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Introduction to structured optimal transport (OT)

» Let p, be given prob. measuresonX c Rfort =0,1,...,T

» Suppose that X is contained in a finite number of points, n

min ~ (C,Q)
QERﬁTH (1)

subjectto P, (Q)=p,, t=0,1,..,T

Problem (1) is very large, nT*! variables

Linn Engstrom KTH 1/20
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Introduction to structured optimal transport (OT) Il

» Entropic regularization to solve bi-marginal (T = 1) problems for large n  (Cuturi 2013)

min  (C,Q) +eD(Q)
QeRy* > uf — (gou®)epr,Q®), k=1,2,...
subjectto P,(Q)=p,, t=0,1

Linn Engstrom KTH 2/20
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Introduction to structured optimal transport (OT) Il

» Entropic regularization to solve bi-marginal (T = 1) problems for large n  (Cuturi 2013)

min  (C,Q)+ D(Q) -

QeRan

subjectto P,(Q)=p,, t=0,1

u®* — (pou®)epr,(Q®), k=1,2, ...

» Not enough for multi-marginal (T = 2) problems — must exploit sparse structures!
When C is of the form

T
Clig, s ip) = ) Cli,_1,1), 1geerip=1,..,m
t=1

for C, € R™™ the projection P,(Q") = v, o u™ o w, for some vectors v,, w, € R"
(Elvander, Haasler, Jakobsson, Karlsson 2020)

Linn Engstrom KTH 2/20
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The martingale optimal transport (MOT) problem

Our setting:

» Let (Q,F @, S) refer to a a probability space (Q, %, Q) together with a stochastic process
S:Qx{0,1,..., T} - R

» We consider (Q, %,Q, S) a market model if S a Q-martingale

B suppose that the interest rate is zero

» Letp,fort €9 < {0,1,...,T} be given marginals of S, i.e. i1, = Law(S,)

B suppose that the given marginals are in convex order

Linn Engstrom KTH 3/20
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The martingale optimal transport (MOT) problem Il

The MOT problem is an OT problem with an additional martingale constraint

(Q’]grl](;,s) Eq[@(Sy, -, S7)]

subjectto S, ~¢ H,, teg
EolS.10(Sg; s S, 1)1 =8,_1, t=1,2,...,T

» Introduced to address robust pricing ~ 10 years ago
(Beiglbock, Henry-Labordére, Penkner 2013 & Galichon, Henry-Labordére, Touzi 2014)

» Entropic regularization on bi-marginal MOT problems (De March 2018)

» Note: martingale constraint links t™ marginal to all earlier marginals

Linn Engstrom KTH
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Problem formulation
We consider problems with payoffs of the form

T
ho(S,), t=0
S,-..,S — S ,X )S)X > X = 0
(15(0 T) ;‘Pt( t—1°>“t—-1>%“t t) t {h(S St,Xt), t=1,...,T

t—1> t1’

Many payoff functions of financial interest belongs to this class. Some examples are:

Choice of X Example of derivative
Rolling max X, = maxy;. {S;} Lookback options
Rolling mean X, =@t+D! YizoS; Asian options
Realised variance X, =t"! th.zl(log(SjH/Sj))z Variance swaps
Indicator X, = Xagx-xa, (oS0 Barrier options

Sum of truncated rel. return | X, = th'=1 max{min{(S]. - Sj_l)/S]., C},0} | Cliquet options
Counter X, = Yo Xa(S) Parisian options

Linn Engstrom KTH 5/20
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Problem reformulation — reduce the path dependency

inf ZEQ[¢f(St 1> t 1> t’X )] I,Df ZE [¢ (St 1 t 1 t7X )]
L @ TS 3)
st. S, ~o B, teg st. S, ~oHp teg
EolS:10(Sgs s S, 1)1 =8y, t=1,...,T EolS oS, X, )1=S,,, t=1,..,T

The MOT problem (2) and the OT problem (3) are equivalent in the sense that any optimal solution
of problem (2) is also an optimal solution to problem (3), while any optimal solution of problem (3)
can be used to construct an optimal solution to problem (2). The problem values coincide.

Proof:
» Construct a Markov process (S, X) withthe  » Then compare the feasible sets
same marginal distributions as (S, X)

Linn Engstrom KTH 6/20
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Formulate as an LP

T
inf Y Ey[¢,(S,_1,X,_1, S, X)]

©,7,Q5)
st. S, ~o H teg
EolSlo(S,_1, X, )1=S,_,, t=1,.

where C(iy, ... ,i;) = X, ®,G,_y, i) + LG,_,

Proposition

(C,Q)

ngn /)TJrl

st. PX(Q) =p, t e

(4)
o, T

9

(Pr—l,r(Q) © A)lnsnx = OnSnX’ t=

,1,) for penalties I, and A(i,_,, 1) = (1, ®s)(i) — (1, ®s)(i,_;)

Suppose that we restrict problem (3) to models such that the support of the price process at each
time point is contained within ng € N points. Then problems (3) and (4) are equivalent.
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Solving the LP — regularization and coordinate dual ascent

» Entropic regularization

min_ (C,Q) + eD(Q)
QGRSISIIX)T+1

st. P3(Q) =p, t

(Pt—l,t(Q) © A)lnsnx = Onsn ? t

X

Im
9

» The dual of the regularized problem

max )  A/u, —&K,U, ©G,)

AV teq

Linn Engstrom

1,...

(6)

KTH

D(Q) =(Q,l0g(Q) — 1)
regularizing entropy term,
scaled with € > 0 small

T
K(iO’ cee lT) = H Kt(it—l’ lt)
t=1

T
G, (g, - 17) = [ [ G.(Giy_y, i)
t=1

U, G, i) = [ (1, ®u)@)

teg

8/20
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Solving the LP — regularization and coordinate dual ascent Il

» Optimality conditions for the dual problem (6):

Algorithm 1 High-level method
Initialise: uy « 1, for ¢t € [T
Y+ Lpony fort € [T —1]

u =9, Pf (Ko U)‘_t © GV)’ teg while not converged do

for t€7T do
P KoU,0G)oMNy, , =0,,, t=0,1,..,T-1 u — pe @ P (KO U ©6,)
’ 57X SUX end for
for t=T-1,....0 do
find 4¢ such that (Ps 1 (K O UL O GL) @ A)lngny = Ongny
Ve +— G
28 o2 8 2 o end for
» The minimizing primal variable: ond i

Or, — KOULOG,
return (7, -,

Q,=KoU,ogG,

Linn Engstrom KTH 9/20
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Exploiting the structure for fast computation

_fheoren

Define two families of help vectors IZ) and 1 via the recursions
Jf{l"s“"’ b en ot wt:{lnsnx’ s -0
(Kt © Gt) (lwbt—l © ut—l)’ t=1,..,T (Kt+l © Gt+1) (ll)t+1 © ut+1) , t=0,..,T -1

where

1, te{0,..,T\g.

Nghy

{1nx®ut, teg

Then A and y are optimal variables for the dual problem (6) if and only if the following equations hold
u, =y, 0P, 0¢,), ted,
Y. ou o (Kt+1 © Gy © A) (lﬁbt+1 © ﬂt+1) =0,,, U= 0,..,T -1
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Exploiting the structure for fast computation Il

» Projections are replaced by matrix-vector products

» The help vectors i and 1/3 are defined recursively

» No need to form and store the full (T + 1)-dimensional tensors K, U,, Gy and QM

Once Q, , optimal has been found, the projections P.(Q, ) and P, . (Q, ) are recovered via matrix-

vector products. Robust price obtained as
T

(@,Q),) = ) Py P 1 (Q),))-

t=1

Linn Engstrom KTH 11/20
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The maximum of the maximum

» Consider the maximum process, X, := maX;q

S
t=0,1,..,T

..... t} j, 0.050

» Suppose that 1, and 1, are given:

Hr(s)

0.025

= 1, is as given in the figure — it is centered in 3
|| po = 6%

0.000 -
0.0

0.5

What's the law of X, for the martingale model (Q, %, Q, S) that maximizes EQ [X,]
while respecting 11, and 1,7

Linn Engstrom KTH
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The maximum of the maximum ||
The corresponding continuous-time solution exists and is known (Hobson 1998)

» The law of the maximum for the maximizing continuous-time martingale model
Q*, F*,Q* 8*) is (Brown, Hobson, Rogers 2001)

1
(XX =B) = min
Q(T ) OSysBB—_y

1
/ (= *tduy(s), B> %

0.5 0.6 0.7 0.8 0.9

Linn Engstrom KTH 13/20
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The maximum of the maximum ||
The corresponding continuous-time solution exists and is known (Hobson 1998)

» The law of the maximum for the maximizing continuous-time martingale model
Q*, F*,Q* 8*) is (Brown, Hobson, Rogers 2001)

. . . 1 + 1
Q*"(X; = B) = min (s —y)"dpur(s), B>
0<sysBB —y 2
1.0 ==
0.8+
¥ 0.6 -
v V.07 /
o K o = Theoretical reference
3 ! % ——-- T+1=30
041! _
| -~ T+1=20
::/;{Z” ---- T+1=10
0.2—:'//0,,/ - T+1=5
i
:," ---- T+1=3
0.0
0.5 0.6 0.7 0.8 0.9
X

Linn Engstrom

(7)
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The robust price of a digital option
» Let i, and 1, be as in the previous example

» The payoff of a digital option with barrier B > 3 is ¢(S,, ..., Sy) = XB,00) (Mo, 73S,

.....

What's the robust price of a digital option, considering discrete-time martingale
models (Q, &, Q, S) that respects 11, and p1,.?

Linn Engstrom KTH 14/20
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The robust price of a digital option

» Let i, and 1, be as in the previous example

» The payoff of a digital option with barrier B > 3 is ¢(S,, ..., Sy) = XB,00) (Mo, 73S,

What's the robust price of a digital option, considering discrete-time martingale
models (Q, &, Q, S) that respects 11, and p1,.?

» For B fixed, enough to use T = 2 to obtain an equally optimal
solution (Follmer, Schied pp.416—419)

» Note that Eq[ x5 o) (MaX,c(o . 73S)] = QMax,co 1S, =
— cf. equation (7)

Linn Engstrom KTH

14/20
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The robust price of a digital option
» Let i, and 1, be as in the previous example

» The payoff of a digital option with barrier B > 3 is ¢(S,, ..., Sy) = XB,00) (Mo, 73S,

What's the robust price of a digital option, considering discrete-time martingale
models (Q, &, Q, S) that respects 11, and p1,.?

=
=

» For B fixed, enough to use T = 2 to obtain an equally optimal
solution (Follmer, Schied pp.416—419)

I
©

@
\2
» Note that Eq [ x5 o) (MaX,c(o.. 1351 = Q(Max,.co 1S, = B) 400
— cf. equation (7) o4
» By repeatedly optimizing for each individual B, we recover the law 021 —— Theoretical reference
of the maximum from the previous example Z ] ¢amputed approximations

0.5 0.6 0.7 0.8 0.9
B

Linn Engstrom KTH 14/20
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Late and early transports

» For T =50, let p, and 11, be given as in the figure

Q(Se=s)

» Consider ¢(S,, ...,S;) = (T + 1) 'l S2
(arithmetic mean of a convex function)

-4 -2 0 2 4

Since Eo[S7] = E¢[S7_,]1 = ... 2 Eg[S7] = E[Sg], ’
Eg[(Sy, Sos -+ » So» ST < Eg[@(Sg, Sy, +rr» Sy_1,Sp)1 = Egy[$(Sg, Sy -vv » S1)]
“late tre;nsport” “early trénsport”

» Late (early) transport solves the lower (upper) bound MOT problem

Linn Engstrom KTH 15/20
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Late and early transports Il
Marginals of the computed optimal solutions:

Linn Engstrom

=5)

Q(St

Lower bound problem

KTH
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Q(St

Upper bound problem
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Marginals of the computed optimal solutions:

=53)

Q(S¢

Lower bound problem

Note that this payoff is of the form ¢(S,,, ..., S;) = L1, ¢,(S,_;,S,) — no process X needed!

=5s)

Q(S¢

Upper bound problem

» Reduces the size, (ngn,)"*!, of the problem
» Optimal solutions corresponds to S being Markov under Q

Linn Engstrom
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The robust price of an Asian option

» Consider pricing an Asian straddle with strike 30,

¢(SOJ oo )ST) = |XT - 30':

where X, ;== (t+ 1D)7''_,S;, t=0,..,T, istherolling arithmetic mean.

j:o j’

» Optimal solution is

= _.knownwhen 9 = {0, T}
= ..conjecturedwhen 3 ={0,T,,T}forO<T, <T (Stebegg2014)

Linn Engstrom KTH
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The robust price of an Asian option Il

» The marginals of the computed optimal solution of the lower bound MOT

» Marginals subject to constraints are marked with green

t=0 t=1 t=2 t=3 t=4 t=5 t=0 t=1: t=2 t=3 t=4 t=5 t=0 t=1 t=2 t=3: t=4 t=5
1.0 1.0 1.0
0.5 x 0.5 0.5
0.0 ! I 0.0, Ll s | ik | 0.0 . L ik |
253035 253035 253035 253035 253035 253035 253035 253035 253035 253035 253035 253035 253035 253035 253035 253035 253035 253035
t=6: t=7: t=8: t=9: t=10: t=11: t=6: t=7: t=8: t=9 t=10: t=11: t=6: t=7: t=8: t=9: t=10: t=11:
1.0 ] ] ] ] 1.0 ] ] ] ] 1.0 ] ]
0.5 0.5 0.5
0. l l | i A 0.04h A A |lal el | 0.0L8a o 4| =
253035 253035 253035 253035 253035 253035 253035 253035 253035 253035 253035 253035 253035 253035 253035 253035 253035 253035
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» Accumulation of non-zero errors in the (martingale) constraints?
» Convergence of optimal solutions of the regularized problem as € — 07?

» Otherideas...?

Thanks for your attention!
Questions?

Linn Engstrom KTH 19/20
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