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Motivation

I Deep networks operate in
the interpolating regime

I Open question: why do
they generalize so well?

Figure: Berner et al. (2022)
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Regularity of interpolation
Research question

I Study local geometry of the
input/output mapping

fθ : X → Y

I Study interpolation smoothness
through the Jacobian norm

ED‖∇xfθ‖

on the training set D
I Hereafter: empirical Lipschitz

constant
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Input smoothness mirrors double descent

ConvNet ResNet18 ViT
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Implicit regularization

Implicit regularization mechanism, at
each layer `:

ED
∥∥∥ ∂fθ
∂x`−1

∥∥∥
2
≤ ‖θ`‖

h
ED
∥∥∥∂fθ
∂θ`

∥∥∥

I At each layer, parameter gradient
bounds growth of ‖∇xfθ‖

I Implicit control on input
smoothness for generalizing
networks
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Smooth interpolation
Intuition

1. Input Jacobian of ReLU networks

2. Modern weight initialization (He
et al., 2015; Glorot & Bengio,
2010):
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trivially smooth network (with
bad generalization)

‖∇xfθ‖ =
∥∥∥ L∏
`=1

θ`A`(x)
∥∥∥
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Smooth interpolation
Intuition

3. At each training step:

0 2
x

2

1

0

1

2

sin
(x

)+

Prediction
Ground Truth
Observations

param gradients control
smoothness change

∆θij ∝ ‖∇θij fθ‖
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Smooth interpolation
Intuition

4. Overparameterization:
• faster interpolation → reduced

effective complexity ED
∥∥∥ ∂fθ
∂x`−1

∥∥∥
2
≤ ‖θ`‖

h
ED
∥∥∥∂fθ
∂θ`

∥∥∥
implicit regularization
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Implications
Implicit acceleration
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Implications
Reduced complexity

I Distance from initialization:

d`,T =
‖θ`0 − θ`T‖
‖θ`0‖

I Bounded global complexity

ResNet18

7 / 18



Summary

1. Overparameterization promotes
smooth interpolation

2. Overparameterization accelerates
interpolation

3. Overparameterization restricts
model complexity
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On the job market

Matteo Gamba

Hossein Azizpour

Mårten Björkman

Paper
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Implications
Beyond data manifold

I Probe networks with unseen
random data

I Globally bounded smoothness,
away from data manifold
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Lipschitz continuity

Lipschitz constant:

I γ := sup
x∈X
‖∇xfθ‖

I NP-hard to estimate for neural networks (Jordan & Dimakis, 2020; Virmaux
& Scaman, 2018)

I For ReLU networks γ ≤
L∏
`=1

‖θ`‖2

I Hence: ED‖∇xfθ‖2 ≤ γ ≤
L∏
`=1

‖θ`‖2
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Lipschitz continuity

ConvNet ConvNet ResNet18
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Loss landscape and overparameterization

We extend our results to the loss landscape:

h

‖θ1‖
ED‖∇xL(θ), x, y)‖2 ≤ ED‖∇θ1L(θ, x, y)‖

≤ Lmax(θ)∆L(θ)
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Loss landscape and overparameterization
Implications

1. Cross-entropy loss is degenerate at
interpolation:

∇2
fθ
L(θ, x, y) = diag(p)− ppT

2. SGD is aligned with directions of
maximum curvature in loss
landscape (Thomas et al., 2020;
Ghorbani et al., 2019)

3. If top directions converge, SGD
follows the largest non-zero
eigenvalue

4. Asymptotically, for θt → θ∗, the
smallest non-zero eigenvalue
controls regularization
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