, gain and phase-shift results are
the same as for plane waves

Reproduce the plane-wave result



Laser amplification

laser medium

I 1| ] \ |
—_— -—-.J._-f_____{_._: oy o o \-L___\_____' ———
gl i T ) e
E(O}I Il \ ] t ' I"
oo I} T e e s A B ) |
[ S I e T U
T [ v o
| l
z=0 z=L
FIGURE 7.7

An elementary single-pass laser amplifier.

Calculate the gain
The laser gain after length L:
E(L)

g(w)E%

In terms of intensity, from def. aloh
. alpha

1w EW|F B . o
6(w) =55 = FOf exp[2am (@)L — 2aL] = exp[Bx" (@)L ——L]
For most lasers, ay < a;, = G(w) ~ exp(ﬁ)("(w)L) exponential

dependence on chi



Gain narrowing

The gain, G(w) ~ exp[x”(w)] = Narrower frequency
dependence, i.e. "Gain Narrowing”

Laser gain &
Atomic

lineshape teser san
G(w)

20 1.0 I

Gaussian line

A
We 05 Lorentzian line

lineshape ° 0 l 1]{) I 210 1 30
X"(w) midband gain Gug (dB)
l/\.' FWHM bandwidth is lowered by 30-40%
i ~ width is low y 6
-2 -1 0 1 2

2(w-wg)/Aw,



Absorption broadening

Absorbing media have opposite sign of y(w)
— "Absorption broadening” Uninverted population
-> absorption broadening

Power transmission versus frequency




Stimulated transition cross-sections

area, A

total power
P

Thin slab, atomic densities N, and N,,
cross-sections oy, and gy

For a black-body:
APabS =0-1

Net absorbed power:
APyps = (N1013 — No0z4) - PAzZ

cross section area
o per atom

The cross-sections are related,

91012 = 92021 Loss or gain can be calculated from

, _ cross-sections and atomic density
Convert power - intensity:

1dl

Tdz —AN;7074

Previously: = 20, (w) = AN;,0,41(w)
1dI
L 20, (0)



Cross-section formula

From previous page: 2a,,(w) = AN;,0,1(w)

14
From definition of a: a,(w) = WT(O))
2w
= 20, (w) = ANo(w) = - X (w)
The cross-section is a function of
Using the full expression for y: wavelength, transition rate and
3* Yrad 1 lineshape
2,

o(wq) = 2wy 1+ [2(w — wy)/Aw,]?

Cross-section estimation:  Estimate the max cross-section
Assume, Aw, = V,qq. (purely radiative transmission), 3 = 3%, (all atoms aligned)

312 A2 -9 2
ﬁGmax:Ez?%].O cm

The cross section is far greater than the area of an atom, due to its internal resonance.



Real cross-sections

TABLE 7.1
Typical Laser Transition Cross Sections

Laser system Transition cross section o
Gas lasers in the visible and near IR 10~ to 10~ 13cm?
Low-pressure CO, laser (10.6um) 3 x 10~ 8¢m?
Organic dye laser (Rhodamine 6G) 1 to 2 x 10~ *6cm?
Nd** ion in Nd:YAG 4.6 x 10~ 1%cm?
Nd3* ion in Nd:glass 3 x 10~20cm?
Cr3t ion in ruby 2 x 10~%%°cm?

A2 :
Y > Real cross-sections > Atom area

Allowed transitions in gas and non-allowed in
solids -> T4 K Tgo1id



Population difference saturation

Gain saturation,
In @ medium,

dl
7 t+2a,,l = £ANol

As shown previously, AN saturates according to:

AN = ANp - -

= AN, -
+WTeff 0 1+1/15at

Ny - unsaturated or small signal gain
I.4; - saturation intensity As AN saturates, the gain saturates

Stimulated-transition probability,

From before, AP, = (N0, — N,0,1) - PAz
From rate equation analysis, AP, = (W;,N; — W5, N,)AAzhw,

ol

>W=—
hw

i.e. the cross-section, the intensity and the stimulated transition probability are
interdependent



Population difference saturation

At the line center:

From previous slide,

a w, = =
m 1+I/Isat 1+(O'Teff/fla))1
Re-arrange prev
expressions Ao
= lqt =

O-Teff

i.e. I = I5,+: one incident photon within the cross-section per recovery time

Off center:
The expression is modified by the lineshape,
AN()O-
20, (w, 1) = 7 T
1+ Lot 1+ 2

Where y is the normalized frequency detuning,
y =2(w — wy)/Aw

Frequency dependence due to, transition lineshape and saturation behavior



Practical values

From previous slide,
hw

Isqr =
. . oT
I-sat varies a lot between materials eff

I¢4¢ is an important parameter since little only little gain will be obtained once the
intensity approaches this level.

Laser type: hw o Teff [sat

Gas 10717 11078 em?| 107 1 W /cm?

Solid-state | 107%°] 107 c¢m?| 1073 s 1 kW /cm?

Iq¢ is independent of the pumping intensity, since neither o nor 7., are intensity
dependent.

However, harder pumping does increase the small-signal gain



Saturation in laser amplifiers

Calculate the saturation
As a signal passes through an amplifier, it
grows exponentially with distance until the satorated gain
intensity approaches I, o>

Qo a,lz)

For a single pass amplifier:

1 dI 20
——— = 2ay(I) = mo .
I(z)dz 14 1(2)/Isq
LGN o saturationy 7
Integrating, ’ N,/
I=Ioyt z=L
1 1 I=Izat
Tt | =2am | Az T rsduced arowth
I ISClt
I=lin z=0
gives:
Iout Iout - Iin -
ln + — Za L — ln G axial distance z
Iin Isat mo ( 0) /lmm
where, G, is the small-signal gain FIGURE 7.12

Gain saturation as a function of distance along a single-pass laser amplifier.



Saturation in laser amplifiers

The total gain,

saturated gain

coefficient
_ Iout Iout _ Iin %no a,(z)
G = = Gy - exp(————)
Iin Isat
Is the unsaturated gain, reduced by a factor N
exponentially dependent on I,,; — I;, ’
It o satorssiony ",

(log scale)

reduced growth
with saturation

/ axial distance z
input

FIGURE 7.12
Gain saturation as a function of distance along a single-pass laser amplifier.




Saturation in laser amplifiers Output

Intensities
[ — G, =10dB /G=30dB G=0dB
7 G0 =20dB ..,..-"’
| —G,=30dB i
10'
Extracted
Intensities

10° |

Normalized Output and
Extracted Intensities

Gain starts at GO and declines towards
0 dB

10 10° 10
Normalized Input Intensity

Plotting the normalized output intensity vs the normalized input intensity, it is
clear that the transmission tends to unity as the input intensity is increased -The
amplifier becomes transparent.



Power-extraction

Define the extracted intensity,

_ Go
Calculate the extracted power Loxtr = oyt — Iin = In E Msat

As the amplifier saturates, G — 1,

. Go
Lypail = él_rg In (E) Isqr = In(Go) - Isqr

Using In(Gy) = 2a,,,oL:
Lypain = 2amol - Isqe = (ANyoL) - <

UTeff)
And re-writing:
lavail — Pavai _ ANoha)

L - V Teff

i.e. the maximum available power is the total inversion energy, ANyiw, once every recovery
time, Teff



Power-extraction efficiency

Full power extraction requires complete saturation of the amplifier which
gives low small-signal gain.

Define the extraction efficiency,
Lextr _ In(Gy) — In(G) 1 _ Gap
Lavain ln(GO) GO,dB

Tlextr -

i.e. there’s a tradeoff between effiency and small-signal gain for single-

pass amplifiers.
100%

Poxtr

Plvall

50%

G, (dB)/2 G, (dB)
saturated power gain, G (dB)



Summary

Wave propagation in atomic media
Plane-wave approximation,

[d§ + p? (1 + Tat — ﬁ)] E(2)=0

The paraxial wave equation,

o0t(r) ' ~ : ~
2 = ~35 VeU() — [@o—ay + jABR]E(T)

Single-pass laser amplification
Gain narrowing,

G(w) ~ exp[y"(w)]

Transition cross-sections,
2am(w) = AN12071 (w)

Gain saturation,

Iy — I
G = G, - exp(— out m)

Isat

Power extraction,
Gap

Nextr = 1 — GO,dB

[ — Plane-wave propagation constant,
fundamental phase variation,

AR, (w) — Additional atomic phase-
shift due to population inversion

. (w) — Atomic gain
or loss coefficient (due to transitions)

o — Ohmic background loss

Diffraction and gain are separate
to first order

30-40% lower FWHM bandwidth

Loss/gain can be calculated from
atomic density and cross-sections

Low signal gain is saturated by a
factor exponentialy dependent
on the intensity difference

There’s a tradeoff between
efficiency and small-signal gain






